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Maximally Entangled States

3 qubits: The GHZ state

4 qubits: Does not exist

5 qubits: The 5 qubit code state:

€ 

C5 =
1
4
00000 + 11000[ ] − 10100[ ] − 11110[ ]( )

6 qubits: The state:

€ 

ψ 6=
1
2

C5 0 + NOT C5( ) 1( )

n>7 qubits:     Does not exist

7 qubits: Unknown
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GHZ =
1
2
000 + 111( )



Three Qubits Entanglement
LOCC by three parties is “too restrictive”. 

Stochastic LOCC by three parties yields 
two classes of tripartite entangled states. 
The GHZ class: 

The W class: 

€ 

GHZ =
1
2
000 + 111( )

€ 

W =
1
3
001 + 010 + 100( )

Dur, Vidal and Cirac, Physics Review A 62, 062314 (2000).
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Three Qubits 6 SLOCC CLASSES

Dur, Vidal and Cirac, Physics Review A 62, 062314 (2000).
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G ≡ SL 2,C( )⊗ SL 2,C( )⊗ SL 2,C( )
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Kempf-Ness Theorem



Corollary of Kempf-Ness

Theorem:

Each qubit is maximally entangled  
with the rest of the qubits.

1ebit

€ 

Proof :  Let φ =
1
2

0 ϕ0 + 1 ϕ1( ) then 

for A⊗ I with A = X,Y,Z ∈Lie SU(2)( ) 
we get φ A⊗ I φ = 0 QED.



Four Qubits

€ 

ψ ∈H 4≡C
2⊗C2⊗C2⊗C2

States:

SLOCC Group:

€ 

G = SL 2,C( )⊗ SL 2,C( )⊗ SL 2,C( )⊗ SL 2,C( )

The Critical Set: 
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A = z0u0+z1u1+z2u2+z3u3 |z j |
2 =1

j
∑# 

$ 
% 

& 
' 
( 

where u0= ψ + ψ + , u1= ψ− ψ− , u2= φ + φ + , u3= φ− φ−

Theorem:

€ 

The set GA is open and dense in H 4 . 

€ 

K = SU 2( )⊗ SU 2( )⊗ SU 2( )⊗ SU 2( )



SLOCC by four parties

Uncountable SLOCC inequivalent classes
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SLOCC
| (z)i | (z0)i

| (z)i = z1| +i| +i+ z2| �i| �i+ z3|�+i|�+i+ z4|��i|��i

The transformation | (z)i ! | (z0)i
is not possible if zi 6= ±z0j

| (z0)i = z01| +i| +i+ z02| �i| �i+ z03|�+i|�+i+ z04|��i|��i



SL-Invariant Polynomials
Definition:

For two qubits: A B

€ 

f ψ( ) = ˜ ψ ψ ≡ ψ *σ y⊗σ y ψ

For four qubits:

€ 

f ψ( ) = ˜ ψ ψ ≡ ψ *σ y⊗σ y⊗σ y⊗σ y ψ

τ ABCD= f ψ( ) 2 = z0
2+z 1

2+z2
2+z3

2 2  for a critical state.
B D

A C

For three qubits:

€ 

Ψ ≡ 0 ψ 0 + 1 ψ1 f Ψ( ) = det
˜ ψ 0 ψ 0 ˜ ψ 0 ψ1

˜ ψ 1 ψ 0 ˜ ψ 1 ψ1
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Let Hn =

�
C2

�⌦n
and G = SL(2,C)⌦n. Then, a polynomial

f : Hn ! C is SL-invariant if f(g ) = f( )for all g 2 G.



Evolution of Multipartite Entanglement
Proposition:

€ 

Let f ψ( ) be an homogenous SL - invariant polynomial of degree k.

Then, E SL ψ( ) ≡ f ψ( )1/ k  is an entanglement monotone.

Evolution:

Theorem:

€ 

E
SL
ψ f( )

E
SL
ψ i( )

= F Λ1( ) =min detK j
2 / d = C Λ1⊗I ψ

+( )( )
j
∑

Consider  i !  f ⌘ ⇤( i) where ⇤ = ⇤1 ⌦ I ⌦ · · ·⌦ I

GG, PRL 105, 190504 (2010).
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E
SL
ρ f( )

E
SL
ρ i( )

≤ F Λk( )
k=1

n

∏If ⇤ = ⇤1 ⌦ ⇤2 ⌦ · · ·⌦ ⇤n then



Exponential Multipartite Entanglement Decay

Critical Entanglement

W-type Entanglement Local noise

Local noise

Local noise

Separable States

Slow decay



Distinguishing SLOCC Orbits

GG and Nolan Wallach, PRL 111, 060502 (2013).



The Degree of Homogenous SLIPs

GG and Nolan Wallach, PRL 111, 060502 (2013).



Construction of ALL SLIPs

The set of all SLIPs of degree     : 

GG and Nolan Wallach, PRL 111, 060502 (2013).



Construction of ALL SLIPs

Key Observation:



Construction of ALL SLIPs

Key Observation:

For:

Under the intertwining map:

Instead of calculating                   it is enough to find out:



Construction of ALL SLIPs

To summarize:

GG and Nolan Wallach, PRL 111, 060502 (2013).



Dimensions



Simple Construction of SLIPs

Define:

GG and Nolan Wallach, PRL 111, 060502 (2013).



Simple Construction of SLIPs

A class of SL-Invariant polynomials:

GG and Nolan Wallach, PRL 111, 060502 (2013).



Four Invariants for Four Qubits

€ 

ψ = Tkk' k AB k ' CD
k,k '=0,1,2,3
∑

Consider a four qubits state:

Four invariants:

€ 

εm ψ( ) =
Det Tψ( )            for m = 0     

Tr TψJTψ
TJ( )m[ ]  for m =1,2,3
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where J =

0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0
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The 4-tangle:

€ 

τABCD= ψ ˜ ψ 2≡ ψ σ y⊗σ y⊗σ y⊗σ y ψ * 2 = |E2(| i)|2



Monogamy of Entanglement

For three qubits:

The Tangle:

€ 

τ ψAB( ) = 2 1- Tr ρ r
2( )( )

B C
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E
SL
ψABC( ) =τ ABC=τ A (BC )−τ AB−τ AC

Coffman, Kundu, Wootters (2000);  Osborne, Verstraete (2005)



Optimizing The Average Tangle In For Qubits

For four qubits:

B D

A C

€ 

τ1=
1
4
τA (BCD )+τB (ACD )+τC (ABD )+τD(ABC )( )

τ 2=
1
3
τ (AB )(CD )+τ (AC )(BD )+τ (AD )(BC )( )

Kempf-Ness:

€ 

τ1 ψ( ) =1 iff ψ ∈ A

Theorem:

€ 

τABCD ψ( ) = 4τ1 ψ( ) − 3τ 2 ψ( )
GG and Nolan R. Wallach, JMP 51, 112201 (2010).

The Tangle:

€ 

τ ψAB( ) = 2 1- Tr ρ r
2( )( )
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SLOCC CLASSES

€ 

ϕ1 ϕ2

€ 

g

€ 

" ϕ 1 " ϕ 2

Manipulation of Multipartite Entanglement

The space Hn = Cm1 ⌦ · · ·⌦ Cmn

When it is possible to convert |'1i to |'0
1i

by LOCC?



Manipulation of Entanglement

Bipartite Entanglement:

€ 

ψAB LOCC# → # # φAB

€ 

ρA= piU iσ
AU i

*

i
∑

Nielsen, PRL 83, 436 (1999).

⇢A � �A

 1
SEP�!  2

Multipartite Entanglement:

 j =
gj |'i

kgj |'ik
and ⇢j ⌘

g†jgj

kgj |'ik2
, (j = 1, 2)

⇢1 � ⇢2€ 

ρ1= piU iρ2Ui
*

i=1

m

∑ Stab(|'i) = {Ui}mi=1

For SEP: GG and Nolan Wallach, NJP 13 073013 (2011).  
For LOCC: Vicente, Spee, Kraus, PRL 111, 110502 (2013)



Summary and Conclusions
• SLIPs can be used to classify multipartite entanglement. 

• All SLIPs in a given degree can be computed using the 

characters of the permutation group. 

• The number of SLIPs grows exponentially both in n and k. 

• SLIPs appear in monogamy relations 

• Critical entanglement decay quickly under local noisy 

• Analog to Nielsen theorem in the multipartite case 

• LOCC and SEP are very strong restrictions 



Thank You For Your Attention!!


