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The Kronecker coefficients overview

Irreducible representations of the symmetric group S,:

( group homomorphisms S, — GLy(C) )

— the Specht modules S, indexed by partitions Ak n
Tensor product decomposition:

S)\ ® S,u == EBM—nS???
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The Kronecker coefficients overview

Irreducible representations of the symmetric group S,:

( group homomorphisms S, — GLy(C) )

— the Specht modules S, indexed by partitions Ak n
Tensor product decomposition:

Sy ® S# = @DFHS?E(/\,;L,V)

Kronecker coefficients: g(\, i, ) — multiplicity of S, in Sy ® S,
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The Kronecker coefficients overview
Irreducible representations of the symmetric group S,:

( group homomorphisms S, — GLy(C) )

— the Specht modules S, indexed by partitions Ak n
Tensor product decomposition:

SAx®S, = @y,_ngsag(/\,u,y)

Kronecker coefficients: g(\, i, ) — multiplicity of S, in Sy ® S,

g(>‘7 M, V) = dim HomSn(SV7 S)x & SM)
In terms of GL(C™) modules Vj, V), and GL(C™) module V,,:

g(A, i1, v) = dimHomg(cmyx 6r(cmy (VA @ Vi, Vi)
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The Kronecker coefficients overview
Irreducible representations of the symmetric group S,:

( group homomorphisms S, — GLy(C) )

— the Specht modules S, indexed by partitions Ak n
Tensor product decomposition:
Sy®S, = @y,_nggag(/\vu,zf)
Kronecker coefficients: g(\, i, ) — multiplicity of S, in Sy ® S,

Littlewood-Richardson coefficients C,Q\y: Tensor products of GLy
representations:

A

&c;,,
Vi ® Vi = @xrjusp Vi "
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The combinatorial problem

Problem (Murnaghan, 1938)
Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g\, 1, v) = #Ox b

Motivation: Littlewood—Richardson

o v Oxw = { LR tableaux of shape A/, type v}

)\:(6,4,3),#2(3,1),1/:(4,3,2):
11[1] i1k o) 2.
1]2]2 27272 m
[2]3]3 [1]3]3

Theorem (Murnaghan)
Iflv]|+|ul = |\ and n > |v

, then

g((n+lul,v), (n+ V], 1), (n, X)) = ¢
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The combinatorial problem

Problem (Murnaghan, 1938)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g\, 1, v) = #Ox b

Results since then:

Combinatorial formulas for g(\, i, v), when:

e 4 and v are hooks ( CaITTT), [Remmel, 1989

o v=(n—k, k) (EEEEHIED) and \; > 2k — 1, [Ballantine—Orellana,
2006]

o v=(n—k,k), A= (n—r,r) [Remmel-Whitehead, 1994;
Blasiak—Mulmuley—Sohoni,2013]

e v =(n— k,1%) (qoorrrm), [Blasiak, 2012]

111
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Kronecker coefficients and GCT
Input: Integers N, ¢, partitions A = (A1,..., Ae), o= (b1, -+ o),
v=(v1,...,v¢), where 0 < \;, pj, v; < N, and |\ = |p| = |v|.
Size( Input )=0(¢log N).
PoSITIVITY OF KRONECKER COEFFICIENTS (KP ):
Decide: whether g(\, p,v) > 0

KRONECKER COEFFICIENTS (KRON ):
Compute: g(\, p,v).

Greta Panova
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Kronecker coefficients and GCT

Input: Integers N, ¢, partitions A = (A1,..., Ae), o= (b1, -+ o),
v=(v1,...,v¢), where 0 < \;, pj, v; < N, and |\ = |p| = |v|.
Size( Input )=0(¢log N).

PoSITIVITY OF KRONECKER COEFFICIENTS (KP ):

Decide: whether g(\, p,v) > 0
Conjecture (Mulmuley)
KP isinP.

KRONECKER COEFFICIENTS (KRON ):
Compute: g(\, p,v).

Conjecture (Mulmuley)

When the input is binary, KRON s in #P .
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Kronecker coefficients and GCT

Input: Integers N, ¢, partitions A = (A1,..., Ae), o= (b1, -+ o),
v=(v1,...,v¢), where 0 < \;, pj, v; < N, and |\ = |p| = |v|.
Size( Input )=0(¢log N).

PoSITIVITY OF KRONECKER COEFFICIENTS (KP ):

Decide: whether g(\, p,v) > 0
Conjecture (Mulmuley)
KP isin P . ( No positive combinatorial interpretation, not known:
“KP isin NP "?7?)

KRONECKER COEFFICIENTS (KRON ):

Compute: g(\, p,v).
Conjecture (Mulmuley)
When the input is binary, KRON s in #P .

Theorem:[Littlewood-Richardson rule/Narayanan 4+ Knutson-Tao]
Conjectures hold for the Littlewood-Richardson coefficients
cﬁ = g(\ p,v), where X = (n— |\, \), etc, and || = || + |7].

v

Greta Panova



Kronecker coefficients Representation theory of Sp and GL

00e0

Kronecker coefficients and GCT

Input: Integers N, ¢, partitions A = (A1,..., Ae), o= (b1, -+ o),
v=(v1,...,v¢), where 0 < \;, pj, v; < N, and |\ = |p| = |v|.
Size( Input )=0(¢log N).

PoSITIVITY OF KRONECKER COEFFICIENTS (KP ):

Decide: whether g(\, p,v) > 0
Conjecture (Mulmuley)
KP isin P . ( No positive combinatorial interpretation, not known:
“KP isin NP "?7?)

KRONECKER COEFFICIENTS (KRON ):

Compute: g(\, p,v).
Conjecture (Mulmuley)

When the input is binary, KRON s in #P .

Theorem|[Biirgisser-lkenmeyer]. KRON is in GapP .
(GapP:{F ZF:Fl—FQ,Fl,FQE#P})
Theorem|[Narayanan]. KRON is #P —hard.
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Bounds on the Kronecker coefficients

A GCT approach to determinant vs permanent:

Find obstruction candidates:2

a polynomial P € §¢ (S”C” ) s.t. P(GL,2det,) =0 and
P("="permpy) # 0

( after Biirgisser, lkenmeyer, Landsberg...)
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Bounds on the Kronecker coefficients

A GCT approach to determinant vs permanent:

Find obstruction candidates:2

a polynomial P € §¢ (S”C” ) s.t. P(GL,2det,) =0 and

P("="permpy) # 0

( after Biirgisser, lkenmeyer, Landsberg...)

Plethysm:

Notation: W — C vector space. S*W — irreducible GL(W) module of

highest weight a.

Let || = [y * v,

The plethystic coefficients are defined as (here V = CK, k > ¢()\) )
aﬁ,y = dim Homg,(v) (5"(S" V), SMV)

Problem

Find X, such that sg(X, (n?)) < ay) ()7

(here sg(X, ) = dimHoms, (S*, S*(S)) < g(A, o 1) )
Recipe for P: look for P € S*V, for X found in Problem.
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Representations of S,

Abn, T —SYT of shape A. ¢ € S, actson T: i — o(i)
R(T):={oc €S, : rowr(o(i)) = rowr (i)} =~ Sy, X Sx, X
— Young subgroup.

C(T):={c €S, : colr(o(i)) = colr (i)}

T =

g 5], R(T) = Sia56 % S37.8 X Sa9

yi}
7
9
1465

_p N | =

Tabloid {T} = (equivclass: T ~ T' for R(T) = R(T'))

29

ar = Z o, br = Z sgn(m)w € C[S,]

ceR(T) reC(T)
cr :=arbr : Young symmetrizer

Young modules M* := Spanc({T} : sh(T) = )), a (left) C[S,] module.

Greta Panova
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Specht modules
S* := Spanc(br{T} : sh(T) = \) — C[S,]-module.

Theorem
The Specht modules S* for A - n form a complete set of irreducible
representations of S,,. For each \, the set

Z sgn(m)m |{T} : T —SYT of shape A
TeC(T)

br

forms a basis for S*.

Young’s rule:
MH = DOArrn K)\u SA

Kostka number

Greta Panova
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Characters of S,

characters:  Trace Mgx(w) = x*[w]: S, — C
x*[] = character value at any permutation of cycle type a = (a1, s, ...)

g\ pv) = (0t @ X", xY)

Greta Panova 8
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Characters of S,

characters:  Trace Mgx(w) = x*[w]: S, — C

x*[@] = character value at any permutation of cycle type a = (ay, s, . ..

g\ nv) =0 @x" x")
Murnaghan—Nakayama rule:

Clo] = > (=)D

T : MN tableaux, shape A, content «

— a M-N tableau T of shape A\ = (7,6,5),
content o = (4,4,5,5),

ht(T)=(2-1)+(2-1)+(3—-1)+(3—1) = 6.

Examples: x(M[a] =1, a] = (~1)m @)
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Characters of S,

characters:  Trace Mgx(w) = x*[w]: S, — C

x*[a] = character value at any permutation of cycle type o = (g, az, ...

g\ pv) = (0t @ X", xY)

Murnaghan—Nakayama rule:

Clo] = > (=)D

T : MN tableaux, shape A, content «
Examples: y("[a] =1, Ma] = (—1)" 4

A formula: g(\ p,v) = o Z XMWl [wlx” [w].
" wes,
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Characters of S,

characters:  Trace Mgx(w) = x*[w]: S, — C
x*[e] = character value at any permutation of cycle type a = (a1, s, .. .)
g(A 1, v) = (X @ x*,x")
Murnaghan—Nakayama rule:

Clo] = > (=)D

T : MN tableaux, shape A, content «
Examples: y("[a] =1, Ma] = (—1)" 4

A formula: g(\ u,v Z XMW wx? [wlx ™ [w].

““ ” . WGS
Another “formula”:

g(\ 11, v) = dim Hom(1,§* © S* © §) = dim (S* ® S* © §7)”

Greta Panova
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The Schur-Weyl duality

Let V* be the irreducible representations of GL(V).
Sy and GL(V) acton V"=V ®---® V, where
—_———

n

(M@ ®Vv,) = Vo-i(1) @ Vo-1(2) @ -+ & Vo-i(n).-

Avi@v® Qv =A@ An ®- - ® Av,, Ac GL(V).

Theorem (Schur-Weyl duality)

Under the joint action of the groups S, and GL(V'), the tensor space
decomposes into a direct sum of tensor products of irreducible modules
for these two groups that determine each other:

VeVe--aV=>Y ste Vi
An

Greta Panova 9
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Representations of GL(V)

Let V = C¥, then the irreducible rational representations of GL(V) are
VA, where £(\) < k.
Tensor products of GL(V/) representations:

e,
Vie @ Vi = @arjul 10 Va

c;),/ — Littlewood-Richardson coefficients
The LR rule: ¢, = #{ LR tableaux of shape A/, type v/}
A=(6,4,3),p=(3,1),v = (4,3,2):
1[1[1 11l o o
1[2]2 2[2]2 "
[2]3]3 [1[3]3

10
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Symmetric functions:

Ax) ={f € Q[[x1, x2,...]], flx1,x2,...) =
f(Xo(1)) Xo(2), - - -) for all permutations o'}
(class functions on GL )

Schur functions sy (x) — characters of V*:

sx(x1,...,X,) = TraceMy»(A) , where A= P. diag(xy,...,X,).P™?

— (orthonormal basis) for A: (sy,s,) = (VA V#) =6,
Weyl character formula: an
det [X-Aﬁn_q
’ ij=1

- det A(x, ..., xn)

Combinatorial: Semi-Standard Young tableaux of shape ) :

5(2,2)(X17X2,X3) = $EE(X17X27X3) =

S)\(Xl, e 7Xn)

= x12x22 + X12X§ + X22)<32 + X12X2X3 + X1X22X3 + X1X2X§.

11
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Schur functions in action

generalized Cauchy:

1
Z g\, 1, v)sx(x)su(y)su(2) = H T xyz
A v i,k

Greta Panova
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Schur functions in action

generalized Cauchy:

1
Z g()\7/147 V)SA(X)SH(y)Sl,(z) = H 17
o — XiYjZk
A v idsk
Classic Cauchy: )

ij

ZSQ(U)SQ(V) = H 1— iy

“plethystic” version: coefficients in the expansion into Schur functions
in x and y:

g\, 1, v) = [sa(x)su(y)]su(xy) where xy = (x1y1, x1y2, ..., X2y1, X2Y2, - - .)

Greta Panova
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Schur functions in action

generalized Cauchy:

3 g w95 )sld) = [[ =

Aspv iJjk
Classic Cauchy: 1

ZSQ(U)SQ(V) = H 1— uy;

iy
“plethystic” version: coefficients in the expansion into Schur functions
in x and y:

g(/\’/h”) = [SA(X)SM()’)]SV(X)/) where xy = (X1Y17X1)/2, ce e X2Y1, X2)2, - ~)

Kronecker product x on A, defined as:
Aptn: s,\*s#:Zg()v/x,V)sy

(f(xy),g(x)h(y)) = (f,g = h)

Greta Panova
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Formulas for Kronecker coefficients |

Special cases:

g()‘7 Hy (n)) = 5>\,u g(/\a Hy (1")) = 5)\;/

:Zsa(x)sa()/); en(xy) :Zsa(x)s

atn atn

Via (multi-) LR coefficients: 1(k = {(v))

)= 3 sgn(o) H horeirn () = (o).

o €S

A B
g\ v E sgn(o E ot akCot,

o€Sk allFvi—ito;,i=1...k

[e3%

#(Pu—5+a,u—5+amNd)
P..» — polytope, a “product” of k LR—polytopes, dimension
d=k>(k—1)/2.

1[Robinson—TauIbe, Vallejo, Ballantine, Orellana, Rosas etc|

Greta Panova
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Formulas for Kronecker coefficients |l
Schur expansion via Weyl’s character formula:

(sx, F) = [sa(X)]f(x) = [xl)‘lJrkf1 . ~x,f‘k]A(x1, ey X ) (X,

Combine with generalized Cauchy:

Z g()\7ﬂ,y)5>\(X)SM(y)SV(Z) = H %

AV ijsk

2[Christandl-Doran-Walter, Pak-Panova]

Greta Panova
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Formulas for Kronecker coefficients |l
Schur expansion via Weyl’s character formula:
(sx, F) = [sa()]F(x) = [ e x4 A(xa -xi) (O, - XK)
Combine with generalized Cauchy:

Zg()\,u,y)s ( )SM Hl—X,

A p,v iJ,k

_ [yMtk—1 pitk—1 vi+k— 1
g\, 1, v) =[xt e oozt SJA(x |I1—x
1

2[Christandl-Doran-Walter, Pak-Panova]
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Formulas for Kronecker coefficients |l
Schur expansion via Weyl’s character formula:

(sx, F) = [sa(X)]f(x) = [x)‘1+k L. x,f‘k]A(xl,...,xk)f(xl,...,xk)

Combine with generalized Cauchy:

Zg()\,u,y)s ( )SM Hl—X,

A p,v iJ,k Yi2k
_ [y Mkl p+k—1 vitk—1
g\, 1, v) =[xt e oozt SJA(x I_Ikl—x,yjzk
i,
Via Contingency Arrays: 2
gla, B,7) = Z sgn(olo?o®) CA(a+1—at, f+1—0° v+1-03),

ol,02,03€S,

CA(u,v,w) = is # of £ x £ x [ contingency arrays [A; ; x] € Nkxkxk:
ZAi,j,k = uj, ZAi,j,k =V ZAi,j,k = wk
ok ik i

2[Christandl-Doran-Walter, Pak-Panova]

Greta Panova 14
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When v = (n — k, k) — two rows

gA v Z sgn(o Z e 2t e

oES; altvi—i+o;,i=1,2
_ Ao A p
= D cashy > Cascls
akk,BFn—k abk—1,8Fn—k+1

ak(\, 1) ak—1(A,p)

Corollary (Pak-P, Vallejo)

Complexity
0000000

The sequence ag(A, 1), a1 (A, ), - .., an(A\, 1) is unimodal for all A\, u b n,

ie.
ao(A, ) <ar(Ap) <o < g (Ap) > > an(A ).

Greta Panova
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When v = (n — k, k) — two rows |l

A A
gy = Y @pclp= Y. Qschy
akk,p-n—k akk—1,8Fn—k+1
ak(A, ) ak—1(A,p)
m

pa(l;m) = #{AF 0, 0(A) < £, 0 < m}

14

_ m+i = A
an(&m)q"zn%: (m+é> t
q

1
m
n>0 i=1 q

Greta Panova 16
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When v = (n — k, k) — two rows |l

by A
g(>‘7H7V) = Z Ca[-zcgﬁ_ Z Caﬁcgﬂ
akk,p-n—k akk—1,8Fn—k+1
a(A,p) a—1(A,p)

pa(l;m) = #{AF 0, 0(A) < £, 0 < m}

¢ m+i A
i=1 q

m
n>0

Theorem (Sylvester 1878, Cayley's conjecture 1856)

The sequence po(€, m), ..., pem(¢, m) is unimodal, i.e.

po(€,m) < pr(€,m) < ..o < plemp2(€,m) > - > ppm(L, m)

Greta Panova
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When v = (n — k, k) — two rows |l

by A
g(AvlL:V) = Z Ca[;Cgﬁ— Z Crxﬁcgﬂ
akk,p-n—k akk—1,8Fn—k+1
a(A,p) a—1(A,p)

pa(l,m) = #{AF nl(N\) <4, A < m}

14

m-+1 %VA
> palt, m)q" Hll g :(m+é> ¢
q

m
n>0 i=1

Theorem (Sylvester 1878, Cayley's conjecture 1856)

The sequence po(€, m), ..., pem(¢, m) is unimodal, i.e.

po(€,m) < pr(€,m) < ..o < plemp2(€,m) > - > ppm(L, m)

Proof via Kronecker:[Pak-P]

ax(m, mb) = Z 1(Bi=m—oagp1—i, i =1...4) = p(£, m)
+Corollary — ak(f\l W Unimodal O

Greta Panova
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Character Lemma and Stanley's theorem

Lemma (Pak-P)
If w =y, then

g()‘vl”'nu) Z ‘XA [(2:“1 - 172M2 _3a)] |

Greta Panova 17
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Character Lemma and Stanley's theorem

Lemma (Pak-P)
If w =y, then

g\ i) = XM(2p1 — 1,22 — 3, )] .

With i = (n"), A = (n? — k, k):
2 2
Y = x (T =kelk) _ \ (m—k+1)o(k—1)

i___ |XN[(17 3a 57 o )]| = |bk(n) - bkfl(n)|'

Greta Panova
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Character Lemma and Stanley's theorem
Lemma (Pak—P)
If u =y, then

g()‘vp’uu) > ‘X)\ [(2/11 - 172,u2 - 37)] |

With g = (n"), A = (n® — k, k):

X’\ _ X(nsz)o(k) _ X(n27k+1)o(kfl)
= IX*1(1,3,5,.. )] = [bi(n) — br—1(n)],

-

H (1 + q2i_1) =: Z bi(n) q~

i=1
Character Lemma+Corollary é&:
pi(n, n) = pe—1(n, n) = g(A, i, 1) > AN = |bi(n) = br—1(n)|

Greta Panova
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Character Lemma and Stanley's theorem

Lemma (Pak—P)
If u =y, then

g\ 1, 10) > X201 — 1,200 — 3,..)] |-

H (1+¢* 1) = bi(n) g~

i=1 k=0
Character Lemma+Corollary é&:
pi(n,n) = pr—r(n, n) = g(A, 1, 1) > XA]| = |bi(n) — by—1(n)|
Theorem (Stanley, 1982)

The following polynomial in q is symmetric and unimodal

<2n">q — H (1+¢¥1).

i=1

Greta Panova
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Effective bounds on py(m, ¢) — px_1(m, ¥)

Theorem (Pak-P, 2014+)
Forallm>{¢>8and2<k<{m/2, we have:

2vs :
pk(l,m) — px—1(¢, m) > AW’ where s = min{2k,(*},

and A = 0.00449 is an universal constant.

Greta Panova 18
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Effective bounds on py(m, ¢) — px_1(m, ¥)

Theorem (Pak-P, 2014+)
Forallm>{¢>8and2<k<{m/2, we have:

2vs :
pk(l,m) — px—1(¢, m) > Asgﬁ, where s = min{2k,(*},

and A = 0.00449 is an universal constant.

Proof:

Part | —for m=/¢=n

— Stanley’s Theorem: py(n, n) — px—1(n, n) > bi(n) — bxk—1(n), and
asymptotics on by.

Greta Panova
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Effective bounds on py(m, ¢) — px_1(m, ¥)

Theorem (Pak-P, 2014+)
Forallm>{¢>8and2<k<{m/2, we have:

2vs .
pk(l,m) — px—1(¢, m) > AW’ where s = min{2k,(*},

and A = 0.00449 is an universal constant.

Proof:

Part | —for m=/¢=n

— Stanley’s Theorem: py(n, n) — px—1(n, n) > bi(n) — bxk—1(n), and
asymptotics on by.

Part Il = for m # ¢:

Semigroup/monotonicity property[Manivel] : If g(a, 8,7) > 0, then
for all A\, p,v:

gAt+a,u+B,v+7) > g(\p,v).

= g(m’,m*, (ml — k, k)) > g(¢¢, 0%, (17 —s,5)), (s = min{k,(?/2})

Greta Panova 18
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NP and #P from combinatorics

Theorem (Pak-P,2014+)

Let r be fixed and A = (m*,1") and = (m+ r,m*='). Then

g\, p, (ml + r — k, k)) is equal to the number of certain trees with local
conditions of depth O(log ), width O({), and entries O(m¢).

Thus computing g(\, p, (ml + r — k, k)) is in #P (input size is

O(¢log m) ).

Proof: formulas in terms of g-binomial coefficients (partitions inside
rectangle) + O’Hara's combinatorial proof of Sylvester's theorem.

Theorem (Pak-P, corollary of Blasiak's combinatorial
interpretation)

When v is a hook, KP € NP and KRON € #P .

Greta Panova 19
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Complexity of KRON and KP

Theorem (Pak-P)

Let A\, u, v - n be partitions with lengths ¢(X), £(u), £(v) < £, the largest
parts A1, p1,v1 < N, and v, < M. Then the Kronecker coefficients
g(\, 1, v) can be computed in time

O(¢log N) + (¢ log M)O(Ze’ log ¢)

Greta Panova 20
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Complexity of KRON and KP

Theorem (Pak-P)

Let A\, i, v = n be partitions with lengths £(\), {(p), £(v) < ¢, the largest
parts A1, p1,v1 < N, and v, < M. Then the Kronecker coefficients
g(\, 1, v) can be computed in time

O(£log N) + (¢log M)O€ les)
N

\ = Corollary. Suppose

117111
|HEN]
1T
mm log log N)1/3
log M. { — o<(°g°g)23) _
o :w (log log log N)2/
Then there is a polynomial time algo-

v = EZED:EEE;Z:Z M rithm to compute g(>\7ﬂ, I/).

Example: ¢ small and v = grrrooom.

111
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Complexity of KRON and KP

Theorem (Pak-P)

Let A\, i, v = n be partitions with lengths £(\), {(p), £(v) < ¢, the largest
parts A1, p1,v1 < N, and v, < M. Then the Kronecker coefficients
g(\, 1, v) can be computed in time

O(£log N) + (¢log M)O€ les)

Corollary (Christandl-Doran-Walter)

When { is fixed, the Kronecker coefficients can be computed in
polynomial time, i.e. KRON € FP (this case: Mulmuley's conjecture v')
Theorem (Pak-P)

When the number of parts (L) is fixed, there exists a linear time
algorithm to decide whether g(\, i, v) > 0 (i.e. solve KP ).
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Proofs |: the Reduction Lemma

Lemma (Pak-P)
Let A\, u,v F n and £(N),4(w), (v) < L. Set s=n—wvy. Then:
(i) If|A\i — pi| > s for some i, then g(\, u,v) =0,

(i) IfF|Ni—pil <sforalli,1<i</, there3 an r < 2s(?, s.t.

g\ p,v) = g(d(N): d(n). 6(v))
for certain explicitly defined partitions ¢(\), p(p), d(v) F r.

Greta Panova
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Proofs |: the Reduction Lemma

Lemma (Pak-P)
Let A, pi,v = nand L(N), £(p), £(v) < L. Sets = n—vy. Then:
(i) If|A\i — pi| > s for some i, then g(\, u,v) =0,
(i) IfF|Ni—pil <sforalli,1<i</, there3 an r < 2s(?, s.t.
g(A7 1y V) = g((b(A)v ¢(M)a ¢(V))

for certain explicitly defined partitions ¢(\), p(p), d(v) F r.
<+  Semigroup property [Manivel, Brion]:
g(e,8,7) > 0,8\ p,v) > 0= gla+ A, B+ p, v +v) 2 g(A, 1, v)
Corollary (3)

For any m and partition o = m, we have that

g(A+ na, i+ na, v + (nm))
is bounded and increasing as a function of n € N, i.e. stable.
3[Pak-P], indep in [Vallejo], [Stembridge]
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Proofs Il: Explicit bounds on KRON complexity

Lemma: ¢

g, B,7) = Y sen(c'o’0’) Clatl—o', B+1-0 y+1-07),

ol,02,03€S,

where C(u, v, w) is the number of £ x ¢ x ¢ contingency arrays [A; j «]:

E Aijk = Uj, E Aijk =V, § Ak = Wy
Jk ik iJj

#In [Christandl-Doran-Walter],[Pak-P]
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Proofs Il: Explicit bounds on KRON complexity

Lemma: ¢

g, B,7) = Y sen(c'o’0’) Clatl—o', B+1-0 y+1-07),

ol,02,03€S,

where C(u, v, w) is the number of £ x ¢ x ¢ contingency arrays [A; j «]:
ZAi,j,k = uj, ZAi,j,k =vj, ZAi,j,k = wk
sk ik iJ

+ Barvinok's algorithm for counting integer points in polytopes:
C(u,v,w) can be computed in time

3
(Cmax{u, ..., vi,...,wy,...})00¢ logb),

#In [Christandl-Doran-Walter],[Pak-P]
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Proofs Il: Explicit bounds on KRON complexity

Lemma: ¢

g, B,7) = Y sen(c'o’0’) Clatl—o', B+1-0 y+1-07),

ol,02,03€S,

where C(u, v, w) is the number of £ x ¢ x ¢ contingency arrays [A; j «]:
DAk =t D Ak =1 > Ak = wk
J-k ik iJj

+ Barvinok's algorithm for counting integer points in polytopes:
C(u,v,w) can be computed in time

3
(Emax{uy,...,v1,...,w,.. .})O(e log £)
Lemma
Let a, B, F n be partitions of the same size, such that oy, 51,71 < m

and {(a),4(B),4(y) < L. Then g(a, B,7) can be computed in time
(f log n,.')O(Z3 log €)

4In [Christandl-Doran-Walter],[Pak-P]
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The theorem

Reduction Lemma:
Let A, u, v F nand (), 6(u), L(v) < L. Set s =n—vy. Then:

(i) If |\ — pi| > s for some i, then g(A, u,v) =0,
(i) If [N\ —pi| <sforalli,1<i</, there 3 an r < 2s/?, sit.

g(>‘7 Hs V) = g(¢(A)7 ¢(N)v ¢(V))

for certain explicitly defined partitions ¢(\), ¢(p), (V) F r.

Lemma: Complexity of Kron

Let a, 8,7 F n be partitions of the same size, s.t. ai,51,71 < m and
(), 4(B),4(y) < L. Then g(a, B,v) can be computed in time

(f |0g n,.,)O(Z3 Iogf)_
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The theorem

Reduction Lemma:
Let A, u, v F nand (), 6(u), L(v) < L. Set s =n—vy. Then:

(i) If |\ — pi| > s for some i, then g(A, u,v) =0,
(i) If [N\ —pi| <sforalli,1<i</, there 3 an r < 2s/?, sit.

g(h ) = g(o(N), (w), ¢(v))
for certain explicitly defined partitions ¢(\), ¢(p), (V) F r.

Lemma: Complexity of Kron
Let a, 8,7 F n be partitions of the same size, s.t. ai,51,71 < m and
(), 4(B),4(y) < L. Then g(a, B,v) can be computed in time

(g log n,.,)O(Z3 log €)

Theorem (Pak-P)

Let A\, i, v - n be partitions with lengths £(\), £(1), £(v) < ¢, the largest
parts A1, p1,v1 < N, and v, < M. Then the Kronecker coefficients
g(\, p,v) can be computed in time

O(Llog N) + (£log M) 108 0)

23
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The analogous question for characters

Input: Integers N, ¢, partitions A = (A1, ..., Ae), = (p1,-- -, fe),
where 0 < A;, i < N, and |A| = |

Decide: whether x*[1] =0

Proposition (Pak-P)
This problem is NP —hard.
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