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Source coding, universality Lossless compression 101

Lossless compression over a countable alphabet

Lossless compression

Mapping messages (sequences of symbols from counfable alphabet X) to
codewords (sequences of {0, 1}), so as to minimize the expected length of
codewords in a one-to-one and non-ambiguous way.

Non-ambiguous codes satisfy Kraft-McMillan inequality
Fori: A->N,,

Z 2-1@) <1, iff 3 non-ambiguous code f: A — {0, 1}* with ([f(w)] = A(«w)

weA

Kraft-Mac Millan inequality
provides a bridge between codes and probability distributions

> Any non-ambiguous code defines a (sub)-probability distribution over the set
of messages

> Any probability distribution & over the set of messages defines a
non-ambiguous encoding where codeword length is at most —log, Q(w) + 1.

v
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Redundancy Redundancy, minimax

Redundancy

Definition (Redundancy of coding probability " with respect to source P")

Expected difference between codelengths obtained by feeding an arithmetic
coder with Q"(x) rather than with the correct source statistics P7(x)
P"(X.n)

D(Pn, Qn) = Epn |Og W
n

A" is collection of probability distributions over messages of length n. Each
probability distribution is called a source.

Definition (Minimax redundancy) Definition (Maximin redundancy)
7 prior distribution on sources
RTY(A") = infsupD(P",Q"
(A% afsup D( ) RAN) = supinfED(P". Q")

MinMax Theorem Ry (A") = R (A")
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Redundancy Curse of countable alphabets

Redundancies: alphabet size matters

A : memoryless sources over Countable alphabets

finite alphabet with cardinality k
Negative results

Minimax redundancy
A(Q),, VP eA,

k-
n —

RN = '092 +0(0) lim LD(P", @") = 0
n n

Rissanen, Ryabko, Shtarkov,
Krichevsky, Trofimov, Barron, Clarke,
Xie et al., ) 3P, VP eA,

Ep1 [-log P*(X)] < o0

Krichevsky-Trofimov coding is
asymptotically maximin and J. Kieffer (1993), Gyorfi, Pali van der
approximately minimax Meulen (1993)

KT (Xn+1 =alXin = X1:n)
n+%
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Envelop classes Definition(s)

Envelop classes

For stationary ergodic sources over a countable alphabet, no analogue of
Lempel-Ziv coding.
To obtain positive results... it is necessary to impose constraints on source classes

v

Envelop function
f: N>Ry with T < 30f(j) < co.

Envelop class

A = {P . Vx eN, P'{x} < f(x) and P is stationary and memoryless.}

Envelope distribution

- F(k) =1=-25k () fork =l :=maxik: Y f() = 1) envelope distribution
-F=1-F tail envelope function
-UM) =infix: F(x)=1-1/1} tail quantile (envelope) func‘rionJ
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Sub-exponential classes

- Fc has non-decreasing hazard
rate (ako log-concavity
assumption)

- Uz o exp is concave.

Example
> Exponential envelopes.
L\
f(k) =ye (/f) .witha>1,8>0
andy > 1

> Poisson envelopes
f(k) = ye#p¥/k! with g > 0 and
y > 1

Envelop classes Examples of envelop classes

Envelopes

Regularly varying envelops
Fc (resp. Ue) is regularly varying
with index —1/y (resp. y > 0)

. Fe(t)
vx >0, Ilrp 0

Ue() = Peh)

where ¢ is slowly varying

=x.

Example

> Power-law envelopes:
Uc(f) = «t”

> Heavy-Tailed envelopes
Uc(t) = «t7€(1)

Adaptive compression
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Redundancies and adaptivity Upper bound on minimax redundancy

Bounds on minimax redundancy

Theorem (BGG, 2009)

If Ais a class of memoryless sources, with the tail envelope distribution function
Fpr(u) = Zieu P(K), then:

R*(N") < inf |nFyi(u)log, e + UT_] log,n|+2.

Suggestion

If the envelop is known, choose threshold r as the solution of Fyi (u) = =
i) Encode symbols over threshold using Elias penultimate code

i) Encode other symbols using Krichevsky-Trofimov mixture over alphabet
{,...,7}h

If the envelop is not known, look for a data-driven threshold

v

» Lower bounds
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Redundancies and adaptivity Adaptivity

Flavors of adapfivity

For collections of small classes
Definition (Asymptotic adaptivity)
(M), is asymptotically adaptive with respect 1o (Am)mem if

YmeM, RY(Q",AL) = supD(E",Q") < (1+o(1)RH(AL)
PeAm

For collections of massive envelop classes

Definition (Weak asymptotic adaptivity)
(€@M)n is asymptotically weakly adaptive with respect 10 (Am)mem

Yme M, RY(Q",A]) <o(logn)RT(A},).
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Coding strategies Censuring codes

Censuring codes: sketch

AC-code : Thresholding above last record

m; = MAaXj < X;.

The j™ record is denoted by m; (Mg = 0)

Letm = (m; - My + 1)1,

Symbols from m encoded using Elias penultimate code.

Progressive KT coding below the last record

X = XL <m_; - _
Cy : progressive KT- encoding of x;.,0

1

< , it ,
QX1 =Xy =x15) = — mi] if 1<j<m,
(RS
- 1/2
Q1(Xi1 =0X1y =Xx14) = ++1
i+ M

where nj is the number of occurrences of symbol j in x;, n? = 0.
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Light-tailed envelopes

The AC-code is adaptive with respect to source classes defined by envelopes
with finite and non-decreasing hazard rate.

Theorem (B., Bontemps, Gassiat, 2014)

Q" : the coding probability associated with the AC-code,
If fis an envelope with non-decreasing hazard rate,

R(Q" A7) < (14 o(1))R* (A7)
while -
R*(A7) = (1 +o(1))(loge)f] %dx
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Envelopes with heavier tails

If the tail envelope distribution is
heavier than exponential,
thresholding at maximum does not
lead to (weakly) adaptive coding

Ideal threshold: solution of

tFo(u) = Ylogt

Empirical theshold

Proxy threshold: m.. solution of

tFe(u) =uoru=Uc(%)

Properties

> Mg is non-decreasing.

> mc(r) /o

> me()/t N0

> If U is y-regularly varying, mc is
v/(y + 1)-regularly varying.

Mnp =min(n,{k : Xen < k})
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Weak adaptivity of ETAC encoding

If Fe € MDA(=1/y) withy > 0,

Ve > 0, for sufficiently large n, EXy,n < Ma(1 + €) RT(A?) = 2.

If Q" is the coding probability associated with the ETAC code

RT(Q", An)

B., Gassiat, Ohannessian, 2014

S(5+OA(1))%Iogn+2

For power law envelopes U (1) = «f" (Acharya et al. 2014)

R ~

AT
—n) (—+y|oge+c)
Y Y

v
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That's all Folks

Thanks
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Envelop classes

Smoothed distribution function

- F. has piecewise constant hazard rate,

- 'T:c(n) = _(n)

- Uc(t) =inf{x: 1/Fc(x) > th

If X ~ Fc then | X]+ 1~ Fand U(f) = LU (1)) + 1 forf > 1.

Lemma (Stochastic comparison by quantile coupling)
There exists a probabllity space where X ~ G € A¢, Y ~ F. such that

PX<Y}=1

v
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Bounds on minimax redundancy

Redundancy-Capacity theorem
For any prior  on A'(f)
RT(A™Y = 1(6;X1.n)

For an ad hoc prior

1(6; X1.n) = EZ,
where Z, is the number of distinct
symbols in X;.,
EZ, > mp

Mn

where mj, satisfies Fo(my) ~

Made in California

For light-tailed envelopes

R*(A7) ~ log(e) f]n " g (1+0(1))

Bontemps, B. & Gassiat, 2014 using
Haussler & Opper, AoS, 1997

For power law envelopes Us(f) = «t”

S an M\
RY(Af) ~(—n — +yloge+c
Y Y

Acharya, J., Jafarpour, A., Orlitsky, A., &
Suresh, A. T. (2014)

—
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|
Censuring codes: sketch
Xi:n
51581307 121847151517 13 4 12 12
M:n
5 15 15 15 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30
X1.n ~ progressive KT encoding
008107121847 151517 13 4 12 12
m ~ Elias encoding

6 11 16
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Light-tailed envelopes

Decomposing redundancy of AC-code

Decomposing pointwise redundancy

109 Q" (Xin) +10gF"(Xin) = ((Ce)+((Ci) + 0GB (Xi.n) .
———
| 0]

Establishing main theorem in (BBG, 2014)

[N

> (1) (Elias encoding of increments between records) is negligible with respect to
R*(A7). uniformly for P € Ay,

> The expected value of (1) is upper bounded, uniformly for P € A¢, by a term
which is equivalent fo R*(A7).
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Light-tailed envelopes

Stochasstic behavior of M,

Let Xi,....Xn ~iia. P € Al let My = max(X, ..., X,). then,

EM,
E[M,log Mp)

<
<

Uc(en) + 1
[Uc(en) + 1]log[Uc(en) + 1] +2/b.

Ingredients of proof

> Rényi’s representation of order statistics & concavity of U o exp
> Sub-additivity of relative entropy (see Ledoux, 2001, Massart, 2006)
> The entropy method — sharp tail and moment bounds for order statistics (B. &

Thomas, 2012)
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N
Weak adaptivity of ETAC encoding

Statistiques d'ordre
<
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Seuil empirique

My =min(n,{k : Xgn < k})

Adaptive compression

Fe e MDA(y),y > 0

P
> ﬂ—; — 1.
X P
> mc’(’n) — 1.
v
Mh is self-bounded
P{IMn —EMp| > 1}
+2
< 29(7 2UEMnJrf)) .
v
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