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Joint work with Matthew Rasmussen, 
Melissa Hubisz, and Ilan Gronau
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Simons Center for Quantitative Biology 

! Broad focus on theoretical and applied quantitative biology, including 
genomics, evolution, biophysics, cancer and neuroscience

! Founding $50M donation from Simons Foundation plus other gifts 
! Ten current faculty members trained in physics, applied mathematics, 

and computer science
! Positions available at assistant professor, fellow, and postdoc levels
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Recombination and Genealogies
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The Ancestral 
Recombination Graph 
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Griffiths and Marjoram, J. Comput. Biol., 1996



Alas, if only we knew the ARG…
! Demography inference
! Inference of natural selection
! Recombination rate estimation
! Phasing/imputation
! Association mapping
! ...

5

ARG surrogates: IBD, IBS, haplotypes, local ancestry 
inference, site-frequency spectrum, PCA



Explicit ARG Inference
! Importance sampling

! Griffiths and Marjoram, J. Comput. Biol., 1996
! Fearnhead and Donnelly, Genetics, 2001

! Markov chain Monte Carlo sampling
! Kuhner, Yumato, and Felsenstein, Genetics, 2000
! Nielsen, Genetics, 2000

! Heuristics/Parsimony
! Hein, J. Mol. Evol., 1993
! Kececioglu and Gusfield, Disc. Appl. Math., 1998
! Song and Hein, J. Comput. Biol., 2005
! Minichiello and Durbin, Am. J. Hum. Genet., 2006
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Computationally intensive 

Limited to few samples 

and/or 

Depend on crude approximations



Sequential Coalescent  
with Recombination
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Wiuf and Hein, Theor. Popul. Biol., 1999



3. THE SEQUENTIALLY MARKOV COALESCENT
We first describe a generalization of the standard
coalescent process for a constant population size. At
any point in time the state of the coalescent process is
described by the set of k ancestral lineages, the ith of
which contains ancestral material at a set of mi ordered
non-overlapping intervals on the unit interval (treating
sequences as continuous)

xi Z fðxi1; yi1Þ; ðxi2; yi2Þ;.; ðximi
; yimi

Þg; (3.1)

where xij and yij represent the lower and upper limits
respectively of an interval of ancestral material. The
instantaneous rate of coalescence is the sum of the rates
for all pairs of lineages that can potentially coalesce
(note each pair coalesces independently)

lC Z
X

isj

Ii;j ; (3.2)

where IijZ1 under the standard coalescent for all i and j
(isj ). The instantaneous rate of recombination is

lR Z r=2
X

i

ðyimi
Kxi1Þ: (3.3)

The time until the next event is distributed as a random
exponential variable with rate lCClR, with the type of
event being drawn in proportion to its contribution to
the summed rates. If a coalescent event is chosen, the
resulting lineage acquires the union of the intervals of
ancestral material. After coalescence, if any interval is
represented by just one ancestral lineage the most
recent common ancestor (MRCA) of that interval has
been reached and the interval is removed. Recombina-
tion events result in a splitting of ancestral material,
where the point of splitting is chosen uniformly from
the interval ðxi1; yimi

Þ for a constant recombination rate.
The process for a sample of size n is initialized by
setting kZn and miZ1, xi1Z0, yi1Z1 for all i and
terminated when every point along the sequence has
found an MRCA.

The SMC process requires a simple modification to
the process. If Xi(Zgxi) is the set of all loci at which
chromosome i has ancestral material

Ii;j Z
1 if X ihX js: and isj

0 otherwise
:

(

In other words, if two ancestral lineages have no
interval in common where they share ancestral material
they are not allowed to coalesce.

By restricting coalescent events in this way the
resulting process has three important differences from
the standard coalescent. First, the state-space of ARGs
is much reduced (though the state-space of the set of
marginal genealogies is unaltered). Second, the SMC
model will tend to have many fewer recombination
events in its history (figure 1). Third, the resulting
process has a Markovian structure in the sequential
generation of genealogies along a chromosome.

The Markovian structure along a chromosome is
best described in terms of the sequential algorithm for
simulating a set of marginal genealogies on the unit
interval for n sequences under the SMC model

(figure 2). The algorithm can be described through a
series of steps.

(i) Simulate a standard coalescent history at point 0
(i.e. without recombination). The resulting tree
has a total branch length of T0.

(ii) The distance along the unit interval until the first
recombination event is exponentially distributed
with rate rT0/2. If the point at which the
recombination event occurs is less than one, the
position at which the recombination occurs on the
marginal genealogy is drawn uniformly and the
older portion of the branch on which the event
occurred is erased, resulting in a ‘floating’ lineage.

(iii) The floating lineage coalesces with the remaining
genealogy at rate proportional to the number of
ancestral lineages present (note that the time at
which it rejoins may be older than the current time
of the MRCA or TMRCA). Note also that this is
the point of departure from the standard coalesc-
ent, where the floating lineage may coalesce with
all ancestral lineages, not just those remaining on
the previous genealogy.

(iv) The previous genealogy is discarded and the
process repeated with the new genealogy until
the next recombination event occurs beyond the
unit interval.

Figure 2. The sequentially Markov coalescent with recombi-
nation. The point of the recombination event (indicated by a
crossmark) is placed uniformly on the tree. The branch above
it is removed and the lineage coalesces back to the remaining
tree at a rate proportional to the number of lineages present.

Figure 1. The ratio of the average number of recombination
events in the ARG for the standard coalescent to the average
number of recombination events in the SMCmodel for nZ2.
The average number of recombination events in the SMC is
equal to r.

Approximating the coalescent G. A. T.McVean & N. J. Cardin 1389

Phil. Trans. R. Soc. B (2005)

Sequentially Markov 
Coalescent (SMC)
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McVean and Cardin, 2005; Marjoram and Wall, 2006

Ti–1 Ti
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Discretized SMC and  
Hidden Markov Models

! By discretizing time and enumerating 
topologies, the continuous state space of the 
SMC can be approximated by a finite set

! This opens up the possibility of using hidden 
Markov models (HMM) for inference

! Standard dynamic-programming algorithms 
for HMMs allow for exact ARG inference, up 
to the SMC and discretization
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Hidden Markov Models
11

Hobolth et al., PLOS Genet., 2007;  
Li and Durbin, Nature, 2011

LETTER
doi:10.1038/nature10231

Inference of human population history from
individual whole-genome sequences
Heng Li1,2 & Richard Durbin1

The history of human population size is important for understand-
ing human evolution. Various studies1–5 have found evidence for a
founder event (bottleneck) in East Asian and European popula-
tions, associated with the human dispersal out-of-Africa event
around 60 thousand years (kyr) ago. However, these studies have
had to assume simplified demographic models with few parameters,
and they do not provide a precise date for the start and stop times of
the bottleneck. Here, with fewer assumptions on population size
changes, we present a more detailed history of human population
sizes between approximately ten thousand and a million years ago,
using the pairwise sequentially Markovian coalescent model applied
to the complete diploid genome sequences of a Chinese male (YH)6,
a Korean male (SJK)7, three European individuals (J. C. Venter8,
NA12891 and NA12878 (ref. 9)) and two Yoruba males (NA18507
(ref. 10) and NA19239). We infer that European and Chinese popu-
lations had very similar population-size histories before 10–20 kyr
ago. Both populations experienced a severe bottleneck 10–60 kyr
ago, whereas African populations experienced a milder bottleneck
from which they recovered earlier. All three populations have an
elevated effective population size between 60 and 250 kyr ago, pos-
sibly due to population substructure11. We also infer that the dif-
ferentiation of genetically modern humans may have started as early
as 100–120 kyr ago12, but considerable genetic exchanges may still
have occurred until 20–40 kyr ago.

The distribution of the time since the most recent common ancestor
(TMRCA) between two alleles in an individual provides information
about the history of change in population size over time. Existing
methods for reconstructing the detailed TMRCA distribution have
analysed large samples of individuals at non-recombining loci like
mitochondrial DNA13. However, the statistical resolution of inferences
from any one locus is poor, and power fades rapidly upon moving back
in time because there are few independent lineages probing deep time
depths (in humans, no information is available from mitochondrial
DNA beyond about 200 kyr ago, when all humans share a common
maternal ancestor11). In contrast, a diploid genome sequence contains
hundreds of thousands of independent loci, each with its own TMRCA
between the two alleles carried by an individual. In principle, it should
be possible to reconstruct the TMRCA distribution across the auto-
somes and the X chromosome by studying how the local density of
heterozygous sites changes across the genome, reflecting segments of
constant TMRCA separated by historical recombination events. To
explore whether we could use this idea to learn about the detailed
TMRCA distribution from a diploid whole-genome sequence, we pro-
posed the pairwise sequentially Markovian coalescent (PSMC) model,
which is a specialization to the case of two chromosomes of the sequen-
tially Markovian coalescent model14 (Fig. 1a). The free parameters of
this model include the scaled mutation rate, the recombination rate
and piecewise constant ancestral population sizes (see Methods). We
scaled results to real time, assuming 25 years per generation and a
neutral mutation rate of 2.5 3 1028 per generation15. The con-
sequences of uncertainty in the two scaling parameters will be dis-
cussed later in the text.

To validate our model, we simulated one-hundred 30-megabase
(Mb) sequences with a sharp out-of-Africa bottleneck followed by a
population expansion, and inferred population-size history with
PSMC (Fig. 2a). PSMC was able to recover the parameters used in
the simulation and the variance of the estimate was small between
20 kyr ago and 3 Myr ago. More recently than 20 kyr ago or more
anciently than 3 Myr ago, few recombination events are left in the
present sequence, which reduces the power of PSMC. Therefore, the
estimated effective population size (Ne) in these time intervals was not
as accurate and had large variance. To test the robustness of the model,
we introduced variable mutation rates and recombination hotspots in
the simulation (Supplementary Information). The inference was still
close to the true history (Fig. 2b) and a uniform rate of single nucleo-
tide polymorphism (SNP) ascertainment errors did not change our
qualitative results either (Supplementary Fig. 2). The simulations did,
however, reveal a limitation of PSMC in recovering sudden changes in
effective population size. For example, the instantaneous reduction from
12,000 to 1,200 at 100 kyr ago in the simulation was spread over several
preceding tens of thousands of years in the PSMC reconstruction.

1The Wellcome Trust Sanger Institute, Hinxton, Cambridge CB10 1SA, UK. 2Broad Institute of Harvard and MIT, Cambridge, Massachusetts 02142, USA.
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Figure 1 | Illustration of the PSMC model and its application to simulated
data. a, The PSMC infers the local time to the most recent common ancestor
(TMRCA) on the basis of the local density of heterozygotes, using a hidden
Markov model in which the observation is a diploid sequence, the hidden states
are discretized TMRCA and the transitions represent ancestral recombination
events. b, We used the ms software to simulate the TMRCA relating the two
alleles of an individual across a 200-kb region (the thick red line), and inferred
the local TMRCA at each locus using the PSMC (the heat map). The inference
usually includes the correct time, with the greatest errors at transition points.
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Problem: Scalability



New Approach:  
Chromosome “Threading”

! Start with a data set of n sequences, D, 
and an ARG for n–1 of them, Gn–1

! Extend Gn–1 to represent evolutionary 
history of n th sequence, obtaining Gn

! Sample this extension in a manner 
consistent with the conditional distribution, 
P(Gn | Gn–1, D, Θ), under the DSMC

! In repeated applications this operation is 
the basis of an ARG sampling algorithm

12

Rasmussen et al., PLOS Genetics, 2014



ARGweaver Sampling
13

Rasmussen et al., PLOS Genetics, 2014



Threading
14

Solution: stochastic traceback with HMM

Rasmussen et al., PLOS Genetics, 2014



ARGweaver Converges Quickly
15

Rasmussen et al., PLOS Genetics, 2014



Recovery of Features of 
Simulated ARGs
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Recovery of Times to Most 
Recent Common Ancestry

17

0 200 400 600 800 1000

50
00

0
20

00
00

35
00

00

Genomic position (kb)

TM
R

C
A 

(g
en

er
at

io
n)

Rasmussen et al., PLOS Genetics, 2014



Recovery of Allele Age
18
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Real Data: 
Regions of High TMRCA
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Regions of Shared Human/Chimp 
Polymorphism Have Old TMRCAs
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Leffler et al., Science, 2013
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Putative Balancing 
Selection at FREM3
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Leffler et al., Science, 2013
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Leaf Trace
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Current Work: IM + ARGweaver
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Other Advances
! Joint phasing and threading—allows 

analysis of unphased genomes
! Clean-up of theory: rounding issues, 

“active branches”, etc.
! Watch for new paper from Melissa Hubisz
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