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Machine learning in
atomic-scale simulations



Predictive accuracy for real materials

o First-principles calculations promise quantitatively accurate simulations
that make no use of experimental data

o Emergent physics from first principles: still a tremendous challenge

H(q)|¥) =V (q) ) (A) = [dge V(@ A(q)

ACCURACY
&

ACCURACY S ACCURACY
OF K OF
ENERGETICS SAMPLING

Grabowski et al., PRB (2009); Kapil, Engel, Rossi, MC, JCTC (2019)
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Predictive accuracy for real materials

o First-principles calculations promise quantitatively accurate simulations
that make no use of experimental data

e Emergent physics from first principles: still a tremendous challenge
e Machine learning to the rescue

FIRST-PRINCIPLES
QUANTUM MODELS
A= {aiari} ﬁ|\1/> _ V|\I’> V({a’iari})
< L ‘)
p ; \/
| \ V(|4))
" A) DATA-DRIVEN

SURROGATE MODELS

Musil et al., Chem. Rev. (2021)
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Predictive accuracy for real materials

o First-principles calculations promise quantitatively accurate simulations
that make no use of experimental data

e Emergent physics from first principles: still a tremendous challenge
e Machine learning to the rescue
FIRST-PRINCIPLES
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Musil et al., Chem. Rev. (2021)
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No regression without representation

o Key step in any atomistic ML task: mapping an atomic structure to a
suitable mathematical representation

{|XZ> ’yi} train set

% .o, dimensionality
‘ reduction

classification

MC, JCP (2019)
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No regression without representation

o Key step in any atomistic ML task: mapping an atomic structure to a
suitable mathematical representation
e Features, distances, kernels, can largely be used interchangeably

{|XZ> ’yi} train set

|X)
inference

%8 .o, dimensionality
R reduction
classification

MC, JCP (2019)
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Interpretable structural
representations



What do we want from a representation?

@ Be complete (injective)

@ Reflect basic physical symmetries
@ Be smooth, regular

© Exploit additivity

+ S rotations
completeness

structure space

; symmetry 2
*

~feature space \
smoothness ‘g‘

Musil et al., Chem. Rev. (2021)

Interpretable atomistic ML

" additivity
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Additivity, and locality

o Additive ansatz for extensive properties <+ Additive models / features

y -
[A) =22 [Ad)
V(A4) = Zz‘eA V(A;) K(A,B) = Zz‘,j k(Aq, Bj)
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Additivity, and locality

o Additive ansatz for extensive properties <+ Additive models / features
o Locality and nearsightedness — divide et impera, transferability
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Additivity, and locality

o Additive ansatz for extensive properties ++ Additive models / features
o Locality and nearsightedness — divide et impera, transferability
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A phylogenetic tree of ML representations

Behler-Parrinello (2,3)  aPIPs (%)
DeepMD (2,3) permutation
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5 limit / sharp functions histograms \Wa;s;;isctem
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smooth density (average) sorte PIV (2)
] distances goB (2
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% features (histogram)

Wavelets (3)

NICE (n*) rotations \
(density products)  atom Spectral FP (n)

centred SPRINTd(m
—— distributions _sorte
Diffraction FP . molecular—_ eigenvalues
translations matrices Permutations
LODE (n) potential . _ (sorting)
symmetrized .~ fields global™ dae}ggij internal /n:)n-lmear
local field translations transform fields coordinates functions
& rotations ! Z matrix
3D Voxel
symmetry molecular
. ; translations
other relation permutations RO fions graphs
family of features
named features (body order)
2,3,4: radial, angular, dihedrals !
n: n-body Cartesian
*: - i i coordinates
n": complete n-body linear basis Musil et al., Chem. Rev. (2021)
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Universal feature construction

e Most frameworks can be expressed in terms of n-body correlations of
atom positions. Only difference - the choice of basis

|pi) |pi) |pi)

Introductory review: Musil et al., Chem. Rev. (2021)

10 Michele Ceriotti cosmo.epfl.ch Interpretable atomistic ML


http://dx.doi.org/10.1021/acs.chemrev.1c00021

Universal feature construction

e Most frameworks can be expressed in terms of n-body correlations of
atom positions. Only difference - the choice of basis
e Extension to a fully equivariant framework (NICE)

) |pi) |pi)

Introductory review: Musil et al., Chem. Rev. (2021)
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Universal feature construction

e Most frameworks can be expressed in terms of n-body correlations of
atom positions. Only difference - the choice of basis

e Extension to a fully equivariant framework (NICE)

e ... to features to describe long-range interactions (LODE)

dR
e

[Au) i) Vi)

Introductory review: Musil et al., Chem. Rev. (2021)
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Universal feature construction

e Most frameworks can be expressed in terms of n-body correlations of
atom positions. Only difference - the choice of basis

e Extension to a fully equivariant framework (NICE)

o ... to features to describe long-range interactions (LODE)

o ...and to message-passing, N-center features (MP-ACDC)

dR
i)

|r’L1’L7 g

Latest & greatest: Nigam, Pozdnyakov, Fraux, MC, JCP (2022)
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A hierarchy of equivariant features

o Neighbor density can be expanded in radial functions and Y;” —
equivariant features

(m1pT5 M) = (M (— 1))

e Recursive constructiono of N-body features based on sums of angular
momenta

(o5 bk nlkpP Y0 =
> (AT m) (k|05 k) (U kgl

gm

o All equivariant v-neighbor features transform like angular momenta
(qIRA; 7" At ZDW ) (alA; o5 ')
Can be used to compute efficiently invariant features [p?”; 00)

Nigam, Pozdnyakov, MC, JCP (2020); https://github.com/cosmo-epfl/nice
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Features, models and introspection



Symmetrized correlations and potentials

e Symmetrized correlations can be linked to body-ordered expansions
@ v = 2 correlations: rotation-averaged tensor product of neighbor densities

X' .4;6@

e
xx’\Ap x'

de X\RA;PiMX/\sz;PQ

Wwillatt, Musil, MC, JCP (2019)
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Symmetrized correlations and potentials

e Symmetrized correlations can be linked to body-ordered expansions
@ v = 2 correlations: rotation-averaged tensor product of neighbor densities
@ This is equivalent to a function of two distances and one angle

‘@\371
<$1, L2, 9|A p®2

de leeZ\A;p@)

(z2R(&, cos O + &, sin 0)|4; p;)

willatt, Musil, MC, JCP (2019)
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Symmetrized correlations and potentials

e Symmetrized correlations can be linked to body-ordered expansions
@ v = 2 correlations: rotation-averaged tensor product of neighbor densities
@ This is equivalent to a function of two distances and one angle
© In the limit of sharp Gaussians, this is equivalent to a list of 2-neighbors
tuples (1}1,‘, Ty IA-/‘1i ’ szi)

(@1 303 0] A; 682) =

D irge 0(@1 = 75,0)0(x2 — 7j54)
(5(0089 — f.j17: . szi)

willatt, Musil, MC, JCP (2019)
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Symmetrized correlations and potentials

e Symmetrized correlations can be linked to body-ordered expansions
@ v = 2 correlations: rotation-averaged tensor product of neighbor densities
@ This is equivalent to a function of two distances and one angle
© In the limit of sharp Gaussians, this is equivalent to a list of 2-neighbors
tuples (1}1,‘, Ty IA-/‘1i ) szi)
@ Linear model — 3-body potential!

[(V]x1;29;0)(x1; 223 0| A; 622)

D ivie V(Tiis Tinis Bjyi " i)

willatt, Musil, MC, JCP (2019)
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Understanding the range of interactions

e Representations are built for different cutoff radii
o Dimensionality/accuracy tradeoff: a measure of the range of interactions

-

Bartok, De, Poelking, Kermode, Bernstein, Csanyi, MC, Science Advances (2017) [data: QMS9, von Lilienfeld&C]
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Understanding the range of interactions

e Representations are built for different cutoff radii
o Dimensionality/accuracy tradeoff: a measure of the range of interactions

rclA] 2—25—3—35—4 5
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Bartok, De, Poelking, Kermode, Bernstein, Csanyi, MC, Science Advances (2017) [data: QMS9, von Lilienfeld&C]
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Understanding the range of interactions

e Representations are built for different cutoff radii
o Dimensionality/accuracy tradeoff: a measure of the range of interactions
o Multi-scale kernels K (A, B) = >, w;K; (A, B) yield the best of all worlds
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willatt, Musil, MC, PCCP (2018)
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Machine-learning the periodic table

e How to learn with multiple species? Decorate atomic Gaussian with
elemental kets |H), |O), . . .
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Machine-learning the periodic table

e How to learn with multiple species? Decorate atomic Gaussian with
elemental kets |H), |O), . . .
e Expand each ket in a finite basis, |a) = >, u,,|J). Optimize coefficients

H) =0.5[4) +0.1](}) + 0.2 |®)
IC) =0.2]M) +0.8](}) + 0.3 |@®)
|0) =0.1|/) +0.1](}) + 0.6 @)

¢ .
’ s
. & 3 é

Empedocles et al. (ca 360BC). Metaphor courtesy of Albert Bartéok
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Machine-learning the periodic table

e How to learn with multiple species? Decorate atomic Gaussian with
elemental kets |H), |O), . . .

e Expand each ket in a finite basis, |a) = >~ , u,, |J). Optimize coefficients

o Dramatic reduction of the descriptor space, more effective learning. . .

—e— Reference -#-- d;=2 —e— Standard SOAP
101 —e— gi=1 —e— d;=4 —— Multi-kernel

0.3

Test MAE (eV / atom)

0.1

0.06

250 500 1k 3k 6k
Number of training structures

Elpasolite dataset. Reference curve (red) from Faber et al. JCP (2018)
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Machine-learning the periodic table

15

How to learn with multiple species? Decorate atomic Gaussian with

elemental kets |H), |O), . . .

Expand each ket in a finite basis, |o) = >~ , ., |J). Optimize coefficients
Dramatic reduction of the descriptor space, more effective learning. . .
. and as by-product get a data-driven version of the periodic table!

Michele Ceriotti cosmo.epfl.ch

B C N O F Ne

Al Si P S Cl Ar

Ga Ge As Se Br Kr
In Sn Sb Te | Xe
Tl Pb Bi

willatt, Musil, Ceriotti, PCCP (2018)
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Maps, predictions and
interpretation



Structure-property maps

o Representing databases of conformers, and the effect of perturbations
on stability and properties

(A) Arg@Cu (B) Arg@Ag (C) Arg@Au
oFe
5. @0 ' s o
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Maksimov, Baldauf, Rossi, 1JQC (2020)
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Structure-property maps

o Representing databases of conformers, and the effect of perturbations

on stability and properties
o Rationalizing structural patterns and motifs that contribute to stability

pENT Class
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" g o
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i} / , 2.
N 0

0.08-2_4-2 4
Lattice Energy

Musil, De, Yang, Campbell, Day, MC, Chemical Science (2018);http://interactive.sketchmap.org
Interpretable atomistic ML
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Beyond unsupervised maps

o Kernel PCA map of a dataset of carbon structures

®  Graphite-
Like Sheets

PC,

L
Diamond-Like « o~ s '.Nanowires
] T
%‘ A\l. Simple Cubic-Like ..l‘. ’
L L] ° L)
$§§§§$ ALHS % SN
o =
PC,

-154 -152 <151

Energy (eV/atom)
https://www.materialscloud.org/discover/kpcovr/carbons- 10
MC, Unsupervised machine learning in atomistic simulations, between predictions and understanding, JCP (2019)
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Beyond unsupervised maps

o Kernel PCA map of a dataset of carbon structures
e KPCovR reveals more clearly structure/stability relations

Nanowires

KPCovR Projection o
Mixed- ERE
fagg
Ring £

Sheets

PC,

Graphite- ©
Like Sheets
o

f})?[i

o
’ " o
Diamond-Like A ®  Simple Cubic-Like

. ne
%‘ : ° -

154 -153 152 51
Energy (eV/atom)

https://www.materialscloud.org/discover/kpcovr/carbons-05
Helfrecht, Cersonsky, Fraux, MC, MLST (2020); https://chemiscope.org
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Building blocks of molecular materials

o Using data analytics to identify the “synthons” contributing to stability in
molecular materials

o Correlate by construction with contributions to cohesive energy

Select Crystals and their Interactions

o

Co-FIBHOP
£=9316
[mev/atom]|

—
e e 9@
=Nl {)3 %0’
bs o~ bs

co—socvux‘ ’
ﬁz
[meV/atom]

PCov;

£=39.01

[mev/atom]|

NAPDCX ‘

15

Py Cersonsky, MC, in preparation
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Building blocks of molecular materials

o Using data analytics to identify the “synthons” contributing to stability in
molecular materials

o Correlate by construction with contributions to cohesive energy

Cohesive Energy Contribution [meWfatom] i
15{ | ; - 7 .,A"
-400 200 0 200 d M
10 >
- LI ! !
L) >+
LA b
05
Crystal QIKDAP
. A-=-149.02 [meV/atom]
>
a 00
£
-0.5 \\\\ \// /
e \ / ,/f‘
-15 Crystal BENZAC19
A=-120.94 [meV/atom]

Cersonsky, MC, in preparation
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Physical insights from knock-out ML models

e Limiting accuracy of models built on “traditional” descriptors gives
objective criterion to rank their information content

o Combination of “universal interpolators” and large datasets quantify the
significance of heuristic design rules
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Helfrecht et al., JCP (2019)
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A look into the zeolite sorting hat

e A SVM classifier of known and hypothetical zeolites based on density
correlation features

e Misclassified hypothetical structures have strong potential for synthesis

o Identifying the structural correlations that contribute most to target
property by real-space projection of the SVM weights

Hull Distance (kJ/mol Si)

0 5 10 15 20 0 10 20 30
O «— Deem
(a) B T —1za
. . . . .
-2 0 2 4 6 8
PCov1

Helfrecht et al., arxiv:2110.13764
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A look into the zeolite sorting hat

o A SVM classifier of known and hypothetical zeolites based on density
correlation features

e Misclassified hypothetical structures have strong potential for synthesis

o Identifying the structural correlations that contribute most to target
property by real-space projection of the SVM weights
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Outlook

e Physics vs data-driven modeling: porous divide at the atomic scale
e Physics-based priors: when and up to which point are they useful?
e “Interpretability” is a loose concept: what we gain and what we lose?

affordable
accuracy

flexibility
wemeres /- PHYSICS
advanced
analytics

symmetries

DATA

integrated ML models

locality

scaling/conservation laws

. . . . training targets
multiparadigm simulations

quantitative description slides — tinyurl.com/ceriotti-2022-berkeley
of emergent behavior Review — Musil et al. ChemRev (2021)
Code: — github.com/lab-cosmo
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A Dirac notation for ML

features A representation
index target & nature

correlation
radial |nd|ces structure order ity
_ﬁ_
<n1l1;. Nyl k, A ,0 L0 )\u>
\ . Id \ rot
e
angular channels ! center symmetry

e Arepresentation maps a structure A (or one environment A;) to a vector

discretized by a feature index Q

o Bra-ket notation (Q|A; rep.) indicates in an abstract way this mapping,
leaving plenty of room to express the details of a representation

o Dirac-like notation reflects naturally a change of basis,

<Y|A>=/do<Y|o> (QA)

Willatt, Musil, MC, JCP (2019); https://tinyurl.com/dirac-rep
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A Dirac notation for ML

features A representation
index target & nature

correlation
radial |nd|ces structure order ity
_ﬁ_
<n1l1;. Nyl k, A ,0 L0 )\u>
\ . Id \ rot
e
angular channels ! center symmetry

e Arepresentation maps a structure A (or one environment A;) to a vector
discretized by a feature index Q

o Bra-ket notation (Q|A; rep.) indicates in an abstract way this mapping,
leaving plenty of room to express the details of a representation

o Dirac-like notation reflects naturally a change of basis, the construction
of a kernel,

K(AA) = (AA) ~ / d0(Al0) (QIA)

Willatt, Musil, MC, JCP (2019); https://tinyurl.com/dirac-rep
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A Dirac notation for ML

features A representation
index target & nature

correlation
radial |nd|ces structure order ity
_ﬁ_
<n1l1;. Nyl k, A ,0 L0 )\u>
\ . Id \ rot
e
angular channels ! center symmetry

e Arepresentation maps a structure A (or one environment A;) to a vector
discretized by a feature index Q

o Bra-ket notation (Q|A; rep.) indicates in an abstract way this mapping,
leaving plenty of room to express the details of a representation

o Dirac-like notation reflects naturally a change of basis, the construction
of akernel, or alinear model

E(A) = (EA) ~ / dO(£10) (QlA)

Willatt, Musil, MC, JCP (2019); https://tinyurl.com/dirac-rep
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What you ask is what you get

e Understanding what goes into a representation is key to achieve
meaningful results from automated data analytics
o Example: you don't always want to have rotational invariance
KPCA; KPCA;
0.000 0.005 -0.05 0.00 0.05

0.002

KPCA3

0.000

—0.002

data: Shibuta, Sakane, Takaki, Ohno, Acta Mat. (2016)

Interpretable atomistic ML
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What you ask is what you get

e Understanding what goes into a representation is key to achieve
meaningful results from automated data analytics
o Example: you don't always want to have rotational invariance
KPCA; KPCA;
0.000 0.005 -0.05 0.00 0.05

0.002

KPCA3

0.000

—0.002

data: Shibuta, Sakane, Takaki, Ohno, Acta Mat. (2016)
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What you ask is what you get

e Understanding what goes into a representation is key to achieve
meaningful results from automated data analytics

o Example: you don't always want to have rotational invariance

KPCA; KPCA;
0.000 0.005 —0.05 000 0.05
0.002
o -
< <
0.000 § o
~ ¥
-0.002

data: Shibuta, Sakane, Takaki, Ohno, Acta Mat. (2016)

Interpretable atomistic ML
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What you ask is what you get

e Understanding what goes into a representation is key to achieve
meaningful results from automated data analytics

o Example: you don't always want to have rotational invariance

KPCA; KPCA;
0.000 0.005 -0.05 0.00 0.05

KPCA3

data: Shibuta, Sakane, Takaki, Ohno, Acta Mat. (2016)
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What you ask is what you get

e Understanding what goes into a representation is key to achieve
meaningful results from automated data analytics

o Example: you don't always want to have rotational invariance

KPCA; KPCA;
0.000 0.005 -0.05 0.00 0.05

KPCA3

data: Shibuta, Sakane, Takaki, Ohno, Acta Mat. (2016)
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Variations on a theme
e Most of the existing density-based representations and kernels emerge

as special cases of this framework o
o Basis set choice - e.g. plane waves basis for |p{?) (Ziletti et al. N.Comm 2018)

(KA p77) = 3 ek

ijeA

Simple cubic Face-centered-cubic
(sc) structure (fce) structure
spgroup = 221 spgroup = 225
-
Diamond Body-centered-cubic . .
(diam) structure (bee) structure
spgroup = 227 spgroup = 229

willatt, Musil, MC, JCP (2019), https://arxiv.org/pdf/1807.00408
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Variations on a theme

e Most of the existing density-based representations and kernels emerge
as special cases of this framework
o Basis set choice - e.g. plane waves basis for \p,@z) (Ziletti et al. N.Comm 2018)
o Projection on symmetry functions (Behler-Parrinello, DeepMD)

(abGalpP") = baq / dr G, (r) (brlp?"; g — &)

0.4f .

SF value
o o
N w
S A
7
/
1 1

o
-—
T

|

r[A]

Willatt, Musil, MC, JCP (2019), https://arxiv.org/pdf/1807.00408
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Measuring feature spaces

e Quantitative comparison of relative information content of different
features, metrics & kernels
o Feature space Reconstruction Error (FRE): linearly-embeddable mutual
information
GFRE(F — F)= min |[Xz — XzP||

PER"F XNF/
F!

f/
0O—0—o—— P
1,‘2 u

Goscinski, Fraux, MC, MLST (2021)
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Measuring feature spaces

e Quantitative comparison of relative information content of different
features, metrics & kernels
o Feature space Reconstruction Error (FRE): linearly-embeddable mutual

information
GFRE(F — F')= min |[Xz — XzP||
PcR"F XNz
F
Prr
ﬁ/
W= W— 3=
u

GFRE(F, F')

Goscinski, Fraux, MC, MLST (2021)
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Measuring feature spaces

e Quantitative comparison of relative information content of different
features, metrics & kernels
o Feature space Reconstruction Error (FRE): linearly-embeddable mutual

information
GFRE(F — F')= min | Xz — XzP|
PcR"F XNz
,F/
f-/
CO—O—0—Pp
T p U
FF!
\_/
GFRE(F', F)

Goscinski, Fraux, MC, MLST (2021)
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Measuring feature spaces

o Quantitative comparison of relative information content of different
features, metrics & kernels
o Feature space Reconstruction Error (FRE): linearly-embeddable mutual

information
PER"F X 5!
carbon random methane
1.0t 1.0 FcF_1 '
—— GFRE(SOAP, BPSF) < = FLF
075+ —}— GFRE(BPSF, SOAP) 0.75+ L SOAP vs
g BPSF
i
0.5} 0.5} o g
F=F "0 GFRE(FF) 1 =
0.25 E 0.25-r|>\( )
0.0t 0.0t
11 61 18l 377 699 35 191 534 1147
12764 180 384 700 36 192 540 1152

MBPSE
number of features —7=—
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Density expansion and SOAP

o What if we use radial functions and spherical harmonics?

l
(nimlp) = fdr rlpi) Ru(r) Y, (2)
Bartok, Kondor, Csanyi, PRB (2013); Willatt, Musil, MC, JCP (2019); Drautz, PRB (2019)
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Density expansion and SOAP

o What if we use radial functions and spherical harmonics?
o Symmetrized tensor product — SOAP power spectrum!

(nn'l]pP%) = 32, (nlm|pi)" (n'lm|p:)

— *
Pnn'1 = m CnlmCn/lm

Bartok, Kondor, Csanyi, PRB (2013); Willatt, Musil, MC, JCP (2019); Drautz, PRB (2019)
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Density expansion and SOAP

28

o What if we use radial functions and spherical harmonics?
o Symmetrized tensor product — SOAP power spectrum!
e Easily generalized to higher body order.

d-distribution limit — atomic cluster expansion

(nll}ml; nglzn}z; . nl,l,,m,,|pl®”A) =
de<nlllm1|R|pz> t <nulumV|R|pi> =
2o ooy, (malimi [ pi) - - (o lym, [ pi)

® l > L, ®
Bartok, Kondor, Csanyi, PRB (2013); Willatt, Musil, MC, JCP (2019); Drautz, PRB (2019)
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Two-neighbors descriptors

e Construction of a three-body (v = 2) invariant atomic descriptor
@ Define relative position of neighbors (translation-invariant)

Iy
A, A,
{rji =Tr; — I‘Z‘} e Az

Bartok, Kondor, Csanyi, PRB (2013)
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Two-neighbors descriptors

e Construction of a three-body (v = 2) invariant atomic descriptor
@ Define relative position of neighbors (translation-invariant)
@ Positions are transformed in a neighbor density (permutation invariant)

(ax|p;) = ZjEAi Oaa; (X|Tji; 9)
(x|rji; 9) = g(x —1ji)

Bartok, Kondor, Csanyi, PRB (2013)

29 Michele Ceriotti cosmo.epfl.ch Interpretable atomistic ML




Two-neighbors descriptors

e Construction of a three-body (v = 2) invariant atomic descriptor
@ Define relative position of neighbors (translation-invariant)
@ Positions are transformed in a neighbor density (permutation invariant)
© Symmetrize over rotations a tensor product of the neighbor densities

X I
.

(x; x| 4; pP%) = X

[ dR(x|RA; p;)(x'| RA; p;)

willatt, Musil, MC, JCP (2019)
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Two-neighbors descriptors

e Construction of a three-body (v = 2) invariant atomic descriptor
@ Define relative position of neighbors (translation-invariant)
@ Positions are transformed in a neighbor density (permutation invariant)
© Symmetrize over rotations a tensor product of the neighbor densities
@ This is equivalent to a function of two distances and one angle

‘@\331
N .
(:1:1,332,9\A p®2
de x1Ré|A; p;)

(x2R (&, cos O + &, sin 0)|4; p;)

willatt, Musil, MC, JCP (2019)
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Two-neighbors descriptors

e Construction of a three-body (v = 2) invariant atomic descriptor
@ Define relative position of neighbors (translation-invariant)
@ Positions are transformed in a neighbor density (permutation invariant)
© Symmetrize over rotations a tensor product of the neighbor densities
@ This is equivalent to a function of two distances and one angle
© g — ¢ limit = list of 2-neighbors tuples (r},;, i, Ty - T,i)

(a1; x93 0] A; 622) =
D ivin 0(@1 = 15,3)0(z2 — 7j3)
5(C089 — IA'jlz' . f‘jﬂ)

willatt, Musil, MC, JCP (2019)
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Two-neighbors descriptors

e Construction of a three-body (v = 2) invariant atomic descriptor
@ Define relative position of neighbors (translation-invariant)
@ Positions are transformed in a neighbor density (permutation invariant)
© Symmetrize over rotations a tensor product of the neighbor densities
@ This is equivalent to a function of two distances and one angle
© g — ¢ limit = list of 2-neighbors tuples (r},;, i, Ty - T,i)
@ Linear model = 3-body potential!

[ (V)15 22; 0) (w1; 03 0] A; 652)
Zj1j2 V(leiv Tjais fjli ' szi)

willatt, Musil, MC, JCP (2019)
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Density trick in an (nlm| basis

e The symmetrized correlations can be computed in closed form using a
discrete basis

o The neighbor density can be expanded on a basis of radial functions
(x|ny = Ra(x) and spherical harmonics (x|{m) = Y"(X)

(x[im)

(nlm|A; p;) =
[ dx(nla) (im0 (x| 4; )
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Density trick in an (nlm| basis

e The symmetrized correlations can be computed in closed form using a
discrete basis

o The neighbor density can be expanded on a basis of radial functions
(x|ny = Ra(x) and spherical harmonics (x|{m) = Y"(X)

o Spherical harmonics transform linearly under rotations based on Wigner
rotation matrices D' (R)

S G
> &5
‘ » ‘ R|lm) = A
2 Do (Rl
(nlm; n'l ’\A pP?) = )
[ dR(nlm|RA; p;)(n'l'm’|RA; p;)
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Density trick in an (nlm| basis

e The symmetrized correlations can be computed in closed form using a
discrete basis

o The neighbor density can be expanded on a basis of radial functions
(x|ny = Ra(x) and spherical harmonics (x|{m) = Y"(X)

o Spherical harmonics transform linearly under rotations based on Wigner
rotation matrices D' (R)

o Orthogonality of Wigner matrices yields the SOAP powerspectrum

de Zkk’ D'lmk(R)valz’k’(R) X
011/ O Ok e/

A

F3a

(nn'1] A; pP?) =
melm\A; pi)(n'lm|A; p;)
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A hierarchy of equivariant features

o A generalization of the definition yields N-body features that transform
like angular momenta

(X[p7"; 5 A
e Recursive construction based on sums of angular momenta and an
expansion of the atom density

(mbke PN M) = (M (—1)]pi) 31,30k 1001 = (m\p s AL

< n,,l kl,, nlk|p®(u+1 o /\/j,> = (50((_1)1+k+As) Co X
> (lm; kgl Ap) (|5 m) (.0 Lk |7 s k)

qm

o Can be used to compute efficiently invariant features |p?";0;00)

Nigam, Pozdnyakov, MC, JCP (2020)
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NICE features for ML

e Problem: number of features grows exponentially with v
o Solution: an N-body iterative contraction of equivariants (NICE)
framework
o After each body order increase, the most relevant features are selected and
used for the next iteration

body-order (NY; nlk| g+ )

(nlpim)
iteration

>

contraction

(N*[p?"kq)

(nik]|
[Aua)

(NV‘ <Nu+1 ‘p?'/+1AI‘L>

Nigam, Pozdnyakov, MC, JCP (2020)
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NICE features for ML

e Problem: number of features grows exponentially with v

o Solution: an N-body iterative contraction of equivariants (NICE)
framework

o After each body order increase, the most relevant features are selected and
used for the next iteration

o Systematic convergence with v and contraction truncation

= V=1 = p=3 =—— NICE full = Conly
— V=2 —— v=4 — NN ==o= C+H

0::9:0:06:0:0:'90:9 0 0000 100
' ' v—h—\
L

rmse%

rmse, kcal/mol
rmse%
rmse, kcal/mol

=
o
L
T
fury
o

10° 10! 102
Npca

Nigam, Pozdnyakov, MC, JCP (2020)
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Machine-learning the periodic table

e How to learn with multiple species? Decorate atomic Gaussian with
elemental kets |H), |O), . . .
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Machine-learning the periodic table

e How to learn with multiple species? Decorate atomic Gaussian with
elemental kets |H), |O), . . .
e Expand each ket in a finite basis, |a) = >, u,,|J). Optimize coefficients

H) =0.5[4) +0.1](}) + 0.2 |®)
IC) =0.2]M) +0.8](}) + 0.3 |@®)
|0) =0.1|/) +0.1](}) + 0.6 @)

¢ .
’ s
. & 3 é

Empedocles et al. (ca 360BC). Metaphor courtesy of Albert Bartéok

33 Michele Ceriotti cosmo.epfl.ch Interpretable atomistic ML



Machine-learning the periodic table

e How to learn with multiple species? Decorate atomic Gaussian with
elemental kets |H), |O), . . .

e Expand each ket in a finite basis, |a) = >~ , u,, |J). Optimize coefficients

o Dramatic reduction of the descriptor space, more effective learning. . .

—e— Reference -#-- d;=2 —e— Standard SOAP
101 —e— gi=1 —e— d;=4 —— Multi-kernel

0.3

Test MAE (eV / atom)

0.1

0.06

250 500 1k 3k 6k
Number of training structures

Elpasolite dataset. Reference curve (red) from Faber et al. JCP (2018)
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Machine-learning the periodic table

33

How to learn with multiple species? Decorate atomic Gaussian with

elemental kets |H), |O), . . .

Expand each ket in a finite basis, |o) = >~ , ., |J). Optimize coefficients
Dramatic reduction of the descriptor space, more effective learning. . .
. and as by-product get a data-driven version of the periodic table!

Michele Ceriotti cosmo.epfl.ch

B C N O F Ne

Al Si P S Cl Ar

Ga Ge As Se Br Kr
In Sn Sb Te | Xe
Tl Pb Bi

willatt, Musil, Ceriotti, PCCP (2018)
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Recognizing active protein ligands

o A SOAP-REMatch-based KSVM classifies active and inactive ligands with
99% accuracy; non-additive model is crucial!

e Sensitivity analysis help identify the active “warhead” and could guide
drug design and optimization
1

=== 0.05
@) {;/, _— .- 1 o) ©
0'83(/ \ ] 0.00
i ] 2= 4115 Z=+1.53
0.6 .
’_f I 0 -0.05
s | 0z X
0.4 j
4 z=+40.78
02} 3 _
0— Ll
0 0.2

z=—0.97
Michele Ceriotti cosmo.epfl.ch

Bartok, De, Poelking, Kermode, Bernstein, Csanyi, MC, Science Advances (2017) [data: DUD-E, Shoichet]
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Structure-property landscapes

o Clustering/sketch-maps based on REMatch-SOAP correlate well with
qualitative classification of packing motifs, and with properties (ex.:
azapentacene structure-energy-property landscape maps)

Class
iy Y Class
“'/ "{:‘ Py B o [ sheet
‘ ,’!. / e 5. i herringbone
s o o > o | %
- / P A e, Y I slipped-y
& ¥
9 °9 o o
E [kJ/mol]
. 15
¥ rne d
[/ 3R G 10
e 3 o
2\ ; s 5
|
- 0

b 0.08-2_4-2 4
Cluster Lattice Energy

Musil, De, Yang, Campbell, Day, MC, Chemical Science (2018);http://interactive.sketchmap.org
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Structure-property landscapes

o Clustering/sketch-maps based on REMatch-SOAP correlate well with
qualitative classification of packing motifs, and with properties (ex.:
azapentacene structure-energy-property landscape maps)
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Musil, De, Yang, Campbell, Day, MC, Chemical Science (2018);http://interactive.sketchmap.org
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Structure-property landscapes

o Clustering/sketch-maps based on REMatch-SOAP correlate well with
qualitative classification of packing motifs, and with properties (ex.:
azapentacene structure-energy-property landscape maps)

Class

Class

[ sheet
sandwich
herringbone
~

E [kJ/mol]
s pgelan e 15
¥ -';':'.'Ji.' n Be, |
>, S IR
X0 ’r..gﬁ,::,","f?‘! S 10
AN 3 %0 Py XUAY
PR * AL TN W
‘tw-u 5
R
>« 0

]
Lattice Energy

Cluster

Musil, De, Yang, Campbell, Day, MC, Chemical Science (2018);http://interactive.sketchmap.org
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Principal Covariates Regression

e Very simple idea to combine PCA and latent-space LR to find a
dimensionality reduction that preserves variance and predicts well

0= alX — XPxrPrx||> + (1 = @) ||[Y — XPxrPry|®

e Solution can be found working in sample space (looking for the
eigenvectors of a modified Gram matrix)

K =aXX" + (1 —a)XPy Pl X"
e ...orin feature space by diagonalizing a modified covariance

C=aX"X+(1-a) (X7X) " 2XTYYTX (X7X) "/
Nfeatures npca Nproperties
g Pxr 2 kS
2 = Prv | Gy
g Prx ¢& g

<

Pxy

S. de Jong and HAL Kiers, Scandinavian Symposium on Chemometrics (1992)
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Kernel PCovR

o Kernel versions oFAPACovR can be obtained with a modified kernel
K = aK+ (1 — ) YY', diagonalizing it and finding the projector
Par = (al + (1 — a) (K+ A7 YY) UgA L2

a=0.9 a=0.99 a=0.999 a=0.9999 a=1.0

duetvatiate

7LV a1 1P 1

a=0.0 a=0.0001 «=0.001 a=0.01

Projection Do
along 2 PCs (]
Property 5 5 57 57
Regression 7 i J% /ﬁ?
with 2 PCs| ¢ 15?:‘ ﬁ?

A

-l —O— 1,,,,,,+t,eg,|

\n
S

oo o—o oo oo o—0
0.0 hrlhad il Aadiid 7 il L L L
E ~I - - 2 & 8§ 8§ 2
S 3 8 =4 S ° P =3 =y -
2 o 5] il
5] oS

Helfrecht, Cersonsky, Fraux, MC, MLST (2020)
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Where unsupervised meets supervised

e Using KPCovVR to reveal structure-property relations in databases of
materials structures
(a) AIRSS Carbon
; KPCovR Projection 4 \anow

Mixed- .
Ring KPCA.Q rguectjon

Sheets

Graphite-\
Like Sheets

—-154 -153 -152 -151
Energy (eV/atom)

Helfrecht, Cersonsky, Fraux, MC, MLST (2020)
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A Generalized Convex Hull Construction

0 02040608
AE, [eV]

Anelli, Engel, Pickard & MC, PRM (2019); Engel, Anelli, MC, Pickard & Needs, Nature Comm. (2018)
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