Volker Kaibel
Constructing Extended Formulations

Nov 6, 2017

‘\ OTTO VON GUERICKE
’. UNIVERSITAT

MAGDEBURG
Y,

Simons Institute, Berkeley



Outline

@ The Concept

@ Disjunctive Programming

©® Dynamic Programming

@ Branched Polyhedral Systems
© Dualization

® Redundant Information

@ Reflections
Volker Kaibel // Constructing Extended Formulations



Convex Hulls and Linear Programming

1/49 The Concept Volker Kaibel // Constructing Extended Formulations



Convex Hulls and Linear Programming

The Concept Volker Kaibel // Constructing Extended Formulations



Convex Hulls and Linear Programming

From points to polytopes
max{(c,x) : x € X} = max{(c,x) : x € conv(X)}
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Convex Hulls and Linear Programming

From points to polytopes
max{(c,x) : x € X} = max{(c,x) : x € conv(X)}

The Weyl-Minkowski Theorem
For |X| < oo thereis A, b : conv(X) = {x € R" : Ax < b}

LP-duality
max{(c,x) : Ax < b,x € R"} = min{(b,y) : A'y =c,y € RT}

LP-algorithms
Efficient both in theory and praxis.
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Representations as Projections

Extension of a Polytope P C R":

A polytope Q C R? and a linear projection p : R — R” with
P =p(Q).
Size: Number of facets of @
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Representations as Projections

Extension of a Polytope P C R":

A polytope Q C R? and a linear projection p : R — R” with
P =p(Q).
Size: Number of facets of @

Extended Formulation of P:
Linear description of some extension of P
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Representations as Projections

Extension of a Polytope P C R":

A polytope Q C R? and a linear projection p : R — R” with
P =p(Q).
Size: Number of facets of @

Extension Complexity of P:

xc(P) = smallest size of any extension of P
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Representations as Projections

Extension of a Polytope P C R":

A polytope Q C R? and a linear projection p : R — R” with
P = p(Q).

Size: Number of facets of Q

Example (CARR & KONJEVOD 2004)
xc(conv{v € {0,1}" : v has even # of 1's}) < 4n—4

N X XXX/
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Representations as Projections

Extension of a Polytope P C R":

A polytope Q C R? and a linear projection p : R — R” with
P = p(Q).

Size: Number of facets of Q

Example (CARR & KONJEVOD 2004)
xc(conv{v € {0,1}" : v has even # of 1's}) < 4n—4

NAXRXKS

2/49 The Concept Volker Kaibel // Constructing Extended Formulations



Representations as Projections

Extension of a Polytope P C R":

A polytope Q C R? and a linear projection p : R — R” with
P = p(Q).

Size: Number of facets of Q

Example (CARR & KONJEVOD 2004)
xc(conv{v € {0,1}" : v has even # of 1's}) < 4n—4

TXMHX/
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Completion Times Polytope

Jobs with processing times ps, ..., p,

B > B+
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Completion Times Polytope

Jobs with processing times ps, ..., p,

B > B+

Schedule = < (). ARSI
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Completion Times Polytope

Jobs with processing times ps, ..., p,
B - BT .
Schedule = (r): AN > I

Completion times: o g g
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Completion Times Polytope

Jobs with processing times ps, ..., p,
B - BT .
schedue = (). NN > W

Completion times: o q o cl
Completion time vector: ¢™ = (¢, ,cf,c,cl)
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Completion Times Polytope

Jobs with processing times ps, ..., p,
B - BT .
schedue = (). NN > W

Completion times: o q o cf
Completion time vector: ¢™ = (¢, ,cf,c,cl)

The polytope
Pet(p1, ..., pn) = conv({c™ : m € &(n)})
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Completion Times Polytope

Jobs with processing times py, ..., p,

B > Bl
Schedule 7 < &(-):  NNNIN > EEE

Completion times: o q o cf
Completion time vector: ¢™ = (¢, ,cf,c,cl)

The polytope
Pet(p1,...,pn) = conv({c™ : m € &(n)})
QUEYRANNE 1993

For 0 < p1 < -+ < pn: Description by one equation and
/] i

Zp;x;ZZp;ij for all @ # | C [n]

i€l =1 j=1
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Completion Times Polytope

Jobs with processing times py, ..., p,

B > Bl
Schedule 7 < &(-):  NNNIN > EEE

Completion times: o q o cf
Completion time vector: ¢™ = (¢, ,cf,c,cl)

The polytope

Pet(p1,...,pn) = conv({c™ : m € &(n)})
WOLSEY 1986
The cube Q = [0, 1]([n]) projects to Pct(pl, ..., Pn) via

ijy{,d} + Z pi(1 —ygij) forallie[n].

Jj=i+1
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Unions of Polytopes

BALAS 1975
For polytopes P4i,..., Pq C R™ (with dim(P;) > 0)
q q
xc(conv(U P)) < ZXC(Pi)
=1 =1

holds.
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Matching Polytopes

Matchings with ¢ edges
o M%n)={M C E : M matching in K, |M| = ¢}
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Matching Polytopes

Matchings with ¢ edges
o M%n)={M C E : M matching in K, |M| = ¢}
* Praten(n) = conv({x(M) € {0,1}F : M € M"(n)})
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Matching Polytopes

Matchings with ¢ edges

o M%n)={M C E : M matching in K, |M| = ¢}

* Phaten(n) = conv({x(M) € {0,1}F : M € M"(n)})
EDMONDS 1965
P’ wcn(n) is described by x > 0, x(E) = £, and:

x(E(S)) < B2 for all S € v,3 < || odd
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Matching Polytopes

Matchings with ¢ edges

o M%n)={M C E : M matching in K, |M| = ¢}

* Pluatcn(n) = conv({x(M) € {0,1}F : M € M"(n)})
EDMONDS 1965
P’ wcn(n) is described by x > 0, x(E) = £, and:

x(E(S)) < B2 for all S € v,3 < || odd

The Strategy
@ Cover by few subproblems.
® Find small (extended) formulations for subproblems.

©® Take (convex hull of) union.
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Special Matchings

Y

N

Disjunctive Programming
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Special Matchings
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Special Matchings

Colorful Matchings

For V=W W .- Wy, a matching M C E is colorful if it matches exactly one node from
each set W,.
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Colorful Matchings

For V=W W .- Wy, a matching M C E is colorful if it matches exactly one node from
each set W,.
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Colorful Matching Polytopes

- . . - E
Linear Description in R

x(E(W;)) =0 forall i e {1,...,2¢}
x(6(W))) =1 forall i e {1,...,2¢}
x(E(UjesW;i)) < (|S] —1)/2 forall S C {1,...,2¢},|S| odd

%9
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Colorful Matching Polytopes

- . . - E
Linear Description in R

x(E(W;))=0 forall i e {1,...,2¢}
x(o(W;)) =1 forall i e {1,...,2¢}
x(E(UjesW;i)) < (|S] —1)/2 forall S C {1,...,2¢},|S| odd

AN

Disjunctive Programming Volker Kaibel // Constructing Extended Formulations



Colorful Matching Polytopes

- . . - E
Linear Description in R

x(E(W;)) =0 forall i e {1,...,2¢}
x(0(W;)) =1 forall i e {1,...,2¢}
x(E(UjesW;i)) < (|S] —1)/2 forall S C {1,...,2¢},|S| odd
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Colorful Matching Polytopes

- . . - E
Linear Description in R

x(E(W;)) =0 forall i e {1,...,2¢}
x(6(W))) =1 forall i e {1,...,2¢}
x(E(UiesW;)) < (|S] —1)/2 forall S C {1,...,2¢},|S]| odd

o ©
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Making all Matchings Colorful
(n, k)-perfect hash function family of size g

®1,...,Pq : [n] = [K] such that for all W C [n] with |W| = k there is some i € [q] with ¢;
bijective on W

290
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Making all Matchings Colorful
(n, k)-perfect hash function family of size g

®1,...,Pq : [n] = [K] such that for all W C [n] with |W| = k there is some i € [q] with ¢;
bijective on W
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Making all Matchings Colorful
(n, k)-perfect hash function family of size g

®1,...,Pq : [n] = [K] such that for all W C [n] with |W| = k there is some i € [q] with ¢;
bijective on W

291
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Making all Matchings Colorful
(n, k)-perfect hash function family of size g

®1,...,Pq : [n] = [K] such that for all W C [n] with |W| = k there is some i € [q] with ¢;
bijective on W

o % pm
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Perfect Hash Functions

ALON, YUSTER, ZWICK 1995

For n and k there are (n, k)-perfect hash function families of size

20(K) Jog(n).
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Perfect Hash Functions

ALON, YUSTER, ZWICK 1995

For n and k there are (n, k)-perfect hash function families of size

20(K) Jog(n).

Example: n =8, k =2, size 3
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Perfect Hash Functions
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Perfect Hash Functions

ALON, YUSTER, ZWICK 1995

For n and k there are (n, k)-perfect hash function families of size

20(K) Jog(n).

Example: n =8, k =2, size 3
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Combining Things

We have seen:

o Pﬁnatch(”) is the convex hull of 2009 log(n) colorful matching polytopes. . .
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Combining Things

We have seen:

o PL . .hn(n) is the convex hull of 2°(9) log(n) colorful matching polytopes. . .

e ...each having a description of size at most 2%¢ + n?.
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Combining Things

We have seen:
° PE

m

e ...each having a description of size at most 2%¢ + n?.

atch (M) is the convex hull of 2909 |og(n) colorful matching polytopes. . .

K, PasukovicH, THEIS 2010
xc(Ph aien(n)) < 20 n?log(n)

match

Disjunctive Programming Volker Kaibel // Constructing Extended Formulations



Combining Things

We have seen:
° Pe

m

e ...each having a description of size at most 2%¢ + n?.

K, PasukovicH, THEIS 2010
xc(Ph aien(n)) < 20 n?log(n)

match

Consequence
pliog n]

mateh (1)) is bounded polynomially in n.

xc(

atch (M) is the convex hull of 2909 |og(n) colorful matching polytopes. . .
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Combining Things

We have seen:
° Pe

m

e ...each having a description of size at most 2%¢ + n?.

K, PasukovicH, THEIS 2010
XC(Pnaten()) < 2°10n? log(n)

m

Consequence

xc(P“ognJ(n)) is bounded polynomially in n.

match

Rothvoss 2014

XC(Pmatch(n)) > 2Q(n)

atch (M) is the convex hull of 2909 |og(n) colorful matching polytopes. . .
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Special Cycles
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Special Cycles

Colorful cycles
For V=WjW---& Wy, acycle C C E is colorful if it visits each set W; exactly ones.
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Special Cycles

Colorful cycles
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For V=WjW---& Wy, acycle C C E is colorful if it visits each set W; exactly ones.
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Colorful Cycles with Prescribed Node a
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Colorful Cycles with Prescribed Node a

o 2
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Colorful Cycles with Prescribed Node a

E 3
° @
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Colorful Cycles with Prescribed Node a
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Colorful Cycles with Prescribed Node a




Colorful Cycle Polytopes (Prescribed Node)

Extended Formulation via
e a1-a» flows of value one

e and projection

—O

@ 1) @ 1n)

- + +

@I m @ 11N

Dynamic Programming Volker Kaibel // Constructing Extended Formulations



Combining Things for Cycle Polytopes

We have seen:

. Pﬁyd(n) is the convex hull of 2°(9 nlog(n) colorful cycle polytopes (prescribed). . .
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Combining Things for Cycle Polytopes

We have seen:

. Pﬁyd(n) is the convex hull of 2°(9 nlog(n) colorful cycle polytopes (prescribed). . .

o ...each having a description of size at most O (2¢)n?.
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Combining Things for Cycle Polytopes

We have seen:
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o ...each having a description of size at most O (2¢)n?.
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Combining Things for Cycle Polytopes

We have seen:
° PE

cyel(n) is the convex hull of 2099 nlog(n) colorful cycle polytopes (prescribed). . .

o ...each having a description of size at most O (2¢)n?.

K, PasukovicH, THEIS 2010
xc(Pﬁyd(n)) < 20(0) 3 log(n)

Dynamic Programming Volker Kaibel // Constructing Extended Formulations



Combining Things for Cycle Polytopes

We have seen:
° Pe

cyel(n) is the convex hull of 2099 nlog(n) colorful cycle polytopes (prescribed). . .

o ...each having a description of size at most O (2¢)n?.

K, PasukovicH, THEIS 2010
xc(Pﬁyd(n)) < 20(0) 3 log(n)

Consequence
pliog )

o (n)) is bounded polynomially in n.

xc(
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Combining Things for Cycle Polytopes

We have seen:
° Pe

cyel(n) is the convex hull of 2099 nlog(n) colorful cycle polytopes (prescribed). . .

o ...each having a description of size at most O (2¢)n?.

K, PasukovicH, THEIS 2010
xc(Pﬁyd(n)) < 20(0) 3 log(n)

Consequence

XC(PCUyOC% nJ(n)) is bounded polynomially in n.

Fiorini, Massar, de Wolff, Tiwary, Pokutta 2012
XC(PcycI(n)) > 2Q(ﬁ)
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Hyperpath Polytopes

MARTIN, RARDIN, CAMPBELL 1990

The source-to-terminals path polytope of a directed single-tail acyclic hypergraph with a
unique source and terminal-disjoint head sets is described by the conservation equations and
nonnegativity constraints.
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Hyperpath Polytopes

MARTIN, RARDIN, CAMPBELL 1990

The source-to-terminals path polytope of a directed single-tail acyclic hypergraph with a
unique source and terminal-disjoint head sets is described by the conservation equations and
nonnegativity constraints.
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Hyperpath Polytopes

MARTIN, RARDIN, CAMPBELL 1990

The source-to-terminals path polytope of a directed single-tail acyclic hypergraph with a
unique source and terminal-disjoint head sets is described by the conservation equations and
nonnegativity constraints.
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Hyperpath Polytopes

MARTIN, RARDIN, CAMPBELL 1990

The source-to-terminals path polytope of a directed single-tail acyclic hypergraph with a
unique source and terminal-disjoint head sets is described by the conservation equations and
nonnegativity constraints.
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Hyperpath Polytopes

MARTIN, RARDIN, CAMPBELL 1990

The source-to-terminals path polytope of a directed single-tail acyclic hypergraph with a
unique source and terminal-disjoint head sets is described by the conservation equations and
nonnegativity constraints.
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Branched Combinatorial/Polyhedral Systems
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Branched Combinatorial/Polyhedral Systems

.
022929,
QQ Q Q For each non-sink v

QQ SW) C oN(W)
()
=9
9
9
9

9
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Branched Combinatorial/Polyhedral Systems

Q9 9 Q0
) 9
; Q For each non-sink v

S(V) ¢ oN*"(v)
Condition
Sesv), uweS, u#w:

R(u)NR(w) =2
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Branched Combinatorial/Polyhedral Systems

For each non-sink v

SW) C oN(W)

Condition
Sesv), uweS, u#w:

R(u)NR(w) =2
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Branched Combinatorial/Polyhedral Systems
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Branched Combinatorial/Polyhedral Systems
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Branched Combinatorial/Polyhedral Systems
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Branched Combinatorial/Polyhedral Systems

Q Feasible set F C V
e scF
e YVveF:
e v¢g T: FNN(v) e SM
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Branched Combinatorial/Polyhedral Systems
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Branched Combinatorial/Polyhedral Systems

)
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Extended Formulation

K & Loos 2010
P(B) is described by the following extended formulation:

xs =1
x, = y(6"(v)) forall v#s

AM ysou(yy — x,b") < 0 for all non-sinks v
x, >0 for all non-sinks v

(if Az < b() describe P(V) = conv({x(S) : S € S)})

-9
o 9
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Extended Formulatations via Duality

Observation due to Martin (1991)

xc{x : Ax < -1} < xc(conv{rows of A})+1
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Extended Formulatations via Duality

Observation due to Martin (1991)

xc{x : Ax < -1} < xc(conv{rows of A})+1

Background: LP-Duality
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Extended Formulatations via Duality

Observation due to Martin (1991)
xc{x : Ax < -1} < xc(conv{rows of A})+1

Background: LP-Duality

Ax < pg-1
< max{a‘'x : a € conv{rows of A}} <

{Bb: Cb<d}
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Extended Formulatations via Duality

Observation due to Martin (1991)
xc{x : Ax < -1} < xc(conv{rows of A})+1

Background: LP-Duality

Ax < pB-1
& max{a'x : a € conv{rows of A}} < S
{Bb: Cb<d}
= max{(x'B)b : Ch<d} < p
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Extended Formulatations via Duality

Observation due to Martin (1991)

xc{x : Ax < -1} < xc(conv{rows of A})+1

Background: LP-Duality

Ax < pg-1
& max{a'x : a € conv{rows of A}} < S
{Bb: Cb<d}
= max{(x'B)b : Ch<d} < p
& dy >0 : y'C=x'B,y'd < p
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Application to Spanning Tree Polytopes

Pspt(G) = {x € RE : x(E) = |V| -1, x(E(V)) < |U| — 1 forall @ # U ¢ V}
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Application to Spanning Tree Polytopes

Pspt(G) = {x € RE : x(E) = |V| -1, x(E(V)) < |U| — 1 forall @ # U ¢ V}

X(EW) <1011 = (WP (Y) < -19F CEW)
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Application to Spanning Tree Polytopes

Pspt(G) = {x € RE : x(E) = |V| -1, x(E(V)) < |U| — 1 forall @ # U ¢ V}

XEW) <1V -1 = (W F) (Y) < -1 CEW)

Nonempty-Subgraphs Polytope of G
Pre-sub(G) := conv{(x(U), x(F)) : UC V,U#@,F C E(U)}
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Application to Spanning Tree Polytopes

Pspt(G) = {x € RE : x(E) = |V| -1, x(E(V)) < |U| — 1 forall @ # U ¢ V}

XEW) <1V -1 = (W F) (Y) < -1 CEW)

Nonempty-Subgraphs Polytope of G
Pre-sub(G) := conv{(x(U), x(F)) : UC V,U#@,F C E(U)}

xC(Pspt(G)) < xc(Presub(G)) + |E[ +1
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Extended Formulations for Non-Empty-Subgraphs Polytopes

All-Subgraphs Polytope of G
Psub(G) := conv{(x(V), x(F)) : UC V,F C E(U)}
={(z,y) €[0,1]V xRE : ye < z, forallve V,e € d(v)}

20/49 Dualization Volker Kaibel // Constructing Extended Formulations



Extended Formulations for Non-Empty-Subgraphs Polytopes

All-Subgraphs Polytope of G
Psub(G) := conv{(x(V), x(F)) : UC V,F C E(U)}
={(z,y) €[0,1]Y xR : ye <z, forall ve V,e € d(v)}

A Disjunctive Formulation for P sub(G)

Presub(G) = conv | | Pau(G) N (2 = 1)
veV
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Extended Formulations for Non-Empty-Subgraphs Polytopes

All-Subgraphs Polytope of G
Psub(G) := conv{(x(V), x(F)) : UC V,F C E(U)}
={(z,y) €[0,1]Y xR : ye <z, forall ve V,e € d(v)}

A Disjunctive Formulation for P sub(G)

Presub(G) = conv | | Pau(G) N (2 = 1)
veV

x¢(Pne-sub(G)) < [V[xe(Psup(G)) < V|- (2| V] + 2|E])

20/49 Dualization Volker Kaibel // Constructing Extended Formulations



Extended Formulations for Non-Empty-Subgraphs Polytopes

All-Subgraphs Polytope of G
Psub(G) := conv{(x(U),x(F)) : UC V,F C E(U)}
={(z,y) €[0,1]Y xR : ye <z, forall ve V,e € d(v)}
A Disjunctive Formulation for P sub(G)
Presub(G) = conv | | Pau(G) N (2 = 1)

veVv

x¢(Pne-sub(G)) < [V[xe(Psup(G)) < V|- (2| V] + 2|E])

Martin 1991
xc(Pspt(G)) < |V| - (2]V| +2|E|) + |E| + 1 = 2|V||E| +2|V|* + |E| + 1
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Non-Extended Formulations of Nonempty-Subgraphs Polytopes

Conforti, K, Walter, Weltge (2015)

Presub(G) = {(z,y) €[0,1]Y x RE : yo <z forall ve V ecd(v)
y(T) <z(V)—1forall T C E spanning tree}
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Non-Extended Formulations of Nonempty-Subgraphs Polytopes

Conforti, K, Walter, Weltge (2015)

Presub(G) = {(z,y) €[0,1]Y x RE : yo <z forall ve V ecd(v)
y(T) <z(V)—1forall T C E spanning tree}

Corollary

[ xc(Pspt(G)) = xc(Presub(G))| < 2|V + |E|
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Graphs of Bounded Genus

Djidjev & Venkatesan (1995), Hutchinson & Miller (1987)
Each graph G of genus g has a subset of

O(velVl)

nodes whose removal leaves a planar graph.
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Graphs of Bounded Genus

Djidjev & Venkatesan (1995), Hutchinson & Miller (1987)
Each graph G of genus g has a subset of

O(velVl)

nodes whose removal leaves a planar graph.

Fiorini, Huynh, Joret, Pashkovich (2016)
Each graph G of genus g has

xc(Pspe(G)) < O(VE - [EIVIVI).
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Spanning Trees in Planar Graphs
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Spanning Trees in Planar Graphs

P.o(G) = conv{(x(T), x(T*)) : T spanning tree of G}
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Spanning Trees in Planar Graphs

P.o(G) = conv{(x(T), x(T*)) : T spanning tree of G}
Pspt(G) = p(Parb(G)) with linear projection p
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Linear Description of P,(+)

Yv,w
Zg,f

Zf.g

Yw,v
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Linear Description of P, (")

Yv,w

Zf.g

Yw,v

WiLLIAMS 2001
YoowtYwy +2ZFg+ 25 =1 V{v,w} € E
YwWvw =1 Vv#root
Zg zrg =1 VYw # root
Yow>YwvsZf.g: Zgf >0 V{v,w} € E
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Linear Description of P, (")

WiLLiams 2001

24/49

Yv,w

Yw,v

Yv,w + Yw,v + Zf g + Zg f
ZW -yV7W

Yv,ws Yw,v, Zf g, Zg,f

Zf.g

=1 YWv,w}eE
=1 Vv # root
=1 Vw # root

>0 Y{v,w}eE

Thus xc(Pspt(G)) < O(n) for planar G on n nodes.

Redundant Information
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Speed-Ups for Degree < 3 [K & Sorgatz 2012]

60 - 60 .
50 - *
42 42
4 41 <4<
40 | 36 _0 ] N
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Speed-Ups for Degree < 3 [K & Sorgatz 2012]

600 | 583 |
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Polynomial Spanning Tree Optimization

Setup for G = (V, E), M C 2F (acyclic subsets)
o QM) = {(x,(¥m)mem) : x incidence vector of a spanning tree in G,
ym = [loem xe for all M e M}
e Linear optimization over Q(M) <= Optimization of polynomials with support in M
o P(M) := conv(Q(M))
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Polynomial Spanning Tree Optimization

Setup for G = (V, E), M C 2F (acyclic subsets)
o QM) = {(x,(¥m)mem) : x incidence vector of a spanning tree in G,
ym = [loem xe for all M e M}
e Linear optimization over Q(M) <= Optimization of polynomials with support in M
e P(M) := conv(Q2(M))

Relaxations
o M'C M: QM M) = {(x,(ym)mem) : X (--.),ym = [Ty Xe for all M € M’}
o P(M'; M) := conv(QM', M)) (=2 P(M') x RM\M)
e For M=MiU---UM; PIM)C P(Mg, M)N---N P(Mg, M)
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Polynomial Spanning Tree Optimization

Setup for G = (V, E), M C 2F (acyclic subsets)
o QM) = {(x,(¥m)mem) : x incidence vector of a spanning tree in G,
ym = [loem xe for all M e M}
e Linear optimization over Q(M) <= Optimization of polynomials with support in M
e P(M) := conv(Q2(M))

Relaxations
o M'C M: QM M) = {(x,(ym)mem) : X (--.),ym = [Ty Xe for all M € M’}
o P(M'; M) := conv(QM', M)) (=2 P(M') x RM\M)
e For M=MiU---UM; PIM)C P(Mg, M)N---N P(Mg, M)

Disjunctive extended formulation

xc(P(M)) < V[V T M xe(Ppe( G))
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A Single Chain M of Trees

Fischer, Fischer, McCormick 2016
P(M) is described by
® Xc Pspt(G)v y = 0

o yi < X for all i,e € M; \ M3

® Vi—VYi-1 Z ZEGM,'\M;,I _|MI \ Mf—1|
for all i

o yi<yi1 for all J

X(UE[S]) + 22 Biyi < 35;([Si1 — 1)

for all pairwise disjoint S;

(Similarly even for general matroids.)

For a single pair of edges see also:
e Buchheim & Klein 2014
o Fischer & Fischer 2013
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The Extended Formulation Q(M)

Friesen & K 2017

xc(P(M)) < xc(Pspe(G)) + O([M] - |E])
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The Extended Formulation Q(M)

Friesen & K 2017

xc(P(M)) < xc(Pspe(G)) + O(IM] - |E])
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The Extended Formulation Q(M)

Friesen & K 2017

xc(P(M)) < xc(Pspe(G)) + O(IM| - |E)
Disjunction yields:

xc(P(M)) < O(IM]) - xc(Pspt(G))
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A Single Product

One adjacent pair
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A Single Product

One adjacent pair One non-adjacent pair
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A Single Product

One adjacent pair One non-adjacent pair
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A Strengthened Relaxation

\/
a
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A Strengthened Relaxation

Friesen & K 2017
The relaxation provided by

QM M)N---NQR(M¢, M)

% . . ..
/ with re-used z-variables is in general stronger
than P(My, M)N--- N P(M¢, M),

S
/7
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An Approach to Obtain Relaxations

For polytope P C R¢
® Choose Py,...,P, D P.
@® Construct extensions Q; of P; with preimages zj(v) of the vertices v of P.

© |dentify valid linear inequalities for the (v, z1(v), ..., z/(v))'s defining a polyhedron S.

Then {(x,z1,...,2,) €S : zi € Q;} is an extension of a polyhedron R with

PCRCPN---NPs.
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Outline

@ The Concept

@ Disjunctive Programming

©® Dynamic Programming

@ Branched Polyhedral Systems
© Dualization

® Redundant Information

@ Reflections
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The Reflection Operation
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The Reflection Operation

P'=PNH=
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The Reflection Operation

P'=PNH=

\Hconv(P' Uo(P")) = Ry<(P)
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The Reflection Operation

P'=PNH=

“conv(P' Uo(P')) = Ry<(P)

e Ry<(P)={x+Xa: xeP,(ax)<(a,x+ Aa) <2b—(a,x)}
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The Reflection Operation

P'=PNH=

conv(P' U o(P")) = Ry<(P)

e Ry<(P)={x+Xa: xeP,(ax)<(a,x+ Aa) <2b—(a,x)}
e Thus: xc(Ry<(P)) < xc(P) +2
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Sequences of Reflection Operations

Consequence
For each sequence ng, ..., HS C R" of halfspaces and for each polytope P C R", the
polytope
RHE,...,H,S(P) = RHrg(RHrg_l(. .. RHIS(P) )
satisfies

XC(RngW’Hrg(P)) < xc(P) +2r.
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Sequences of Reflection Operations

Consequence
For each sequence ng, ..., HS C R" of halfspaces and for each polytope P C R", the
polytope
RHIS,...,H,S(P) = RHrg(RHrg_l(. .. RHIS(P) )
satisfies

xc(Ry<  p<(P)) < xc(P)+2r.
i geoonlitlF
Task for target polytope @

Find (and describe) P, design sequence ng, ..., H=, and prove

Q=Rys. p=(P).

Fogeeey
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Conditional Reflections

X if x € HS

o(x) otherwise

Define ¢o* : R"” — R" via p*(x)

z 7 7
1777777777 77777777777 17777
77777 77 7077
1171217777777 7777777777777777 11707707777 70777777777777777777
777 7 77 7 7
YIIIIII 717177777777 77777770777777777 7772777
277777 7777
2777777 77777
2707777777 77 z

7777777 707777
1777777777767 12777
777 7 7777777777
17777 172777777777
7777 7
2777 177272777777777
7777 1777777707777
2777 277272777277777
7777 1777777777777
2777 177277777777777
7777 77 11777777
sy 1171717770 777777
1707777777 77777777777 11707777 777707777
Ty Ry
Ry 117077777777777777
7777777 7, ey
iy 177072777777777777
Ay ey
17777727727277777, 77727777727777777,
Ay Ay
177077777777777, iy
17077777777777, 1177777777777,
777777777 707777777
17777777 17777777
7777777 7777777
1777777 177777777

7777777 177777777
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Conditional Reflections

X if x € HS
o(x) otherwise

Define ¢o* : R"” — R" via p*(x)

Ay 1707277777
oy 22077277
7

177777777
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Generating the Target Polytope

K & PaAsHkovicH 11
Let
e Q = conv(W) be some (target) polytope,
o ng, ..., H= CR" be a sequence of halfspaces, and

* pj (and g7) the associated (conditional) reflections.
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Generating the Target Polytope

K & PAsHKOVICH 11
Let
e Q = conv(W) be some (target) polytope,
° ng, ..., H= CR" be a sequence of halfspaces, and
* pj (and g7) the associated (conditional) reflections.
For a polytope P, we have
Q= RH,S,...,HE(P)

whenever the following two conditions are satisfied:
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° ng, ..., H= CR" be a sequence of halfspaces, and
* pj (and g7) the associated (conditional) reflections.
For a polytope P, we have
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® P CQandgi(Q)CQ forallie]r]
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Generating the Target Polytope

K & PasHkovicH 11
Let

e Q = conv(W) be some (target) polytope,

° ng, ..., H= CR" be a sequence of halfspaces, and

* pj (and g7) the associated (conditional) reflections.
For a polytope P, we have

Q= RH,S,...,HE(P)

whenever the following two conditions are satisfied:

® P CQandgi(Q)CQ forallie]r]

® 01(03(-+- (gf(w)---)) € P for all w € W.

35/49 Reflections Volker Kaibel // Constructing Extended Formulations



Reflection Groups
Finite Reflection Group G

A finite group generated by a (finite) family o : R" — R" (i € I) of reflections at
hyperplanes 0 € H; C R".
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Reflection Groups

Finite Reflection Group G

A finite group generated by a (finite) family o : R" — R" (i € I) of reflections at
hyperplanes 0 € H; C R".

Coxeter-Arrangement of G
The set of all hyperplanes 0 € H C R” with o € G.
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Reflection Groups

Finite Reflection Group G

A finite group generated by a (finite) family o : R" — R" (i € I) of reflections at
hyperplanes 0 € H; C R".

Coxeter-Arrangement of G
The set of all hyperplanes 0 € H C R” with o € G.

Action on R”
G acts transitively on the regions of the Coxeter-Arrangement.

36/49 Reflections Volker Kaibel // Constructing Extended Formulations



Reflection Groups

Finite Reflection Group G

A finite group generated by a (finite) family o : R" — R" (i € I) of reflections at
hyperplanes 0 € H; C R".

Coxeter-Arrangement of G
The set of all hyperplanes 0 € H C R” with o € G.

Action on R”
G acts transitively on the regions of the Coxeter-Arrangement.

G-Permutahedron of polytope P in one region
PpGerm(P) = ConV(UgeG g'P)
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Example: ,(4)
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Example: [5(4)
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Classification of Irreducible Reflection Groups

38/49

Name Dynkin Diagram Regular Polytope

|20ﬂ) oo m-gon

Aoy o—eo—e---0—9 (n — 1)-simplex

B, —o—o---0—0—o n-cube, n-cross polytope
D, o—o—o—---o—<

QT

E, o—o—I—o—H

Ee Q—Q—I—o—o—o—o

F, e—e—o—e 24-cell

Hs —o—o dodecahedron, icosahedron

Reflections
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The Reflection Group I;(m)

The group
e H, = H™((—sinp,cos ¢),0), H5 = H=((—sin ¢, cos ¢),0)
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The Reflection Group I;(m)

The group
e H, = H™((—sinp,cos ¢),0), H5 = H=((—sin ¢, cos ¢),0)

o Generators of lo(m): o, ofx/m
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The Reflection Group I;(m)

The group

e H, = H™((—sinp,cos ¢),0), H5 = H=((—sin ¢, cos ¢),0)
o Generators of lo(m): o, ofx/m

* Group elements: Reflections at Hy /p,, rotations by 2km/m
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The Reflection Group I;(m)

The group
e H, = H™((—sinp,cos ¢),0), H5 = H=((—sin ¢, cos ¢),0)
o Generators of lo(m): o', offr/m
* Group elements: Reflections at Hy /p,, rotations by 2km/m

¢ One region: FR,(y) = {xeR?: x>0,x€ Hf/m}
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The Reflection Group I;(m)

The group
e H, = H™((—sinp,cos ¢),0), H5 = H=((—sin ¢, cos ¢),0)
o Generators of lo(m): o', offr/m
* Group elements: Reflections at Hy /p,, rotations by 2km/m

¢ One region: FR,(y) = {xeR?: x>0,x€ Hf/m}
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The Reflection Group I;(m)

The group
e H, = H™((—sinp,cos ¢),0), H5 = H=((—sin ¢, cos ¢),0)
o Generators of lo(m): o', offr/m
* Group elements: Reflections at Hy /p,, rotations by 2km/m

¢ One region: FR,(y) = {xeR?: x>0,x€ Hf/m}

If P lies in FRy,(m):

P (P) = e w5 o2 o (P with r = [log(m)]

re/m> " A /m?" 2w /m?" w/m
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The Reflection Group I;(m)

The group
e H, = H™((—sinp,cos ¢),0), H5 = H=((—sin ¢, cos ¢),0)
o Generators of lo(m): o, ofx/m
* Group elements: Reflections at Hy /p,, rotations by 2km/m

¢ One region: FR,(y) = {xeR?: x>0,x€ Hf/m}

If P lies in FRy,(m):

P (P) = e w5 o2 o (P with r = [log(m)]

re/m> " A /m?" 2w /m?" w/m

Thus we have:
xc(PELT(P)) < xc(P) + 2[log(m)] + 2

39/49 Reflections Volker Kaibel // Constructing Extended Formulations



e

Example: 1,(128)
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Example: 1,(128)

R P
H2§7r/128’H7§/128( )
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Example: 1,(128)

P
R,< < < P
H4_7r/128’H2_7r/128’H7?/128( )
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Example: 1,(128)

R,< < < < P
H8_7r/128’H4_7r/128’H2_7r/128’H7?/128( )
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Example: 1,(128)

R < < < < <
H167r/128 ’ H87r/128 ’ H47r/128 ’H27r/128 ’ H7r/128

(P)
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Example: 1,(128)

< < < < < P
H3_27r/128’H1_67r/128’H8_7r/128’H4_7r/128’H2_7r/128’H7?/128 ( )
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e

Example: 1,(128)

R, < < < < < < < P
H6_47r/128’H3_27r/128’H1_61r/128’H8_7r/128’H4_7r/128’H2_7r/128’H7:/128( )
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e

Example: 1,(128)

P
R,< < < < < < < < P
H1_287r/128’H6_47r/128’H3_27r/128’H1_61r/128’H8_7r/128’H4_71-/128’H2_7r/128’H7:/128( )
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The Reflection Group A,_;

The group
o Hio= H=(ex — ey, 0), HkS,K = HS((Bk — @y, 0) CR"
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The Reflection Group A,_;

The group
e Hiy=H (ex —eg0), H,fe = Hg(ek — @y, 0) CR"
o Generators of A,_1: ofkkt (forall 1 < k < n—1)
e Group elements: Coordinate permutations
o One region: FRy, , = {x€R? : xy <x < -+ < x,}

The reflections
7kt = pHee : R" — R™: transposition of coordinates k and ¢

Conditional reflections

ke, v TRNY) i ye> e
= (y) = :
y otherwise
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Sorting Networks

Sorting Network

Sequence (ki,%1), ..., (ks £,) with
Til’el ©ooo® Tir’ér(}/) _ y(sort)
for all y € R".
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Sorting Networks

Sorting Network

Sequence (ki,%1), ..., (ks £,) with
Tilvfl @ ooo@ Tir,ér(y) _ y(sort)

for all y € R".

AJjTal, KoMLOS & SZEMEREDI 1983

There are sorting networks of size r = O(nlog n).
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Results for A,_;

If P liesin FRa, ,
For each sorting network (k1,£1) (k,,f ), we have
perm(P) = e, (P).

kl” k.41
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Results for A,_;

If P liesin FRp,_,

For each sorting network (k1,£1) (k,,€ ) we have
Ppi(P) = we (P)
k1,61

[H»

Thus we have:
xc(Pparma (P)) < xc(P) + O(nlog(n))
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Results for A,_;

If P liesin FRa, ,
For each sorting network (k1,£1) (k,,f ) we have
PRR(P) = e, (P)

[H»

Thus we have:
xc(Pparma (P)) < xc(P) + O(nlog(n))

GOEMANS 2009
xC(Pperm) < O(nlog(n))
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General G-Permutahedra

K & PasukovicH 11
If

e G is a finite reflection group on R" and

e P CRR"is a polytope in one region of G,
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General G-Permutahedra

K & PasakovicH 11
If
e G is a finite reflection group on R" and
e P CRR"is a polytope in one region of G,
then we have:

xc(Pgerm(P)) < xc(P) + O(log m + nlog n)

(where m is the largest number such that ly(m) is a factor of G).
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Huffman Polytopes

The set Vp « of Huffman vectors (n = 4)
@0

(2,2,2,2)
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Huffman Polytopes

The set Vp « of Huffman vectors (n = 4)

9
D

(3,1,3,2)
Phusr = conv(Vie)
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Huffman Polytopes

The set Vp « of Huffman vectors (n = 4)

|
9
al
9
(3,1,3,2)

Phusr = conv(Vie)

NGUYEN, NGUYEN, & MAURRAS 10

Pl ¢ has at least 24108 ") facets.

45/49 Reflections Volker Kaibel // Constructing Extended Formulations



An Extended Formulation of Size O(n?)
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An Extended Formulation of Size O(n?)

® For v € &(n): v-Viug = Viuer-
® For v € V¢
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An Extended Formulation of Size O(n?)

A\‘o S

® For v € &(n): v. V{6 = Vius-
® For v € Vi 4:
@ There are i # j with v; = v; = max{vx : k € [n]}.
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An Extended Formulation of Size O(n?)

A\‘o S

® For v € &(n): v. V{6 = Vius-
® For v € Vi 4:
@ There are i # j with v; = v; = max{vx : k € [n]}.
O (Viyeo o Vie1, Vi = Ly Vit ooy Vi1, Vit -« -5 Vi) € Vit
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An Extended Formulation of Size O(n?)

Ny
A0 A

@ For v € &(n): - Viuer = Viusr-
® For v € Vi 4:
@ There are i # j with v; = v; = max{vx : k € [n]}.
O (vi, Vi1, Vi— LVig1, oo Vi1, Vidy o5 Vi) € thff
® Forw e VI d: o(W') = (W],..., W) o, W, 1+ 1w _;+1) € Vg
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Ny
A0 A

@ For v € &(n): - Viuer = Viusr-
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An Extended Formulation of Size O(n?)

\0
A0 AT

@ For v € &(n): v.Viug = Vi
® For v € Vi 4:
@ There are i # j with v; = v; = max{vx : k € [n]}.
@ (vi,..,vic,Vi— L vig1, .., Vi1, Vig1, ..o, Va) € thff
® For w' € thfF ow)=(wy,...,w, o,w +1w | +1)e V] 4.

A first extended formulation

_ n—1
Ih’lJff o RHD’ ’Hn_ 1, n’H1_2’ ’Hiz,nfl(so(Ph”fF))'
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Schematic View on the Constructlon
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A Better Construction

Se 0o 0 03]1@.@%
S0 o oo T o 6 o T v—e(T o Toeko oo
£o oo T 5 o o T el o sekaseiee

s e HT T T
Ho-n.nooth\-\jlo@vv.
Ho-o..oogovv
Hooo..ﬁj@vv

Se 0 0 0 o»\o\oJ&/omVoWu.v

Se 00 o»\.\oJolomV.qu.

Ko o okT o sekaseke

Se oﬁJ/ome.v'Vo

K & PasnkovicH 11

xc(Phye) < O(nlogn)

Volker Kaibel // Constructing Extended Formulations
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Thanks for your attention.
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