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Programs Scott Continuous Analytic Functions
Probability Proba. monad Values as proba. distr.

How to interpret a program M : nat⇒ nat
Type: N⊥ flat domain,
V(N⊥) proba. distr. over N⊥,

Prog: JMK : N⊥ → V(N⊥),
Jlet n=x in MK : V(N⊥)→V(N⊥)

x 7→
(∑

n
JMKn,qxn

)
q

Type: |Nat| = N
P (Nat) subproba. dist. over N

Prog: JMK :P(Nat)→P(Nat)

x 7→

 ∑
µ=[n1,...,nk ]

JMKµ,q
k∏

i=1
xni


q
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Programs Scott Continuous Analytic Functions
Probability Proba. monad Values as proba. distr.

Problematic in domain

Finding a full
subcategory of

continuous dcpos that is:
Cartesian Closed and
closed under the proba.

monad V.

Full Abs.: PCOH/pPCF

Prob(C [M], n)
∀n, ∀C [ ]=

Prob(C [N], n)
iff

JMK = JNK.
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Types as Probabilistic Coherent Spaces: (|X | , P(X ))
Proba. Space

|X |: the web, a (potentially infinite) set of final states

P (X ): a set of vectors ⊆ (R+)|X | such that

closure: P(X)⊥⊥ = P(X) with
∀u, v ∈ (R+)|X |, 〈u, v〉 =

∑
a∈|X | uava

∀P ⊆ (R+)|X |, P⊥ = {v ∈ (R+)|X | ; ∀u ∈ P, 〈u, v〉 ≤ 1}

bounded covering: ∀a ∈ |X | ,
∃v ∈ P(X ) ; va 6= 0 and ∃p > 0, ; ∀v ∈ P (X ) , va ≤ p.

Proposition: Proba. spaces as Domains

(|X | ,P (X )) is a Proba. space iff P (X ) is bounded covering,
Scott Closed (downwards-closed and dcpo) and Convex.
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Types as Probabilistic Coherent Spaces: (|X | , P(X ))
Example

|1| = {∗} P (1) = [0, 1]
|Bool| = {t, f } P (Bool) = {(p, q) ; p + q ≤ 1}

|Nat| = {0, 1, 2, . . . } P (Nat) = {x ∈ [0, 1]N ;
∑

n
xn ≤ 1}

|Bool⇒ 1| = {[tn, f m] ; n,m ∈ N},
P (Bool⇒ 1) = {Q ∈ (R+)|Bool⇒1| ;

∀xt + xf ≤ 1,
∞∑

m,n=0
Q[tm,f n] xm

t xn
f ≤ 1}

Proposition: Proba. spaces as Domains

(|X | ,P (X )) is a Proba. space iff P (X ) is bounded covering,
Scott Closed (downwards-closed and dcpo) and Convex.
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A model of Linear Logic

Pcoh : Linear Category

Objects: Proba. Spaces

Morphisms: Linear Functions

Pcoh!: Kleisli Category

Objects: Proba. Spaces

Morphisms: Analytic Functions

Smcc (1,⊗,()

biproduct

Call by Name A⇒ B =!A ( B

CCC

(PCF+coin)

Comonad (!, der, dig)

Sym. Comonoid
(!A, ⊗, 1)
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Linear Category

Pcoh(X ,Y )

Matrices Q ∈ (R+)|X |×|Y | such that:

∀x ∈ P (X ) , Q · x =

∑
a∈|X |

Qa,b xa


b

∈ P (Y )

Example

Pcoh(Nat,Nat): Stochastic Matrices Q ∈ (R+)N×N.

∀x ∈ (R+)N ;
∑
n∈N

xn ≤ 1,
∑

m,n∈N
Qm,nxn ≤ 1
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Free Symetric Comonoid and Comonad

Exponential

|!X | = Mfin (|X |) the set of finite multisets

P (!X ) = {x ! ; x ∈ P (X )}⊥⊥ where x !
[a1,...,an] =

∏n
i=1 xai

Example

Let coin(p) = (p, 1− p) ∈ P (Bool).

coin(p)!
[ ] = 1, coin(p)!

[t,t] = p2, coin(p)!
[t,f ] = p(1−p), . . .

Theorem (2016: Crubillé - Ehrhard - Pagani - T.)

This exponential computes the free symetric comonoid.
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Symetric Comonoid Comonad

Cocontr.: !X c !X

−−→ !X ⊗ !X
Coweak.: !X w !X

−−→ 1

Comult.: dig!X : !!X → !X
Counit: der!X : !X → X
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Non Linear Category

Pcoh!(X ,Y ) = Pcoh(!X ,Y )

Matrices Q ∈ (R+)Mfin(|X |)×|Y | such that

∀U ∈ P (!X ), Q·U =

 ∑
m∈Mfin(|X |)

Qm,b Um


b

∈ P (Y )

Non-Linear Morphisms are analytic and Scott Continuous.

Pcoh!(Bool, 1) = {Q ∈ (R+)|Bool⇒1| s.t. Q[tm,f n] ≤ (n+m)n+m

nn mm }

let rec f x =
if x then if x then f x

else ()
else if x then ()

else f x

is denoted as
∞∑

n,m=0

(n + m)!
n! m! x2n+1

t x2m+1
f
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Probabilistic Full Abstraction

Theorem (2014: Ehrhard - Pagani - T.)

Pcoh

JMK = JNK
Adequacy

=⇒
⇐=

Full Abstraction

pPCF

P 'o Q
Prob(C [M], ())

∀C [ ]
= Prob(C [N], ())

Adequacy Lemma (2011: Danos - Ehrhard):
If ` M : nat, then ∀n ∈ N, JMKn = Prob(M →∗ n).

Key Ingredients of Full Abstraction
Find testing terms that depend only on points of the web.
Use regularity of analytic functions.
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How to encode a LasVegas Algorithm?

Input: A 0/1 array of length n ≥ 2 s.t. 1
2 cells are 0.

0 1 2 3 4 5

0 1 0 1 1 0 f : 0, 2, 5 7→ 0
1, 3, 4 7→ 1

Output: Find the index of a cell containing 0.

Caml: let rec LasVegas (f: nat -> nat) (n:nat) =
let k = random n in

if (f k = 0) then k
else LasVegas f n

pPCF:
CBN

fix
(
λLasVegas(nat⇒nat)⇒nat⇒nat λfnat⇒natλnnat

(λknat if (f k = 0) then k
else LasVegas f n) (rand n)
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Semantics gives the answer

Storage Operator

let k = rand n in if k = 0 then 42 else k

Integer in Pcoh: JnatK = (N,P (nat) = {(λn) |
∑

n λn ≤ 1})

Equipped with a coalgebraic structure in the linear Pcoh:
Cocontraction: cnat : nat→ nat⊗ nat

Coweakening: wnat : nat→ 1

Bibliography
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1999 Levy, Call by Push Value, a subsuming paradigm.
2000 Nour, On Storage operator.
2016 Curien, Fiore, Munch-Maccagnoni, A Theory of Effects and Resources .
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What sem. object to encode Storage Operator.

The Eilenberg Moore Category: Pcoh!

Coalgebras P = (P, hP) with P ∈ Pcoh and hP ∈ Pcoh(P, !P):

P hP //

Id ((

!P
derP
��

P

P hP //

hP ��

!P
digP��

!P !hP // !!P

Coalgebras have a comonoid structure: values can be stored.
Types interpreted as coalgebras:

!X by def. of the exp. ⊗, ⊕ and fix preserve coalgebras.

Example

Stream: Sφ = φ⊗ !Sφ List: λ0 = 1⊕ (φ⊗ λ0)
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Probabilistic Call By Push Value

Types:

(positive) φ, ψ, . . . := 1 | !σ | φ⊗ ψ | φ⊕ ψ | α | Fixα · φ
(general) σ, τ . . . := φ | φ( σ

Values: (positive type)
V ,W . . . := x | () | M ! | (V ,W ) | in1V | in2V | fold(V ) .

Programs: (general type)
M,N . . . := x | () | M ! | der(M) | λxφ M | 〈M〉N | fix x !σ M

| in1M | in2M | case(M, x1 · N1, x2 · N2)
| (M,N) | pr1M | pr2M | fold(M) | unfold(M)
| coin(p), p ∈ [0, 1] ∩Q

Typing context: P = (x1 : φ1, . . . , xk : φk)
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Probabilistic Full Abstraction

Theorem (2016: Ehrhard - T.)

Pcoh

JMK = JNK
Adequacy

=⇒
⇐=

Full Abstraction

pCBPV

P 'o Q
Prob(C [M], ())

∀C [ ]
= Prob(C [N], ())

Key Ingredients of Adequacy:
Handle values separately
Logical relations: fixpoint of types (hidden step indexing,
biorthogonality closure, fixpoints of pairs of logical relations)
Density: Morphisms on positive types are characterized by
their action on coalgebric points.

Key Ingredients of Full Abstraction:
Find testing terms that depend only on points of the web.
Use regularity of analytic functions and density
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Conclusion

pCBPV a funct. lang. suitable for writing proba. programs

Combines CBN and CBV
Values are of positive Types, they can be duplicated or
erased accordingly to the comonoidal structure of their
interpretation
Programs can handle base types such as streams
Full abstraction (with no quotient needed)

Further directions:
Combine Non-determinism and Probability by constructing a
non-deterministic monad on Pcoh!.
Move up from discrete to continuous probability.
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