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Why care about missing data?

&

The best solution to handle missing data is to have none.

- R.A. Fisher

Consider a complete-case analysis with an n x d matrix, where each entry is
observed independently with probability p = 0.99.

e When d = 5, around 95% of observations are retained

e When d = 300, only around 5% of observations are retained.

Missingness represents one of the most common gaps between theory and
practice; it can render methodology unreliable or inapplicable.
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Missingness mechanisms

H: Homework

H*: Homework with missing values
A: Attribute of student

D: Dog (missingness mechanism)

DOG EATS DOG EATS DOG EATS
ANY STUDENTS’ BAD
HOMEWORK HOMEWORK HOMEWORK
A——H A——>H A——>H
D——>H* D—»>H D—>H*
MISSING COMPLETELY MISSING MISSING NOT
AT RANDOM AT RANDOM AT RANDOM

Image credit: Richard McElreath
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The simplest setting is where data are MCAR; it makes the analysis is much
easier and more interpretable (Loh & Wainwright, 2012; Belloni, Rosenbaum & Tsybakov, 2017; Loh &
Tan, 2018; Zhu, Wang & S., 2019; Elsener & van de Geer, 2019; Cai & Zhang, 2019; Follain, Wang & S., 2022).
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Formal setting

&

Given z = (21,...,24) € ngl X; = Xandw = (w1,...,wq) € {0,1}4,
define the jth component of z ow € H;l:l(Xj U {x}) by

x; ifw;=1
(“w)j::{f if oy = 0.

We observe independent copies of the random vector X o ), where (X, ) takes
values in X x {0,1}%. Our aim is to test the MCAR null hypothesis

Hy: X 1L Q.
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&

Given z = (21,...,24) € H?Zl X; = Xandw = (w1,...,wq) € {0,1}4,
define the jth component of z ow € H;l:l(Xj U {x}) by

x; ifw;=1
(“w)j::{f if oy = 0.

We observe independent copies of the random vector X o ), where (X, ) takes
values in X x {0,1}%. Our aim is to test the MCAR null hypothesis

Hy: X 1L Q.

Write S := {S C [d] : P(Q2 = 1) > 0} for the set of possible observation
patterns. Let Pg denote the distribution of Xg := (X);es conditional on
Q=1g,andlet Ps:= (Ps: S €8).
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Little’s test

&

For Gaussian data where all pairs of variables are observed together, the EM
algorithm can be used to find MLEs for the population mean and covariance
matrix.

Little (1988) estimates means within each observation pattern and compares to
null MLEs with LR test:

J

d2 = z mj(yobs.j - ﬁ’obs.j)io—bg,j(yobs.j - ﬁ'obs.j):r'

j=1
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Fuchs’ test

When X is discrete and complete cases are available ([d] € S), the EM algorithm
can be used to find the MLE for the population distribution.

Fuchs (1982) derived the LR test statistic that compares this to observed counts.
With a large number of complete cases its null distribution is approximately x?.
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Nonparametric tests of consistency Eg

For S1, Sz € Swith S1 NSy # 0, and £ € {1,2}, let P52 denote the
marginal distribution of Pg, on Xg,ns,.

We say that Py is consistent if P511m52 = Pimsz for all S1,5> € S with
S1 NSy # 0.

We can rule out Hj if Ps is not consistent, and this motivates two-sample tests
of consistency (Li & Yu, 2015; Michel et al., 2021).

Optimal MCAR testing 8/42



Testing consistency is not sufficient %

There exist non-MCAR settings where all consistency tests have trivial power.

(), 2) ()00 )

We can rule out MCAR if p > 1/2.
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&

Our methodological aims

We would like to introduce methods that:

» Do not rely on parametric assumptions;

» Can be used for any S, without the need for complete cases (or data on
each pair of variables);

» Have power against all detectable alternatives.
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Our methodological aims

We would like to introduce methods that:

» Do not rely on parametric assumptions;

» Can be used for any S, without the need for complete cases (or data on
each pair of variables);

» Have power against all detectable alternatives.

If X ~ N(0,1) and = 1yx>0}, then X o Q) 4 X' o, where X’ and €' are
independent, with X’ having a folded normal distribution and € ~ Bern(1/2).
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Compatibility

We say Ps is compatible if there exists a distribution P on X whose marginal
distribution on Xg is Pg, for each S € S.

> IfS={{1},...,{d}}, then any P is compatible.
» If [d] € S then compatibility is equivalent to consistency".

> IfS = {{1,2},{2,3},{1,3}}, then consistency is not sufficient for
compatibility.

“More generally, compatibility is equivalent to consistency if S is decomposable (Lauritzen &
Spiegelhalter, 1988).

Optimal MCAR testing 11/42



&

Compatibility

We say Ps is compatible if there exists a distribution P on X whose marginal
distribution on Xg is Pg, for each S € S.

> IfS={{1},...,{d}}, then any P is compatible.
» If [d] € S then compatibility is equivalent to consistency".

> IfS = {{1,2},{2,3},{1,3}}, then consistency is not sufficient for
compatibility.

Write P for the set of compatible Ps.

“More generally, compatibility is equivalent to consistency if S is decomposable (Lauritzen &
Spiegelhalter, 1988).
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Compatibility &

If Hy holds, then Xg 4 Xs|{Q2 = 1g} ~ Pg for each S € S, so the distribution
of X is compatible.
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Compatibility

&

If Hy holds, then Xg 4 Xs|{Q2 = 1g} ~ Pg for each S € S, so the distribution
of X is compatible.

On the o~ther hand, if Ps € ’Pg, then there exists a distribution P on X such
that, if X ~ P is independent of (X, ), then

XoQgXoQ.

But the distribution of (X, Q) satisfies Hy.
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Compatibility

Hy — P e Pg and Ps € ’Pg — cannot rule out Hy.

Ps incompatible

. ? i
Ps compatible Detectable(?) alternatives

Undetectable alternatives

The best we can do is test the compatibility of Ps.
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Testing compatibility &

We slightly change our model. For fixed S C 2[4, distributions (Ps : S € S)
with Ps on Xg, and deterministic sample sizes ng := (ng : S € S) we observe

Xs1,--, Xsng id Ps VS €S, independently.
With this data we aim to test

Hl: PsePd.
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Testing compatibility

&

We slightly change our model. For fixed S C 2[4, distributions (Ps : S € S)
with Ps on Xg, and deterministic sample sizes ng := (ng : S € S) we observe

Xs1,--, Xsng id Ps VS €S, independently.
With this data we aim to test

Hl: PsePd.

In fact, tests of compatibility are needed in other areas beyond missing data.
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Quantum contextuality i

“...measurements of quantum observables cannot simply be thought of as
revealing pre-existing values’ (wikipedia); see Bell (1966).

M. C. Escher (Cunha, 2019)

Other relevant areas include expert systems (Lauritzen & Spiegelhalter, 1988), meta
analysis (Massa & Lauritzen, 2010), relational database theory (Abramsky, 2013) and
quantitative risk management (Puccetti & Riischendorf, 2012).
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Kellerer characterisation g

Let Gs be the set of sequences (fs : S € S), where fg : Xg — [-1,00) is
bounded and upper semi-continuous. Take

G = {fg €0s: mig(Zfs(ms) > o}.

SeS

Theorem (Kellerer, 1984). We have Ps € PY if and only if

> | fs(zs)dPs(xzs) > 0forall fs € GF.
Ses”’ Xs
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Kellerer characterisation Eg

Let Gs be the set of sequences (fs : S € S), where fg : Xg — [-1,00) is
bounded and upper semi-continuous. Take

G = {fg €0s: zig{Zfs(xs) > o}.

SeS

Theorem (Kellerer, 1984). We have Ps € PY if and only if

> | fs(zs)dPs(xzs) > 0forall fs € GF.
Ses”/Xs

This can be regarded as a generalisation of Farkas’s lemma (Farkas, 1902), which
underpins the theory of linear programming.
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Incompatibility index

Definition. Define the incompatibility index
R(Ps) := sup R(F, fs),
fsegg—
where
R(Fs, fs) : Z fs zs) dPs(zs).
SGS )
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Incompatibility index

Definition. Define the incompatibility index

R(Ps) := sup R(Ps, fs),
stQQ—

where

R(Fs, fs) : Z fs zs) dPs(zs).

S’GS

Since we may take fs =0 € G4, we have R(Ps) > 0, and by Kellerer’s
characterisation, R(Ps) = 0iff Ps € 7759.
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Incompatibility index

Definition. Define the incompatibility index

R(Ps) := sup R(Ps, fs),
fs€Gs

where

R(Fs, fs) : Z fs zs) dPs(zs).

S’GS

Since we may take fs =0 € G4, we have R(Ps) > 0, and by Kellerer’s
characterisation, R(Ps) = 0iff Ps € 7759.

We also have R(Ps) < 1.
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Dual form of incompatibility index i

Let Ps denote the set of all sequences (Ps : S € S), where Ps is a distribution
on Xg.

Theorem. Suppose that X; is a locally compact Hausdorff space, for each
j € [d], and that every open set in X is o-compact. Then for any Ps € P,

R(Ps) = inf{e € [0,1]: Ps € (1 — €)PJ + €Ps}.
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Dual form of incompatibility index Eg

Let Ps denote the set of all sequences (Ps : S € S), where Ps is a distribution
on Xg.

Theorem. Suppose that X; is a locally compact Hausdorff space, for each
j € [d], and that every open set in X is o-compact. Then for any Ps € P,

R(Ps) =inf{e € [0,1]: Ps € (1 — €)P§ + €Ps}.

When X is discrete, R(Ps) < 1 iff there exists x € X with Ps({zg}) > 0 for all
S eSs.
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A simple test for discrete X %

Writing Xs := {(S,75) : S € S,z5 € X35}, we can identify Gs with [—1, 00)?
and Qg with a convex polyhedral subset.

Since R(Ps, -) is linear, we can compute R(Ps) using efficient linear
programming techniques.
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and gg with a convex polyhedral subset.

Since R(Ps, -) is linear, we can compute R(Ps) using efficient linear
programming techniques.

Letting Ps denote the sequence of empirical distributions, our test statistic is
R := R(PFs). We propose to reject H|, at level & € (0,1) if R > Cl,, where
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A simple test for discrete X

Writing Xs := {(S,75) : S € S,z5 € X35}, we can identify Gs with [—1, 00)?
and gg with a convex polyhedral subset.

Since R(Ps, -) is linear, we can compute R(Ps) using efficient linear
programming techniques.

Letting Ps denote the sequence of empirical distributions, our test statistic is
R := R(PFs). We propose to reject H|, at level & € (0,1) if R > Cl,, where

Cy = %Z('Xiis_l)l/? + {; log(1/a) Z 7115}1/2.

Ses Ses

Proposition. Fix a, 8 € (0,1). If Ps € P, then Pp,(R > C,,) < o.. Moreover,
for any Ps € Ps with R(Ps) > C,, + Cp, we have

Pp(R>C,) >1—4.

Optimal MCAR testing
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Compatibility and detectability

Ps incompatible
ectable alternatives
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Testing membership of a convex polytope @

The null space P{ is the convex hull of the columns of A € {0, 1}***, with

A(S@s)»y = ]l{fﬁs:ys}'

In fact, Pg is a full-dimensional subset of P§°"®, the set of consistent sequences.

Optimal testing over convex polyhedra depends on the specific geometry
(Blanchard, Carpentier & Gutzeit, 2018; Wei, Wainwright & Guntuboyina, 2019).

Optimal MCAR testing
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Improved tests

&

In determining the critical value C,, we used the bound

sup R(Ps, fs) < sup  R(Ps, fs).
fe€Gd —1<fs<[S]-1

This ignores the constraints

in(AT = mi > 0.
min(A” fs)o gél;(lszegfs(zs)_o

Our strategy is to seek to understand R(-) better, to derive improved tests.

Optimal MCAR testing
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Understanding R(-) &

Define the marginal cone P := {\ - P§ : A > 0} and consistent ball
,Pgons,** — {A . PSCOHS DW= [0’ 1]}

The Minkowski sum PJ* 4 PS°™** is a convex polyhedral subset of [0, 00)™¥,
so let F' denote its number of essential facets (i.e. ignoring non-negativity
conditions).

Proposition. There exist S(l), ce S(F) € G4, depending only on S and As,

such that for Ps € P§°™,

R(Ps) = max R(Fs, A s

More generally, for any Ps € P,

1,52

- () S1NSs  pSiNS
R(Ps) =s Q%R(Ps,fs )+ + max _drv (P!, P ™).
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Improved test i

If F'is known, then we can choose a critical value

log(F X
s Og( /a) + max | 5'105'2|

C! =g — _
a mingesng  S1#52,51NS#0 ng, A ng,

Proposition. Fix a, 8 € (0,1). If Ps € PJ, then ]P’pg(f:i > () < a. Moreover,
there exists M = M(S) > 0 such that whenever Ps € Ps has

R(Ps) > M(C, + Cp),

we have Pps(]% >Cl)>1-0.
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Improved test <

If F'is known, then we can choose a critical value

log(F/a) + max |X5105’2|

! ~
C), <s — )
mingesng  S1#52,51NS#0 ng, A ng,

Proposition. Fix a, 8 € (0,1). If Ps € PJ, then IPPS(ZA% > () < a. Moreover,
there exists M = M (S) > 0 such that whenever Ps € Ps has

R(Ps) > M(C, + Cp),

we have Pp, (R > C') > 1— .

Taking min(Cl,, C.,) as the critical value gives the best of both worlds.
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24/42



d = 3 example

>

Theorem. Let S = {{1,2},{2,3},{1,3}} and X = [r] x [s] x [2] for 7, s > 2.

Then for any Ps € Ps°"®, we have

RP :2 - Y ° () — Mee bl
(Ps) Agﬁ%{gs]( DABe + DAel + PeB1 — Peel )

where, e.g., paBe := P{LQ}(A X B). Moreover,

,Pgow*‘kpgconsy** = {PS € P§OHS7*: max (7pABo+pAol+pcBlfpool) <

AC[r],BC]s]

3

N =

v

In particular, we may take F' = (2" — 2)(2° — 2). In this case, when
n{1,2) = Ny2,3} = N{1,3} = n/3, we have

Ot Cy = {rs-i—log(?ll/(a/\ﬁ)) }1/72 o+l = {r—i—s—&-logfj/(a/\ﬂ))

Optimal MCAR testing
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Proof idea b

Lower bound via primal problem R(Ps) > max sc[,],5c[s] R(Ps, fSA’B).
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Proof idea %

Lower bound via primal problem R(Ps) > max sc[,],5c[s] R(Ps, fSA’B).

Upper bound via dual, relating R(Ps) to a maximal two-commodity flow:

R(PS) = l—max szgk szjk < pogkvzp”k < pzok7pzj1+pzj2 < pzjo}
N i=1 7j=1

(1) (2)
11 Y Pue Y Yis Yis
L] e ——» o —_—
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Minimax testing framework %

Given p € [0, 1], it is convenient to write
Ps(p) :={Ps € Ps : R(Ps) > p},

so that Ps(0) = Ps and PJ = Ps \ Upe(0,1)Ps(p). The minimax risk at
separation p in this problem is defined as

Ring, p) i= mf{ sup Ep(¥l,)+ sup Epsu—w:m)}.
ns L Ps€Py PsePs(p)

Finally, the minimax testing radius is defined as

p*(ng) == inf{p € [0,1] : R(ns, p) < 1/2}.
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Illustration of framework
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d = 3 example again

Theorem. Let S = {{1,2},{2,3},{1,3}} and X = [r] x [s] x [2] for 7, s > 2.

Then 1/2 1/2 1/2
re S () ) )
T{1,2} n{1,3} n{2,3}

Moreover, when nyy 9y > (r + s)log(r + s), ngy 33 > 7logr and
ny2,3) = slogs we have a minimax lower bound:

p*(n)>( rts )1/2+( r )1/2+( s )1/2
S ~y - 17 _ . N - < —_— .
n{1,2} 10g(7“ + 8) 11,3} logr n{2,3} log s
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d = 3 example again &

Theorem. Let S = {{1,2},{2,3},{1,3}} and X = [r] x [s] x [2] for 7, s > 2.

Then 1/2 1/2 1/2
ros (o) )+ Gag)
T{1,2} 7{1,3} n{2,3}

Moreover, when nyy 9y > (r + s)log(r + s), ngy 33 > 7logr and
ny2,3) = slogs we have a minimax lower bound:

p*(n)>( r+s )1/2+( r )1/2+< s )1/2
S) <\ 777/ v 7/ _— s .
ni1,23 log(r + ) ny1,3y logr ny2,3) log s

The sequences of distributions in the lower bound contruction belong to g™,
so the same lower bound holds for testing against consistent alternatives.
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Reductions (1) %

For other (S, X), analytic expressions for R(Ps) can be difficult, but we can
sometimes reduce to simpler problems.
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Reductions (1)

For other (S, X), analytic expressions for R(Ps) can be difficult, but we can
sometimes reduce to simpler problems.

If there exists J C [d] and Sy € S with J C Sy and J NS = for all
S € S\ {So}, then
R(Ps) = R(Py).

Eg.,S=1{{1,2,4},{2,3},{1,3,5}} reduces to S = {{1,2},{2,3},{1,3}}.
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Reductions (II) Eg

If there exists J C [d] such that J C S and Pg’ = P/ forall S €S, then

R<PS) = Z R(PS|XJ:$J)pJ(xJ)

TyEXy

when X is discrete.
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Reductions (II) %

If there exists J C [d] such that J C S and Pg’ = P/ forall S €S, then

R(PS) = Z R(PS|XJ:$J)pJ(xJ)

TyEXy

when X is discrete.

E.g.if S = {{1,2,3},{1,3,4},{1,2,4} } with X = [r] x [s] x [t] x [2], then for
PS c fpé:ons’

P =2 i . iAe i® — VPiee .
s) ZAcﬁlaé{qt] —PiABe + DiAel + DieB1 — Dieel)+

Optimal MCAR testing 31/42



&

Reductions (l11)

If S1,S2 C S are such that there exists J € S with S; NSy = {J} and
(Uses, S) N (Uses,S) = J, then

max{R(Ps, ), R(Ps,)} < R(Ps) < R(Ps,) + R(Ps,).

1@ o2

i@ o3
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Irreducible d = 4 examples

le ———e2 le ———e2
j0—————@3 10— 3
(a) Chain pairs (b) All pairs except one

le ————e2

j0——— 3
(c) All pairs

(d) Single triple

Optimal MCAR testing

(e) All triples

33/42



Mixed discrete and continuous variables %

By binning continuous variables we can apply our tests designed for the discrete
setting.

In particular, when X = [0,1)? x {1, 2} and the densities on X; are
(rj, L)-Holder smooth, with r; € (0,1] for j = 1,2,

_ TiAT
T+2(riArg)

* < .
p*(ns) ~IS|,L (glellslns>

Optimal MCAR testing
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Numerical results

&

Our tests have uniform, finite-sample Type | error control, but could be
conservative. An alternative, Monte Carlo test appears to perform well in
practice.

For |X| < oo, we can solve the dual program for R(Ps) to find a decomposition
Py = {1 — R(Ps)}Qs + R(P5)Ts € {1 — R(Ps)}PS + R(Ps)Ps.
Here Qs can be thought of as a closest compatible sequence of marginal

distributions to Ps.

We can generate bootstrap empirical distributions Qél), ey QéB) from QS and
reject H if and only if

B
L4 L o)<y < @B +1).

Optimal MCAR testing
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Numerical results @

We compare with Fuchs’s LR test. For S = {{1,2},{2, 3}, {1, 3}}, with
X = [r] x [2]* forr € {2,4,6} and with Ps € PS™ defined by

1 B 1 1 1+ (-1)
Piee — ’]"7 Dele = Peel — 27 Die1 = 2r7p101 = o0

and pe21 € [0.25,0.375], we take ng = (200, 200, 200), B = 99, o = 0.05.

Fuchs’s test requires complete cases, so we allow it access to 200 observations
from a closest compatible sequence to Fs.

1 1 A 1 4
0.8 0.8 0.8
21_) 0.6 H 21_) 0.6 H 5 0.6 H
g 3 g
o 0.44 o 0.44 o 0.44
0.2+ 0.2+ 0.2+
0 Jeee* 0 Joeeeee®™ 0 Jecoseees®™
T T T T T T T T T T T T T T T T T T
0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
R(Ps) R(Ps) R(Ps)
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Numerical results %

Now take d = 5, X = [2]® and
S = {{1,2,3,4}, {1,2,3,5},{1,2,4,5},{1,3,4,5}, {2,3,4,5}}.
For e € [0.2,0.35] and 4, j, k, £, m € [2], we set

1 _|_6(_1)i+j+k+€
Pijkte = Dijket = Dijekt = Piejkt = 16 )

1— 6(71)i+j+k+l
Deijkt = 16 y

for which R(Ps) = (5e — 1)4./4.
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Numerical results J)

Allow Fuchs’s test {25, 50, 100,200} complete cases. Our test is in black.

1 -
0.8 —
« 06 -
]
=
o
o 04
0.2 —
0 4
T T T T
0 0.05 0.1 0.15
R(Ps)
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Summary

» Testing MCAR is equivalent to testing compatibility;

» We propose a general test with asymptotic power 1 against fixed
alternatives for discrete/discretisable data;

» Improved tests are possible given knowledge of underlying geometry (and
are rate-optimal in certain cases);

» A Monte Carlo critical value yields good empirical power.

Berrett, T. B. and Samworth, R. J. (2022) Optimal nonparametric testing of
Missing Completely At Random, and its connections to compatibility.
arXiv:2205.08627.

R package: MCARtest.
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‘Congratulations, Peter B’; ‘Thanks, Peter B’ L0

i
Happy birthday, Peter!
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