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Machine Learning is 
Transforming Society

• Has not fundamentally changed combinatorial 
optimization


• However, could it?
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Optimization Augmented 
with Machine Learning
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Motivating Example

[Kraska et al. SIGMOD 2018]

• Array of n integers A


• Over time queries arrive asking if q is in A

Motivating Example

Given a sorted array of integers A[1…n], and a query q check if q 
is in the array. 

– Look up time: 

4 7 11 16 22 37 38 44 88 89 93 94 95 96 97 98

7

2 4

O(log n)
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Motivating Example
• Train a predictor h(q) to predict where q is in the array


• Estimates where the integer is based on prior queries


• Could be wrong, but hopefully not too far off


• Use doubling binary search from prediction 

4 7 11 16 22 37 38 44 88 89 93 94 95 96 97 98

7
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Motivating Example
• Analysis


• Let  be the value of |h(q) - OPT(q)|, the error in the 
prediction


• Run time is O(log )


• Need to be careful about overhead of the prediction


• Can make this work in practice

η

η
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Learning Augmented 
Algorithm

• Run time binary search O(log n)


• Run time prediction O(log )  


• Perfect predictions give constant lookup


• Worst case same as the best classical algorithm


• Gracefully degrades to the worst case

η
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Learning Augmented 
Algorithms

• Punchline:


• Machine learning can be combined with 
classical algorithms to obtain better results


• Gives us new widely applicable models for 
beyond worst-case analysis
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Learning Augmented 
Algorithms

Distribution 
over Typical 
Instances

Learning 
Augmented
Algorithm

Learning
Algorithm Prediction

Training 
Sample

New 
Instance

Evaluate average
performance!
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Learning Augmented 
Algorithms

Distribution 
over Typical 
Instances

Learning 
Augmented
Algorithm

Learning
Algorithm Prediction

Training 
Sample

New 
Instance

Algorithmically how 
should we use the 
prediction? 

What parameter
should be 
predicted?
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Learning Augmented 
Algorithms

Distribution 
over Typical 
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Learning 
Augmented
Algorithm

Learning
Algorithm Prediction

Training 
Sample

New 
Instance

Algorithmically how 
should we use the 
prediction? 

What parameter
should be 
predicted?

Can the 
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Current Status
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ERL: Desirable Analysis 
Framework

• Existence: Predictions should allow the algorithm to go beyond worst-case 
bounds


• Good example: Location in the array


• What to predict is often the main question 


• Robustness: Algorithms are robust to minor changes in the problem input


• Good example: Algorithm is robust to incorrect location in the array


• Bad example: yes/no if an item is in the array


• Learnability: Predictions should be learnable if data is coming from a distribution


• Example: PAC-Learning
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Beyond Worst-Case 
Analysis Frameworks

• Online algorithm design


• Competitive ratio parameterized by error in the 
predictions


• Running time


• Worst case run time parameterized by error in the 
predictions

16



Online Restricted Assignment 
Makespan Minimization

• Client Server Scheduling


• Processed in m machines in the restricted assignment setting (some results hold for unrelated 
machines)


• Jobs arrive over time in the online-list model


• All arrive at time 0

• Jobs revealed one at a time

• Assign jobs to the machines to minimize makespan

Unrelated Machine Scheduling – R | |
P

wjCj

Given: m machines, n non-preemptive jobs with weights wj and
machine-dependent processing times pij :

Cj := completion time job j in schedule; minimize
P

j wj Cj

0 timeCblue

Known

O✏ine: problem is APX-hard [Hoogeveen et al., 2002]

O✏ine: (3/2� ")-approximation [Bansal et al. 2016, Li, 2018]

Text Ben Moseley Greed. . . is good 3

17



Restricted Assignment

Makespan Minimization

• m machines


• n jobs 


• Online list: a job must be 
immediately assigned before the 
next job arrives


• N(j): feasible machines for job j 


• p(j): size of job j (complexity 
essentially the same if unit 
sized)


• Minimize the maximum makespan


• Optimal makespan is T 
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Online Competitive Analysis 
Model

• c-competitive 


• Worst case relative performance on each input I


• Problem well understood:


• A                   lower bound on any online algorithm 


• Greedy is a                 competitive algorithm [Azar, 
Naor, and Rom 1995]

�(log m)

ALG(I)

OPT (I)
� c

O(log m)
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Beyond Worst Case via 
Predictions

• Reasonable assumption:


• Access to last week’s job sequence


• What should be predicted? 


• How can it be used?
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Existence

• First show natural predictions that fail


• Next give a good parameter to predict
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What (not) to Predict?
• Number of jobs assigned to machines in the 

optimal solution?


• Perhaps we can identify the contentious machines?

0
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makespan 80

optimal solution
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What (not) to Predict?
• Load of the machines in the optimal solution?


• Perhaps we can identify the contentious 
machines? No

0

20

40

60

80

Machine 1 Machine 2 Machine 3 Machine 4

new instance 

padded with 

dummy jobs

loads the 

same
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What (not) to Predict?
• Predict dual variables

• Known to be useful for matching in the random order 
model [Devanur and Hayes, Vee et al.]

• Read a portion of the input 


• Compute the duals


• Prove a primal assignment can be (approximately) 
constructed from the duals online


• Use duals to make assignments on remaining input
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What (not) to Predict?
• Predict dual variables for makespan scheduling


• Can derive primal based on dual


• Sensitive to small error (e.g. changing a variable 
by a factor of 1+1/poly(n) has the potential to 
drastically change the schedule)

25



What to Predict?

• Idea: capture contentiousness of a machine


• Seems like the most important quantity besides 
types of jobs
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Prediction:

Machine Weights

• Predict a weight for each machine


• Single number (compact)


• Lower weight means more restrictive machine


• Higher weight less restrictive


• Framework:


• Predict machine weights


• Using to construct fractional assignments online


• Round to an integral solution online
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Fractional Assignments via 
Weights

• Each machine i has a weight 


• Job j is assigned to machine i fractionally as 
follows:

xi,j =
wiP

i02N(j) wi0

wi

28



Existence
• Theorem (existence of weights): Let T be optimal max load.  For any ε > 0, 

there exists machine weights such that the resulting fractional max load is at 
most (1+ε)T.


• Theorem (rounding assignments) [Li, Xian ICML 2021]: There exists an 
online algorithm that takes as input fractional assignments and outputs integer 
assignments for which the maximum load is bounded by O((loglog(m))T’), 
where T’ is maximum fractional load of the input.  The algorithm is randomized 
and succeeds with probability at least 1- 1 / mc


• Theorem (tightness of rounding): Any randomized online rounding algorithm 
has worst case load at least


• Large makespan case: [fractional makespan larger than log(m)]


• Randomized rounding gives gives a (1+ε)T’ where T’ is maximum fractional 
load of the input with probability at least 1- 1 / mc.

⌦(T 0 log logm)
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Results on Robustness

• Theorem: Given predictions of the machine weights 
with maximum relative error  > 1, there exists an 
online algorithm yielding fractional assignments for 
which the fractional max load is bounded by            
O(T min{log( ), log(m)}).


• Corollary: There exists an  O(min{(loglog(m))log( ), 
log m}) competitive algorithm for restricted assignment 
in the online algorithms with learning setting

η

η

η
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Learnability

• Unknown distribution model 


• Instance drawn from unknown distribution


• Best prediction


• How many samples s to compute       giving the 
following performance with high probability

𝒟

y⇤ := argmaxyEI⇠D[ALG(I, y)]

<latexit sha1_base64="JW0lpVsGA7gdPXGp4WE2/RBNoOs="></latexit>

ŷ

<latexit sha1_base64="6vIKs7/tQrDuaOTQOm7VxBN4mVI=">AAACGnicdVBLSwMxGMzWV62vVY9egkXwIGVTqm1vRS8eK9gHdJeSTbNtaPZBkhWWZX+HF/+KFw+KeBMv/huzfYCKDgSGmfmSL+NGnEllWZ9GYWV1bX2juFna2t7Z3TP3D7oyjAWhHRLyUPRdLClnAe0opjjtR4Ji3+W0506vcr93R4VkYXCrkog6Ph4HzGMEKy0NTZTas0sGYuw6qVWxLAshdJYTVL+wNGk2G1XUyKA9wSpNsmxolpcxuIzBZQyi3NIogwXaQ/PdHoUk9mmgCMdSDpAVKSfFQjHCaVayY0kjTKZ4TAeaBtin0klnW2XwRCsj6IVCn0DBmfp9IsW+lInv6qSP1UT+9nLxL28QK6/hpCyIYkUDMn/IizlUIcx7giMmKFE80QQTwfSukEywwETpNku6hOVP4f+kW62gWuX8plZuXS7qKIIjcAxOAQJ10ALXoA06gIB78AiewYvxYDwZr8bbPFowFjOH4AeMjy9mjp1j</latexit>

EI⇠D[ALG(I, ŷ)] � (1� ✏)EI⇠D[ALG(I, y⇤)]

<latexit sha1_base64="XTgL0jloUOTcFNVyI1fjJ64a3E0="></latexit>
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Learnability
• Similar to


• PAC learning


• Data-driven algorithm design


• Alternative: competitive analysis


• Show a small number of samples needed for 
the following performance with good 
probability

EI⇠D[ALG(I, ŷ)] � (1� ✏)EI⇠D[OPT (I)]

<latexit sha1_base64="MLI7gvh7kwuxmSzEEBWve3hcAHM="></latexit>
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Learnability

• Theorem: Let  be a product distribution such 
that . There exists an 
algorithm that constructs nearly optimal weights 
using a polynomial number of samples in m. 

𝒟
ES∼𝒟[OPT(S)] ≥ Ω(log m)
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Summary for Restricted 
Assignment

• Existence


• Weights


• Robustness


• Near optimal with perfect predictions


• Bounded by the best worst case performance


• Learnability


• Low sample complexity
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Predictions for Online 
Algorithms

• Lots of success for online algorithm design


• Matching


• Caching


• Ski-rental


• Scheduling


• Online learning


• Heavy hitters


• What about the original question of speeding up algorithms 
offline?

35



Warm-Start
• Many problems are solved repeatedly on ‘similar’ instances


• e.g. scheduling yesterday versus today


• We solve from scratch

36



Pitfalls

• Robustness


• Feasibility: The warm start may not be feasible


• Optimization: The warm start may not be useful


• Learnability: The starting solution may not be 
learnable

37



Weighted Bipartite Matching

• Input a bipartite graph  with edge 
costs 


• Output the minimum cost perfect matching

G = (L ∪ R, E)
ci,j

38



Existence

What to Predict?

• Idea 1: Edges in optimal solution


• Brittle


• Idea 2: LP duality

39



Existence
min

X

e2E

cexE

subject to:
X

e2N(i)

xe = 1 8i 2 V

xe � 0 8e 2 E
<latexit sha1_base64="IPmyuJ8fQYu3tTA9Y8TVWdLt+Xc="></latexit>

max
X

i2V

yi

subject to: yi + yj  cij 8(i, j) 2 E
<latexit sha1_base64="z7ftCF+hiVpbRnxzip0Za3oMhLU="></latexit>

Primal Dual

• Dual: 


• Assigns prices to vertices


• Complementary slackness


• Edges in the matching have tight dual constraints
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Existence
min

X

e2E

cexE

subject to:
X

e2N(i)

xe = 1 8i 2 V

xe � 0 8e 2 E
<latexit sha1_base64="IPmyuJ8fQYu3tTA9Y8TVWdLt+Xc="></latexit>

max
X

i2V

yi

subject to: yi + yj  cij 8(i, j) 2 E
<latexit sha1_base64="z7ftCF+hiVpbRnxzip0Za3oMhLU="></latexit>

Primal Dual

• Hungarian algorithm (popular in practice)


• Start with dual values at 0


• Compute max cardinality matching on tight edges


• If not done, find  a set violating Hall’s theorem. Update duals
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Existence
min

X

e2E

cexE

subject to:
X

e2N(i)

xe = 1 8i 2 V

xe � 0 8e 2 E
<latexit sha1_base64="IPmyuJ8fQYu3tTA9Y8TVWdLt+Xc="></latexit>

max
X

i2V

yi

subject to: yi + yj  cij 8(i, j) 2 E
<latexit sha1_base64="z7ftCF+hiVpbRnxzip0Za3oMhLU="></latexit>

Primal Dual

• Hungarian algorithm (popular in practice)


• Predict dual values


• Compute max cardinality matching on tight edges


• If not done, find  a set violating Hall’s theorem. Update duals
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Robustness

Main Idea

Idea:

– Predict the dual values, i.e. predict 

– “Warm start” Hungarian algorithm from predicted duals. 


Feasibility issue:

– Hungarian algorithm slowly increases duals. Always has a feasible solution

– But, predicted dual may be infeasible 

– Have an edge s.t.:  


Approach:

– Minimally reduce predicted duals to attain feasibility

– Must do it quickly (since speed is of the essence)  

ŷi
<latexit sha1_base64="fE8joultgNTSjcLNDEHH37xlAGA=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVZJaqYKLghuXFexD2lAm00k7dDIJMzdCCN27d6u/4E7c+hv+gZ/htI3Qih64cDjnXu69x4sE12Dbn1ZuZXVtfSO/Wdja3tndK+4ftHQYK8qaNBSh6nhEM8ElawIHwTqRYiTwBGt74+up335gSvNQ3kESMTcgQ8l9TgkY6b43IpAmkz7vF0t22Z4BL5DaeeWy6mAnU0ooQ6Nf/OoNQhoHTAIVROuuY0fgpkQBp4JNCr1Ys4jQMRmyrqGSBEy76ezgCT4xygD7oTIlAc/UxYmUBFongWc6AwIj/dubin953Rj8CzflMoqBSTpf5McCQ4in3+MBV4yCSAwhVHFzK6YjoggFk9HSFskp840xKZhofv7H/5NWpeyclSu31VL9Kgspj47QMTpFDqqhOrpBDdREFAXoCT2jF+vRerXerPd5a87KZg7REqyPbylYmfY=</latexit>

ŷi + ŷj > cij
<latexit sha1_base64="wWMioD7G3+HQGzK6O0s1C7OPBPA=">AAACHXicdVDLSsNAFJ3UV62vqktBBosgCCWplSqIFNy4rGAf0IYwmU7aaSeTMDMRQsjO/3DvVn/BnbgV/8DPcPqCVvTAhcM593LvPW7IqFSm+WVklpZXVtey67mNza3tnfzuXkMGkcCkjgMWiJaLJGGUk7qiipFWKAjyXUaa7vBm5DcfiJA04PcqDontox6nHsVIacnJH3b6SCVx6lB4Cmd8AK8hdhI6SJ18wSyaY8A5UjkvXZYtaE2VApii5uS/O90ARz7hCjMkZdsyQ2UnSCiKGUlznUiSEOEh6pG2phz5RNrJ+I8UHmulC71A6OIKjtX5iQT5Usa+qzt9pPrytzcS//LakfIu7ITyMFKE48kiL2JQBXAUCuxSQbBisSYIC6pvhbiPBMJKR7ewhVNMPG2kOR3N7H/4P2mUitZZsXRXLlSvpiFlwQE4AifAAhVQBbegBuoAg0fwDF7Aq/FkvBnvxsekNWNMZ/bBAozPH+/bokI=</latexit>
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Robustness

Making Duals Feasible

• Write LP for the feasibility problem:
min

X

i2V

�i

subject to: �i + �j � (ŷi + ŷj � cij)
+ 8(i, j) 2 E

�i � 0 8i 2 V
<latexit sha1_base64="LAMpYs4QS3qH3k3kZOkdugncbbc="></latexit>

Algorithm (greedy):

– Pick any vertex i. Set its      value to the minimum that satisfies all of the constraints 

– Remove i from the graph and repeat.

– Theorem: Resulting solution is a 2-approximation for the LP, runs in linear time!

�i
<latexit sha1_base64="VinE4hR5BYH9iuM/KG85RTDxiZM=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKezGSBQ8BLx4jGAekIQwO+lNhszOLjOzQgg5e/eqv+BNvPod/oGf4SRZwYgWNBRV3XR3+bHg2rjuh5NZWV1b38hu5ra2d3b38vsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPrmd+8x6V5pG8M+MYuyEdSB5wRo2VWp0+CkN7vJcvuEV3DvKDVM5Ll2WPeKlSgBS1Xv6z049YEqI0TFCt254bm+6EKsOZwGmuk2iMKRvRAbYtlTRE3Z3M752SE6v0SRApW9KQufpzYkJDrcehbztDaob6tzcT//LaiQkuuhMu48SgZItFQSKIicjsedLnCpkRY0soU9zeStiQKsqMjWhpi+QMA2tMczaa7//J/6RRKnpnxdJtuVC9SkPKwhEcwyl4UIEq3EAN6sBAwCM8wbPz4Lw4r87bojXjpDOHsATn/Qv5mplI</latexit>
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Robustness
Overall approach:

– Obtain (learn) duals: 

– Given a new matching instance,                      find feasible duals

– Run Hungarian method starting with  


Theorem: The overall running time is: 

– Strictly better when the error is small 

– Can prove that it’s no worse than vanilla Hungarian algorithm 

ŷ1, . . . , ŷn
<latexit sha1_base64="egulucWSx22xjA1CYRxzsIZFc30=">AAACG3icdVDLSgMxFM3UV62vqktdBIvgQspMrVTBRcGNywr2AZ1SMmmmDc1khuSOUIZu/A/3bvUX3IlbF/6Bn2HajtCKHgg5nHMv997jRYJrsO1PK7O0vLK6ll3PbWxube/kd/caOowVZXUailC1PKKZ4JLVgYNgrUgxEniCNb3h9cRv3jOleSjvYBSxTkD6kvucEjBSN3/oDggko3HXOcWu6IWgzZ9Kxi7YRXsKPEcq56XLsoOdVCmgFLVu/svthTQOmAQqiNZtx46gkxAFnAo2zrmxZhGhQ9JnbUMlCZjuJNMrxvjYKD3sh8o8CXiqznckJNB6FHimMiAw0L+9ifiX147Bv+gkXEYxMElng/xYYAjxJBLc44pRECNDCFXc7IrpgChCwQS3MEVyynxjjHMmmp/78f+kUSo6Z8XSbblQvUpDyqIDdIROkIMqqIpuUA3VEUUP6Ak9oxfr0Xq13qz3WWnGSnv20QKsj2+oeqGe</latexit>

G = (V,E)
<latexit sha1_base64="yAIX77UdWaMbWpdLnqgT040NBhA=">AAACB3icdVDLSgNBEJyNrxhfUY9eBoMQQcJujERBISCixwjmgUkIs5PeZMjs7DIzK4QlH+Ddq/6CN/HqZ/gHfoaTh5CIFjQUVd10d7khZ0rb9qeVWFhcWl5JrqbW1jc2t9LbO1UVRJJChQY8kHWXKOBMQEUzzaEeSiC+y6Hm9i9Hfu0BpGKBuNODEFo+6QrmMUq0ke6v8QXOVo/w1WE7nbFz9hh4hhRP8mcFBztTJYOmKLfTX81OQCMfhKacKNVw7FC3YiI1oxyGqWakICS0T7rQMFQQH1QrHl88xAdG6WAvkKaExmN1diImvlID3zWdPtE99dsbiX95jUh7p62YiTDSIOhkkRdxrAM8eh93mASq+cAQQiUzt2LaI5JQbUKa2yIYBc8Yw5SJ5ud//D+p5nPOcS5/W8iUzqchJdEe2kdZ5KAiKqEbVEYVRJFAT+gZvViP1qv1Zr1PWhPWdGYXzcH6+AZXmpgq</latexit>

y01, . . . , y
0
n

<latexit sha1_base64="rtyCpaL/5D6Z0Oo//bN8mTlc4MY=">AAACEXicdVDLSgMxFM3UV62vWpdugkV0UcpMrVTBRcGNywr2Ae1QMplMG5pJhiQjDqVf4d6t/oI7cesX+Ad+hmk7Qit6IHDuOfdyb44XMaq0bX9amZXVtfWN7GZua3tndy+/X2gpEUtMmlgwITseUoRRTpqaakY6kSQo9Bhpe6Prqd++J1JRwe90EhE3RANOA4qRNlI/X0hO+k4J9pgvtCpBUxmxaJftGeACqZ1XLqsOdFKlCFI0+vmvni9wHBKuMUNKdR070u4YSU0xI5NcL1YkQniEBqRrKEchUe54dvsEHhvFh4GQ5nENZ+rixBiFSiWhZzpDpIfqtzcV//K6sQ4u3DHlUawJx/NFQcygFnAaBPSpJFizxBCEJTW3QjxEEmFt4lrawikmgTEmORPNz//h/6RVKTtn5cpttVi/SkPKgkNwBE6BA2qgDm5AAzQBBg/gCTyDF+vRerXerPd5a8ZKZw7AEqyPbxq/nGY=</latexit>

y01, . . . , y
0
n

<latexit sha1_base64="rtyCpaL/5D6Z0Oo//bN8mTlc4MY=">AAACEXicdVDLSgMxFM3UV62vWpdugkV0UcpMrVTBRcGNywr2Ae1QMplMG5pJhiQjDqVf4d6t/oI7cesX+Ad+hmk7Qit6IHDuOfdyb44XMaq0bX9amZXVtfWN7GZua3tndy+/X2gpEUtMmlgwITseUoRRTpqaakY6kSQo9Bhpe6Prqd++J1JRwe90EhE3RANOA4qRNlI/X0hO+k4J9pgvtCpBUxmxaJftGeACqZ1XLqsOdFKlCFI0+vmvni9wHBKuMUNKdR070u4YSU0xI5NcL1YkQniEBqRrKEchUe54dvsEHhvFh4GQ5nENZ+rixBiFSiWhZzpDpIfqtzcV//K6sQ4u3DHlUawJx/NFQcygFnAaBPSpJFizxBCEJTW3QjxEEmFt4lrawikmgTEmORPNz//h/6RVKTtn5cpttVi/SkPKgkNwBE6BA2qgDm5AAzQBBg/gCTyDF+vRerXerPd5a8ZKZw7AEqyPbxq/nGY=</latexit>

O(kŷ � y
⇤k1) ·m

p
n

<latexit sha1_base64="aNWwXSCjMdcvU5i/uM57C8/Y7SA="></latexit>
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Does it Work?
Experiment 1(a):

– Start with a bipartite graph with a planted min cost perfect matching

– Generate new instances by adding random noise of increasing magnitude to 

the edge weights


– When noise is low, learning approach dominates.
46



Does it Work?
Experiment 1(b):

– Start with a bipartite graph with a planted min cost perfect matching

– Generate new instances by adding random noise of increasing magnitude to 

the edge weights


– When noise gets high, nothing to be learned, so converge to Hungarian 
method. 47



Does it Work?
Experiment 2:

– Perfect matching problems derived from geometric datasets


– Learned gains can be substantial (10x in some cases) 

48



Does it Work?
Experiment 3:

– How many samples do you need to learn? 


– Many fewer than the theory predicts 

49



Future Work
• Learnability


• Are unlearnable predictions more useful than learnable predictions


• How useful is this new paradigm empirically and theoretically


• Rich area: Online algorithms to cope with uncertainty, running time off-line, other 
applications?

50

https://algorithms-with-predictions.github.io/



Thank you!


Questions?

51


