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Structural Identifiability

Finding which unknown parameters of a
model can be determined from known data

IH

“Structural” means we assume “perfect” data

Biological models
— Systems Biology
— Chemical Reaction Networks

Viscoelastic Mechanical Models




Elastic Material

Spring *~\V\V\—

Obeys relationship (Hooke’s Law):
o=F€

Stress: o=01(¢)

Strain: e=€(?)

Spring constant: £

If you know g and ¢, can determine £




Viscous Material

Dashpot (or piston) e |
Obeys relationship:

o=ne

Stress: o=01(¢)
Strain: e=€(?)
Dashpot constant: 7

If you know g and €, can determine 7




Viscoelastic material

Combine springs and dashpots in series or
parallel

Series: — PVV\—

Parallel: |

More complicated: AAA~ LAAN -




Application to cardiovascular modeling

o} Lot

strain seen
by receptors

(Madhi 2013)

 Changing blood pressure causes periodic expansion and
contraction of arterial walls

e Stress-strain curves of the arterial walls exhibit hysteresis,
which means the wall is viscoelastic




Viscoelastic material

— ",
* Ex: Il L
E, _/\/V\’__I_Z E,
VV\- WA
_nz 4
: = AAA—
L

* Each individual spring/dashpot has
corresponding stress/strain relationship

X.
oll =FI1 €lloi3 =£12 el3l5 =£13 €l5al7 =£i4 €l7
ol2 =ndl € lzd =pd2 e 416 =13 € J60U8 =nd4 € I8




Viscoelastic material

* How to determine relationship between total
stress and total strain?

— Two rules:

e |f combine in series,
— stress is the same for both elements
— total strain is the sum of individual strains on each element

* If combine in parallel,
— strain is the same for both elements
— total stress is the sum of individual stresses on each element




Viscoelastic (VE) System

e Ex 1: Series connection: “Maxwell”

— HPVW\—

* Equations:
oll =F€ll o=oll =al2
gl2 =pe 2 e=ell +€l2
* Eliminate individual stress/strain:
oll /EF=el1
+0l2 /np=€l2
og/F+o/m=€ll +el2 =€ e=c /E+a/y

=




Viscoelastic (VE) System

* Ex 2: Parallel connection: “Voigt”

— —o
* Equations: b
oll =£€ll g=o¢l +o
ol2 =pe 12 e=€ell =¢€l2

* Eliminate individual stress/strain:
ogll =F£€ll

+ 02 =pe l2

o=0ll +ol2 =Fe+ne = net+le=o




Viscoelastic (VE) System

* Ex 3: Voigt/Maxwell in Series: “Burgers”

—  HPWWA—
A

* Two equatonsiswen=on _

2=012 JElm +ai2 /!
€L=TIL B TR I et

* Total stress/strain relationship:

Elme+Elm Elv /pdv e=c+(Edm /ndm +Eim /plv +
v /v Jo+Elm Elv /ndm nplv o




Generalize

« Theorem (Mahdi-M-Sullivant): For any configuration of /V/

springs and M dashpots, get total stress-strain relationship of
one of 4 types:

67_(72}-3“2?7{31 el(n—1)+..+al0 e=binol(n) +..+56J0 o

. e A A Fe=o
Ex: Spring

ef_(nl\f5)$clz3¢n ef(n)+..+adl el =binol(n) +..+540 o
Ex: Dashpot — 7e=a

ali=ali (EV1,...BAN .41 ,...i3M ) blj =blj (B ,...ELN il ,...ndM )
where:




Generalize

Theorem (Mahdi-M-Sullivant): For any configuration of /V

springs and M dashpots, get total stress-strain relationship of
one of 4 types:

Zf(;lz-¥9$+ca:¢n el(n) +..+al0 e=binol(n)+..+5I0 o

ot
Ex: Voigt — ne+Ee=o

6‘7(7;5Y|p6?lip—:1 el(n—1)+..+all el =binol(n) +..+ 50 o
‘—U A A A e=o/F+o/n

Ex: Maxwell

ali=ali (EV1,...BAN .41 ,...i3M ) blj =blj (B ,...ELN il ,...ndM )
where:




ldentifiability problem

e Can recover coefficient values of total stress-

strain relationship from known data (Soderstrom
1988)

* |s it possible to recover the unknown parameters

of the model from these coefficient values?

. ] Elme+Elm Elv /pdv e=o+(Edm /pdm +EIim /plv +
Ex: Elv /v )o+Elm Elv /ndm nlv o

e Let cRT4 ->RT4

(Edm Edv.,.ndm ,pdv )— (Edm  Elm Elv /nv ,(
Elm /mdm +Edm /v +Edv /ndv ), Elm Elv /

MIWIMI44 \




ldentifiability

* Total stress-strain relationship:

el(n+1)+alnel(n) +..+al0 e=binol(n) +..+ 540 o

ali=ali (BI1,. BN i1 ,...0ndM )

bl =0y (EI1,...EIN ,ndl ,...ndM )

o Let cRTN+M -RTHcoef[s

(£, EIN L ,...0dM )— (adn,...,.al0 ,bin,
040 )




ldentifiability

o Let cRTN+M >R THcoef[s

* The model is:
— Globally identifiable iff cis 1-1
— Locally identifiable iff ¢is finite-to-one
— Unidentifiable iff cis infinite-to-one
(Ljung 1994)

* Consider generic identifiability




Main result

Theorem (Mahdi-M-Sullivant): A viscoelastic
model is locally ID iff

# coefficients = # parameters

e=o/F+o/n
e Ex1:

o Ex 2: netfe=o

Elme+Elm Elv /pdv e=c+(Edm /ndm +Eim /pdv +Edv /ndv )o+Eim
* EX Biv/pimnlv o




Local Identifiability

Consider a spring-dashpot system M whose
final step connection is a series connection of

systems N1 and N2

M=  &~NI1—N2
Necessary condition for M to be locally id is
that N1 and N2 are both locally id

When is the series connection of two (locally)
identifiable models identifiable?




Main result

 Theorem (Mahdi-M-Sullivant): Consider two
locally id systems N1 and N2. The model
resulting in joining N1 and N2 in series is
either id of Type A, B, C, D, or un-id, denoted
by u:

c © > O c
C © W < O
cC O O W >
c © O < c
c © © <© c




Main result

 Theorem (Mahdi-M-Sullivant): Consider two
locally id systems N1 and N2. The model
resulting in joining N1 and N2 in parallel is
either id of Type A, B, C, D, or un-id, denoted
by u:

® A__B__lc_ b __lu___

cC > < O c
cC W S < 0O
cC O O W™ r

u u
u u
u u
C u
u u




Real Example (Dietrich 1998)

AM- AM-
. | AN\

(DL OAHOLDBLOAHDLOA =[((((COAHOLHDLHOAHDLIOA
=[(((AOL)DLHOADBLIOA

(DD OADLIOA

[((FOADL|OA

(DB OA =504 =)



Generalize process of combining in
Series/Parallel

* Let N1 and N2 be spring-dashpot networks
whose stress-strain relationships are:

LIl el =202 gll

LI3 €l2 =114 gl2

where ZJ7 is a linear differential operator
Ll =alnll dTndl /dtTndl +..+almil
dTmdl /dtTmil

LI2 =hind2 dTnd2 /dtTnd2 +..+biml2
dTmd2 /dtTml2

L3 =cind3 dTnd3 /dtTnd3 +..+clmd3
dTml3 /dtTml3

L4 =elnldd dinld /dtTnid +..+edmid
AdTmnld /ArTnlA




o e=¢£l1 +&l2
e o=0ll =0l2

LI1 €ll1 =212 gl1
LI3 €l2 =114 g2

LI3 L1 €l1 =213 LI2 gll

+ L1 L3 €l2 =241 Li4 gl2

LI1 L3 e=(LI1 LI4 + 212 LI3)o



o e=¢£ll1 =&l2

o o=0ll1 +0l2

LI1 €ll1 =212 gl1
LI3 €l2 =114 g2

L4 L1 el =244 LJ2 ol1

+ 242 LI3 €l2 =112 LI ol2

(L1 LI4 + 1242 143 )e=142 L4 o



Types of viscoelastic models

* The shape of a linear operator Z {7 is a pair of #'s:
|ndi, mii]
where 7247 = highest differential order

mdi =lowest differential order

A [n, O] [n, O] Spring Fe=o

B [n+1, 1] [n, O] Dashpot ne=o

C [n+1, O] [n, O] Voigt ne+Ee=o

D [n, 1] [n, O] Maxwell e=o/F+o/




ldentifiability as “shape factorization
problem”

* Let N1 and N2 be spring-dashpot networks
whose stress-strain relationships are:

LI1 el =212 gl

I3 €l2 =114 gl2
 Consider series connection:
(L1 &1 =242 0ll, LI3 l2 =214 gl2 ) —

fe=go
where /=241 I3 , g=141 LI4 +1J2 LI3

* Can phrase identifiability problem in terms of
shapes [nd1,mdl |, [nd2, ml2 |, [nd3,mi3 ] [
nd4 , mi4 |




Shape factorization problem for a
guadruple of shapes

For a generic pair of polynomials (f, g) with:
¢ fmonic
o shape(f)=[ndl +nd3, mil +mi3 ],

o shape(g)=|max(ndl +nl4, nd2 +nl3 ),
min (7241 +md4 , ml2 +mi3 )|,

does there exist finitely many quadruples of polynomials (L\ll ,

£42, 113, LI4) with
o shape(lil)=|nli, mil],
e /J1 , 1£43 monic,

Val y |4 y | S y | 4 y 1A « v In 7 I _




Example

* Suppose that quadrupleis (/2,0/, /2,0/, [3,0],
[2,0), which is a special case of joining A, Cin
series

* Let (f,g) be a generic pair of polynomials where
/ and g are degree 5 polynomials with nonzero

constant term and /is monic:
J=xT15+ /4 xT4 +...4+ /10 g=g45 x15 +gl4 xT4 + 943 x73 +...+ 440

* Does there exist finitely many polynomials
LI1 =xT2 +all x+all LI2 =HI2 xT2 +HI1 x+ 540

LI3 =x13 +cd2 xT2 +cdl x+cl0 L4 =el2 xT2 +ell x+ed0

such that /=241 243 and g=2J1 LI4 +1LJ2 LI3?




Example cont’d

* Alternatively, for generic values of /¢4 ,..., /10
and ¢5,...,440 , does the system of 11
equations in 11 unknowns:

g5 =5h12
4 =all +cl2 g4 =011 +bI2 cl2 +el2
I3 =al0 +all cl2 +cll g3 =040 +5HI1 cl2 +5I2 cll +all el2 +
Fl2 =al0 cd2 +all cll +clo ell
Fl1 =al0 cll +all clo g2 =bHI0 cd2 +511 1 +5I2 cl0 +al0 el2

+all ell +el0
i1 =540 cd1 + 541 cl0 +al0 ell +all ell
g40 =540 0 +al0 el0

have only finitely many solutions?

30 =ad0 cl0




Solving shape factorization problem

* For given shapes [7d1, mdl | [nd3, mi3 ],
there are at most finitely many ways to factor
/=141 LI3 into monic factors

* Once we fix Z41 and ZJ3, then
g=L41 L4 +1J2 L3

is a linear system in the unknowns ZJ2 and
Ll4

* One solution iff # coefficients = # parameters




Global identifiability

* When do we have unique soln for shape
factorization problem?

/=141 LI3 has a unique factorization iff zJ1 =
mdl or nd3 =ml3

 AVE modelis globally id iff

— locally id and

— network is constructed by adding a spring or
dashpot in series or in parallel, one at a time




Real Example (Dietrich 1998)

AM- AM-
. | AN

[((((ADB) OO L OAHDLIOA =[(((((OAHOLHDLHOAHDLIOA
=[(((AOB) BB OANHB LA

(DL OADLIOA

[((ZOAHBL|OA

[ DD LA =F0OA =/ Globally identifiable!



Summary

Necessary and sufficient condition for local id:
# parameters = # coefficients
Nec. and suff. conditions for global id:
local id & single spring/dashpot one at a time
|dentifiability tables
Future work: RLC circuits
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