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Outline

Other techniques for bounding the mixing time:
» conductance
e canonical paths

e canonical flows

Thanks to:

Bhatnagar, Diaconis, Dyer, Jerrum, Lawler, Miiller, Randall,
Sinclair, Sokal, Stefankovi¢, Stroock, Vazirani, Vlgoda
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Recall:
« Ergodic MC (Q,P) => unique stationary distribution =

* Mixing time: t,;(¢e) = minimum t such that for every start
state x, after t steps within ¢ of =

An ergodic reversible Markov chain (Q2,P):




Outline

Recall:
« Ergodic MC (Q,P) => unique stationary distribution =

* Mixing time: t,;(¢e) = minimum t such that for every start
state x, after t steps within ¢ of =

An ergodic reversible Markov chain (Q2,P):




Conductance

Def: For an ergodic reversible MC (Q,P), its conductance

is defined as:
ZXEs,yes ﬂ(X)P(X’ y)
7(S)

D = mmS:SgQﬂ(S)SU2




Conductance

Def: For an ergodic reversible MC (Q,P), its conductance
is defined as:

ZxEs,yes ﬂ(X)P(X’ y)
7(S)

D = mInS:SQQJf(S)Sl/Z

Example: suppose 7 is uniform:




Conductance

Def: For an ergodic reversible MC (Q,P), its conductance
is defined as:

ZxEs,yes ﬂ(X)P(X’ y)
7(S)

D = mInS:SQQJf(S)SUZ

Example: suppose 7 is uniform:

7(S) = 3/11 < 1/2



Conductance

Def: For an ergodic reversible MC (Q,P), its conductance
is defined as:

ZxEs,yes ﬂ(X)P(X’ y)
7(S)

D = mInS:SQQJf(S)SUZ

Example: suppose 7 is uniform:

N <
[/ [ G A

7(S) = 3/11 < 1/2




Conductance
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Conductance

Def: For an ergodic reversible MC (Q,P), its conductance
is defined as:

ZxEs,yes ﬂ(X)P(X’ y)
7(S)

D = mInS:SQQJf(S)SUZ

Thm: |®?/2 < spectral gap < 2

Recall:

Thm: For an ergodic MC, let )\, be the 2"d largest eigenvalue
of P and 7, := min, m(x). Then

| 2*2 | Iog(_j < 1:mix (‘9) < : |Og :
spectral gap 2¢& spectral gap ETT

[Jerrum-Sinclair, Diaconis-Stroock, Lawler-Sokal]




Conductance

Def: For an ergodic reversible MC (QP), its conductance

is defined as:
Zsz,yes ﬂ(x) P(X’ y)
7(S)

D = mmS:SgQJf(S)Sl/2

Thm: |®?/2 < spectral gap < 2

Thm: For a lazy ergodic MC, where 7, := min, 7(x):

1( 1 1 1
E(E—ljmg(zgj tix (6) < — |09(8ﬂmin)

[Jerrum-Sinclair, Diaconis-Stroock, Lawler-Sokal]
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Bounding the conductance:

- Find a path in the transition graph from every state I to
every other state F (|Q|x|Q| paths)

- Then, let S be the "smallest cut”:

1 7(S)/2 7(S)7z(S) _ |SZF¢75Z(I)7Z(F)
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Canonical Paths

Bounding the conductance:

- Find a path in the transition graph from every state I to
every other state F (|Q|x|Q| paths)

Def: Congestion

> z(l)z(F)(length of | — F path)
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Canonical Paths

Bounding the conductance:

- Find a path in the transition graph from every state I to
every other state F (|Q|x|Q| paths)

Def: Congestion

0 = Mmax z(1)z(F)(length of I — F path)

1
- E(U)P(U,V) I—>szath

through (u,v)

Thm [Sinclair]: For a lazy ergodic reversible MC:

£ (2) s4pln( : j

gﬂ-min
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Given an undirected graph 6=(V,E), a matching MCE is a set
of vertex disjoint edges. A matching is perfect if |M|=n/2,
where n = # vertices (and m = # edges).

Example:
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Matchings Revisited

Given an undirected graph 6=(V,E), a matching MCE is a set
of vertex disjoint edges. A matching is perfect if |M|=n/2,
where n = # vertices (and m = # edges).

Example:

A perfect matching

FPAUS (sampler)

Goal:

An FPRAS for
« # matchings
« # perfect matchings




A Markov Chain for Matchings

Input: a graph 6
State space Q: all matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by
choosing a random edge e=(u,v) € E and:

eif e € M, remove e from M

« if u,v are not covered by
edgesinM,add e to M

« if uis covered by edge
e’ € M and v is not covered
by M, replace e with e in M

* otherwise, stay in M
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A Markov Chain for Matchings

Input: a graph 6 Technicality:

A lazy chain: with
State space Q: all matchings of G [ probability 1/2 stay in M,
otherwise =

Markov chain (slide chain): )
Let M be the current matching, we get the next state by
choosing a random edge e=(u,v) € E and:

eif e € M, remove e from M

« if u,v are not covered by
edgesinM,add e to M

« if uis covered by edge
e’ € M and v is not covered
by M, replace e with e in M

* otherwise, stay in M
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Bounding the Congestion

Congestion through ftransition M->M":

m (N\)PI(M,M') 2.15F path through Mom T(L)T(F) length(I->F)

Since m(M)=n(I)=m(F)=1/]|Q| and P(M,M")=1/(2m), and
length(I->F)<n:

2m

< |Q| ZI—>F path through M->M’ n

- 2mn (# canonical paths through M->M")
B8] P
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Let M->M’ be a transition.
How many canonical paths go through it ? [Want < [Q|poly(n)]
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How many canonical paths go through it ? [Want < [Q|poly(n)]
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Bounding the Congestion: Encoding

Let M->M’ be a transition.
How many canonical paths go through it ? [Want < [Q|poly(n)]

st e e—®
, [ I@F-(MuM)
AW o - {e}
y (A_‘ Now a matching:
. d @)
I > F ':/'.. 5‘ 2" -
.... .
M -> M
. Redefine
%, fransition Can "decode” E into I,F? encoding:
. red: initial matching ~ ~ LS 2"d component a path? = (E,0)
* blue: final matching - Or a cycle? E':=(E1)

. encoding e Qx{0,1}



Bounding the Congestion: Encoding

Let M->M’ be a transition.
How many canonical paths go through it ? [Want < [Q|poly(n)]

- For the sliding transition: < 2|Q]|

- Need to analyze the add and remove transitions

Bound on the congestion:

< emn (# can. paths through M->M") = 2mn 21Q| = 4mn
=Tlal P g I3

Mixing time: t..(e) = O(mn log(1/(em,,)))
= O*(mn?) [O* - ignore polylog]

FPRAS: O( T(n,m,/(bm)) m?/e2) = O*(m3n?/e?)




A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by

(uw) or (v,w) u



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

IHEUTZ a gr'(]ph G Exactly 2 vertices

not matched

State space Q: all perfect and near-perfect matchings of G

Markov chain (slide chain):
Let M be the current matching, we get the next state by choosing a
random vertex w and:

« if M is perfect: remove w's edge
* if M is near-perfect with holes u,v:
«if w=u orv, add (u,v) if can

* else, randomly choose u or v,
replace w's current edge by
(uw) or (v.w)



A Markov Chain for Perfect Matchings

Analysis of this MC:

e canonical paths as before for perfect to perfect

« for near to perfect:
exactly one alternating path - process it last

[/

I > F



A Markov Chain for Perfect Matchings

Analysis of this MC:
e canonical paths as before for perfect to perfect

« for near to perfect:
exactly one alternating path - process it last

1st Urd

an

I > F



A Markov Chain for Perfect Matchings

Analysis of this MC:

e canonical paths as before for perfect to perfect

« for near to perfect:
exactly one alternating path - process it last



A Markov Chain for Perfect Matchings

Analysis of this MC:

e canonical paths as before for perfect to perfect

« for near to perfect:
exactly one alternating path - process it last



A Markov Chain for Perfect Matchings

Analysis of this MC:

e canonical paths as before for perfect to perfect

« for near to perfect:
exactly one alternating path - process it last

\ ol
! / Want to process

last, otherwise 4

‘\./: / an holes -> not in Q



A Markov Chain for Perfect Matchings

Analysis of this MC:

e canonical paths as before for perfect to perfect

« for near to perfect:
exactly one alternating path - process it last

* for near to near:
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(Instead of canonical paths, split into a flow.)
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A Markov Chain for Perfect Matchings

What if improve mixing time analysis?

AT,

Just one perfect matching... But exponentially many nears!

This MC good only if #nears/#perfects polynomial...

Mixing time: t_..(¢) = O*(n3 (#nears/#perfects))

Polynomial if # near-perfect / # perfect matchings is polynomial...
E.g. for dense graphs: every vertex of degree > n/2.



Another MC for Perfect Matchings

Input: a graph 6
State space Q: all perfect matchings of G

Markov chain (swap chain):
Let M be the current matching, choose two random edges
(u,v) and (x,y) in M, replace them
with (uy) and (v,x) if can.
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Another MC for Perfect Matchings

Input: a graph 6
State space Q: all perfect matchings of G

Markov chain (swap chain):
Let M be the current matching, choose two random edges
(u,v) and (x,y) in M, replace them
with (uy) and (v,x) if can.

Symmetric but state space disconnected...



Another MC for Perfect Matchings

Input: a graph 6
State space Q: all perfect matchings of G

Markov chain (swap chain):
Let M be the current matching, choose two random edges
(u,v) and (x,y) in M, replace them
with (uy) and (v,x) if can.

What if have an instance with
connected state space:

Does it then mix rapidly?
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Another MC for Perfect Matchings

Consider this instance (family of instances):

From any matching can get to ]

-> State space is connected



Another MC for Perfect Matchings

Consider this instance (family of instances):

# matchings that do not use
the bottom edge: > 2n/4-1

# matchings that use
the bottom edge: 1




Another MC for Perfect Matchings

Consider this instance (family of instances):




Another MC for Perfect Matchings

Consider this instance (family of instances):

Conductance:
1 1
r(X)P(X,y) _
®:= min ers’ygs < €] 2n(n—1) < ,2_11
S:ScQ, 7 (S)<1/2 72'(8) 1/ 2 2n n(n —1)




Another MC for Perfect Matchings

Consider this instance (family of instances):

4 )
\_ J
S
Conductance:
1 1

7(X)P(X,Y) _
®:= min Loy clelanin=1) ,2_11
$:5cQ .7 (5)<l/2 72'(8) 1/2 2" n(n —1)
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Another MC for Perfect Matchings

Consider this instance (family of instances):

4 )
\_ J
S
Conductance: More on this chain:

Dyer-Jerrum-Midiller

1( 1 1 n/2-3 1 1
t. (&)= 5(5—1j IOQ(ZJ > (2 n(n-1) _Ej Iog(zj



Back to the Sliding Chain: Permanent

What if improve mixing time analysis? Per(A) = Y ﬁ a; ()

TES, 1=1

Counts perfect matchings in

Just one perfect matching...

But exponentially many nears!

State space

Exponentially smaller!

N

Perfect matchings



Back to the Sliding Chain: Permanent

Idea [Terrum-Sinclair-Vigodal:

Change the weights of the states
(change stationary distribution).

State space

Exponentially smaller!

N

Perfect matchings



Back to the Sliding Chain: Permanent

Idea [Terrum-Sinclair-Vigodal:

Change the weights of the states
(change stationary distribution).

n°+1 regions,
very different

weight

Exponentially smaller!

N

Perfect matchings

u,v



Back to the Sliding Chain: Permanent

Idea [Jerrum-Sinclair-Vigodal:

Change the weights of the states
(change stationary distribution).

n®+1 regions,
each about the
same weight

Ideal weights uyv
(for a matching with holes u,v):

(# perfects) / (# nears with holes u,v)
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Back to the Sliding Chain: Permanent

Ideal weights
(for a matching with holes u,v):

(# perfects) / (# nears with holes u,v)

Edge weights: « Start with \=1:
* 1 for edge #perfect/#nears = nl/(n-1)!
* A for non-edge
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Back to the Sliding Chain: Permanent

Ideal weights
(for a matching with holes u,v):

A(perfects) / M(nears with holes u,v)

Edge weights: « Start with \=1:
* 1 for edge #perfect/#nears = nl/(n-1)!
* A for non-edge
e Repeat until A < 1/nl: | A and 4-apx
of weights
A and 2-apx
of weights
|
2-apx = 4-apx

for new A




Back to the Sliding Chain: Permanent

Thm [JTerrum-Sinclair-Vigoda]:
FPRAS for the permanent.

OPEN PROBLEM.:
counting perfect matchings in non-bipartite graphs

A(perfects) / A(nears with holes u,v)

el
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