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How harmful is overfitting for standard deep
neural networks (DNNs)?



Our Setting

fn : & — R - estimator trained on n samples
R(f) = E[(f(z) — y)?] - population risk (MSE)
R* = mins R(f) - optimal risk

Ry, = E[R(fn))]

Want to estimate:
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How harmful is overfitting for standard deep
neural networks (DNNs)?



A simple experiment

Binary CIFAR-10, WideResNets interpolating training data

No added label noise Flip 30% of labels
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A simple experiment
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A simple experiment
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A simple experiment
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A simple experiment
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A simple experiment
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(Some) prior works
Bartlett, Long, Lugosi, Tsigler (2020)
Liang, Rakhlin (2018)

Mei, Montanari (2019)

Belkin, Hsu, Mitra (2018)

Rakhlin, Zhai (2019)

Koehler, Zhou, Sutherland, Srebro (2021)
Ji, Li, Telgarsky (2021)

Beaglehole, Belkin, Pandit (2022)

Linear regression
Kernel ridgeless regression

Random feature regression (ridgeless
limits)

Kernel smoothers / nearest neighbors
Laplace kernel interpolation

High-dim linear regression
Early-stopped neural networks

Shift-invariant kernel interpolators

d - input (ambient) dimension, n - number of training samples
Benign overfitting commonly shown for d > n or (d, n) scale jointly

Generalization error bounds in d, n



Motivation for a taxonomy

We consider: fixed input dimension (d), take n — o0

In this setting, benign = consistent

Prior works show inconsistency of interpolators on noisy data in low
/ fixed dimension (Rakhlin & Zhai ‘19; Beaglehole, Belkin, Pandit

22)

Two ways to be inconsistent when interpolating:
1. tempered (bounded risk as a function of label noise)
2. catastrophic (unbounded risk)



Example methods in the taxonomy

Benign (Consistent)

lithys. 30 sy = RY

e Ridged kernel
regression (KR)
e k-NN, k~logn
e Nadaraya-Watson
estimator with singular
kernel

Tempered (Inconsistent)

im0 R € (R*, 00)

e Interpolating DNNs
e Laplacian KR
e k-NN, constant k

Catastrophic (Inconsistent)

e Models at double
descent peak
e Polynomial regression
w/ degree = n
e Gaussian KR



Example methods in the taxonomy

Classifying Binary MNIST (even/odd)
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Classifying Binary MNIST (even/odd)
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Example methods in the taxonomy

Classifying Binary MNIST (even/odd)
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Example methods in the taxonomy

Classifying Binary MNIST (even/odd)

k-NN (k ~ log n) One Epoch MLP Overfit MLP
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Example methods in the taxonomy

Classifying Binary MNIST (even/odd)
Tempered

Benign
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Outline

2. Empirical results on deep neural networks (DNNs)



Interpolating DNNs are tempered

e Multi-class classification, CIFAR-10, WideResNet
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Interpolating DNNs are tempered

e Binary classification, synthetic data on 10-dim hypersphere, y =1, MLP
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Early-stopped DNNs are benign

Shallow & wide RelLU nets are consistent w/ early stopping (Ji, Li, Telgarsky, 2021)

0/1 SVHN, early stopped 0/1 SVHN, overfit
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Time dynamics of MLP regression

ReLU MLP
Full batch GD
X = 5-dim sphere
y =1+ N(0,1)
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Time dynamics of MLP regression
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Time dynamics of MLP regression
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Time dynamics of MLP regression

RelLU MLP
Full batch GD
X = 5-dim sphere
y=1+N(0,1)
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Time dynamics of MLP regression

ReLU MLP

Full batch GD

X = 5-dim sphere
y =1+ N(0,1)
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2. Empirical results on deep neural networks (DNNs)

3. Overfitting in kernel regression (KR)



Kernel regression can exhibit all three types of fitting

Ridged Gaussian Kernel Ridgeless Laplacian Kernel Ridgeless Gaussian Kernel
100 (Benign) 100 (Tempered) (Catastrophic)
A B
109.
101 =5 -
107" S E———
c% : T \\.__—_—.;-,-__-.—:.:.___.___._—_ 106 _
=
£ 10
g‘) 10—2- 103'
1073 100+
Nl 02 13 4 107% " 02 03 4 " 12 03 4
10 10 10 10 10 10 10 10 10 10 10 10
Train Samples Train Samples Train Samples

— d=5 - d=10 --- d=15



Kernel regression
iid o L n
Ti ~ p, pis a measure over R D = {xi}i—4
Goal: fit f(z) = f*(z)+n, f*:RY =R, n~N(0,é)

Kernel K : R x R* - R (no special assumptions)

f(z) = K(z,D)(K(D,D) + 6L,) ' f(D)




The kernel eigensystem

(9:h) = Ex [g(2)h(z)] ot e

B [K (2, 2)1(2))] = Aigss(x)
(@i, @) = 0ij A >0

Eigensystem:

Target function: f * (ZB) — Z Vi ¢z (w )7 ’
i



KR = linear regression with eigenfunction features

With feature map v ...
o1 (e)
1
)‘2/ ¢2(x)
P(z) = 5
N i)

K xlaxZ Z)\quz X1 ¢z(x2)

... the feature-feature inner productisK ...

Y(z1) P(22) = K(21,22)

...and LR with features y is equivalent to KR with kernel K.

fir(z) = ()" (v(D)Y(D)")" ¥(D)f(D)
fkr(z) = K(z,D)K(D, D) f(D)

_|_



Approximation: features are Gaussian and uncorrelated

A2 ()

A;%Q(x) Ez¢i(x)pj(x)] = di;
Ai%-(a:) = Ey[ti(2); ()] = Nidiy

“Universality” assumption:

W(z) ~ N(0,diag(Aq,...))

Closed-form expression for generalization of LR with Gaussian covariates?



] ] _ [Hastie et al. “19], [Bordelon et al. ‘20],
The “eigenlearning” equations [Jacot et al. ‘20], [Bartlett et al. ‘21],

[Loureiro et al. 21], [Simon et al. ‘21]

noise-fitting MSE
test MSE I

~ = e .2_2 2 = b
RnNSn_So(zi:(l Loi) vz—l-a), where go_n—Zjﬁi’

Ai Ai §
/ciz)\i+C” and CZOsatisﬁes;)\i+C+5:n,
‘;:Er?;?iﬁg? eigenvalue threshold

€ [0.1]



The Trichotomy Theorem

Spectrum Limiting risk

0>0 . 9
lim &, =0 BENIGN
d=0and \; =i tlog~“ i for somea > 1 =i
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MSE

Linear regression with A\; oc 2~
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asymptotically “overfitting by a factor of the exponent”!



Implications of the Trichotomy Theorem

e Laplace kernels are tempered, ridgeless Gaussian kernels are catastrophic

e NTKSs’ fitting depends on activation function:
o RelLU -> powerlaw spectrum -> tempered
o other choices (e.g. erf) -> superpowerlaw spectrum -> catastrophic

e Ridge parameter = early stopping, so early-stopped DNNs are benign



Conclusions

e There are three ways to overfit
e Common interpolating methods fall into the intermediate regime
e For KR, ridge + kernel spectrum determine the regime

Benign Tempered Catastrophic




Open Questions

1. How do input / manifold dimensionality affect overfitting?
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Eigenlearning theory closely matches experiment in many real and synthetic tasks

width 500 FCNs (circles), NTK regression (triangles), theoretical “eigenlearning” predictions (solid curves)
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Details on Formalism

Data distribution D over X x R

Estimator f: X - R

Pop. Risk (MSE): R(f) = Ep|(f(z) — y)?
Optimal regressor: f* = argminy R(f) = Ep|y|x]
Bayes risk: R* = R(f™*)

R(f) =Ep[(f(z) — f*(z))*] + R*



Details on Formalism

D,, ~ D - n iid samples
fn : X = R - estimator trained on D,
Expected regressor: f, =E: il ]

R, =E; [R(fn)]
=E; [Ep|(fa(z) — £*(2))]] + R*
= Ep|(fu(z) = f*(@))?] + E;, p[(fn(2) — fu(2))?] + R*
=B.+V,+ R

Consistency: B,,V, = 0,n — oo
Inconsistent: B,, /4 0 or V,, /4 0 or both



Details on Formalism
R,=B2+V,+R*

Benign / Consistent: B,,V, = 0,n — o
Tempered / Inconsistent: B, — O(1) or V,, — O(1) or both, n — oo

e both B,,V,, /A oco,n — 00
e both B,,V, A 0,n — oo

Catastrophic / Inconsistent: B,, — oo or V,, — 0o or both, n — oo



Details on Formalism
R,=B2+V, +R*

Benign / Consistent: B,,V,, — 0,n — 0o
Tempered / Inconsistent: B,, — O(1) or V,;, — O(1) or both, n — o

e both B,,,V, /A oco,n — o0
e both B,,V, A 0,n — o0
e conjecture: B, — 0,V,, = O(1),n — oco?

Catastrophic / Inconsistent: B,, — oo or V,;, — 0o or both, n — oo



