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A system of coupled differential equations
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The change in the effective population size over time is obtained from
(1) and (2) as

dNeff

dt
=

A
∑

i=1

Hi [bi(1 − chi
)− di] +

A
∑

i=1

bi(1 − chi
)

A
∑

j=1

(1 − shi
)Iij (3)

+

A
∑

i=1

A
∑

j=1

Iij(−di − δij).



Stability analysis in a nutshell
·
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Transition from three to two alleles

·
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0 1 1
1 0 1
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1 0
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The forward equation

◮ Let f (y, t)dy be the expected number of loci, in which the derived
allele has a frequency in (y, x + dy), 0 < y < 1, at time t.

Evans et al. (2007):

∂

∂t
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1

2
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∂
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with appropriate initial conditions at time zero; the boundary con-
ditions are

lim
y↓0
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◮ Now, let b(y, t) = y(1− y)/ρ(t) and a(y) = 2σy(1− y)[y+ h(1− 2y)].

Via g(y, t) = y(1 − y)f (y, t) we obtain

∂

∂t
g(y, t) =

1

2ρ(t)
y(1 − y)

∂2

∂y2
{g(y, t)}

− 2σy(1 − y)
∂

∂y
{[y + h(1 − 2y)]g(y, t)} ,

with appropriate initial conditions at time zero; the boundary con-
ditions are

lim
y↓0

g(y; t) = θ lim
y↓0

yρ(t)

y(1 − y)
= θρ(t)

and

lim
y↑1

g(y; t) = 0.



The system of ODEs for the moments

◮ Let µn(t) =
1
∫

0

yng(y, t)dx for n = 0, 1, 2, . . ..

Via integration by parts we obtain

µ′
0(t) =

θ

2
−

1

ρ(t)
µ0(t) + 2σ {h[µ0(t)− 2µ1(t)] + (1 − 2h)[µ1(t)− 2µ2(t)]} ,
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+ 2σh
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]
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The system of ODEs in matrix form

M
′(t) =

{

1

ρ(t)
B + 2σ [hA1 + (1 − 2h)A2]

}

M(t) +Θ.

Even a finite version of this system can not be solved!

Therefore, we set ρ(t) = c1 to obtain

M
′(t) = C1M(t) +Θ,

where C1 = B/c1 + 2σ [hA1 + (1 − 2h)A2]. This differential equation
can be solved in terms of a matrix exponential as

M(t) = exp (C1t)M(0) + [exp(C1t)− I]C
−1
1 Θ.



Building up an algorithm
·

M(t) = exp (C1t)M(0) + [exp(C1t)− I]C
−1
1 Θ, 0 ≤ t < t1.
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Building up an algorithm
·

M(t) = exp (C2(t − t1))M(t1) + [exp(C2(t − t1))− I]C
−1
2 Θ, t1 ≤ t < t2.
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Building up an algorithm
·

M(t) = exp (Ck−1(t − tk−2))M(tk−2) + [exp(Ck−1(t − tk−2))− I]C
−1
k−1 Θ,

tk−2 ≤ t < tk−1.
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Building up an algorithm
·

M(t) = exp (CK(t − tK−1))M(tK−1) + [exp(CK(t − tK−1))− I]C
−1
K Θ,

tk−1 ≤ τ.
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Measurable time scales
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