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Factorizations of matrices/operators:

(i) factoring through subspaces:
rk(M) =min {k : M = AB, Ac RP** B e RF*1}

ie., Jay,...,a, € R" by,..., b, € (RF)* s.t. M;; = (a;, b;)

(i) factoring through cones: cone rank of M

C=1{C;} “closed” family of closed convex cones

-
p

rke(M) =min <k : 3

\

al,...,apéCk, bl,...,qu (Ck)* )
S.t. Mz’j — <CLi,bj>

\_

C={RY} nonnegative rank  tk (M)
C={S%} psdrank rkpsa (M)



1 1
SV1+8 k(M) — o < rkpea(M) < 1k (M) < min(p,q)

k(M) =1 & rkpeq(M) =1 k(M) =2 & rkpsa(M) =2
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Square root rank

vV M Hadamard square root of M

rk (M) := min {rk VM)

VM =13 -1 2|, tkvVM =2

1 4 9
M=19 1 4 rk (M) =2
4 9 1

rk (M) <2
<~
(a, b, c) on this surface

( rk (M) = min {k : 3 S" -factorization of M with rank one factors} J

Corollaries:

rkpsq (M) < rk\/(M)
M € {0,1}P"7 = rkpsq(M) < rk(M)



rk rky | tkpsa | Tk /

rk = <K K> L >

rky | > = &) | <>
I’kpsd <, > < — <
rk VERS > L > > =

Euclidean distance matrices:

—j)?

rk(M) = 3, rkpsa(M) =2
rky (M) = 0O(logyn) Hrubes 2012

Cannot assume all factors have rank one to study psd rank.



Geometric Interpretation

Def: P C R" (convex set) has a psd lift of size k if P = n(S¥ N L)

7 linear map, L affine space




Geometric Interpretation

Def: P C R" (convex set) has a psd lift of size k if P = m(S¥ N L)

7 linear map, L afline space

P = conv(p1,...,p,) CR"
PQQ Q:{CIfERnCI,?CBSB],]:l,,f}

-

slack matrix: Spo € R"™/, (Spq)i; := B — a; P



Geometric Interpretation

Def: P C R" (convex set) has a psd lift of size k if P = m(S¥ N L)

7 linear map, L afline space

P = conv(py,...,p,) CR"

Q={reR": a;‘rxgﬁj, j=1,...,f}
T

slack matrix: Spo € R"™/, (Spq)i; := B — a; P

(" )

Thm: 1kpsa(Spg) = min {k : 37, Lst. PCa(SYNL)CQ}
rkpsd(Spp) = min {k : st. P=7(S¥NL)}

polyhedral-lifts, P polytope, rk, (Sp p)

cone-lifts, P convex set, rke(slack operators)
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(z,vy,2) € R® :

. I‘kpsd =3

p—

14+a 140 1—a 1-—0
g l-a 1406 14+a 1-0
P@=11-a 1-b 14a 140
1+a 1-0 1—a 1+0b

3 ifa*+b%>1
rkpsda = ¢2 if0<a?+0*<1
1 ifa=0=0




PSD ranks of polytopes

not all {0, 1}-polytopes in R"
have small psd litts

no concrete O/ [-polytope family so far with large psd rank

favorite candidate: COR(n) = conv(aa' : a € {0,1}")



PSD ranks of polytopes

not all {0, 1}-polytopes in R"
have small psd litts

no concrete O/ [-polytope family so far with large psd rank

favorite candidate: COR(n) = conv(aa' : a € {0,1}")

rkpsq(P) = k = P has at most KO £acets
eg. psd rank of n-gons grow to infinity with n
rkpsa (generic n-gon) = Q(+v/n)

no family so far with large gap between psd and nonnegative rank



Equivariant psd lifts of polytopes:

(lifts that respect the symmetries of the polytope -- a la Yannakakis)

tk® (CUT(n)) > ([7341)

rkt4

osd (regular n-gon) = O(log n)

rk™?(regular n-gon) = n n prime power

provides exponential gap in sizes of LP and PSD equivariant lifts
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Lower bounds on psd rank

support not powerful:  1kpea(M?) < rk(M)

k—1 k(M
M has k distinct entries = rkjgq(M) < ( + rk( )>

k—1

A lower bounding technique using results of Renegar:

(1) LNS _]ﬁ is bounded by polynomials of degree < k
(2) bound poly describing algebraic boundary of (L NSY) = P
(3) degree of this boundary poly > # facets of P

log n
e.o k. (n-gon) = O
J kpsa(n-gon) (\/log log n)




Polytopes of min psd rank

Theorem: rk(Sp) =n+1 < rkpsq(P)
equality holds < rk ,(Sp) =n+1



Polytopes of min psd rank

Theorem: rk(Sp) =n+1 < rkpsq(P)
equality holds < rk ,(Sp) =n+1

. 2
in R”: d Q biplanar

Theorem: rk,sq(STAB(G)) =n+1 & G perfect

and their
polars

bsd minimal matroid polytopes



a corollary ...

M rk]?sd(M) > rkgd(M) Fawzi-Gouveia-Robinson 14

M is the slack matrix of a biplanar cubolid

002 1 0 1
100 2 0 1
0120 0 1
1 200 0 1
0 02 1 1 0
100 210
0120 1 0
1200 1 0

Open for nonnegative rank



PSD rank of convex sets

C' C R" < rkysq(C) = rkpsa(slack operator of C)

Long history of constructing psd lifts of interesting
convex sets In optimization/control/real algebraic geometry ...

i.e. show rkpsq(C) < 00

Every convex semi-algebraic set has finite psd rank.

true for convex hulls of algebraic curves
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Complexity issues:

1 0 0 af
0 1 0 a3
Square root rank | |
s NP-hard to compute. 00 - 1 a2
1 1 1 0

s psd rank NP-hard to compute!?

nonnegative rank 1s NP-hard

For fixed k, i1s it NP-hard to decide If rkpsa(M) < k7

poly-time decidable for nonnegative rank



Some of the things | did not talk
about ...

* Space of psd factorizations

e Quantum information interpretation of
psd rank

e Approximate factorizations and
approximations of polytopes

e Symmetric psd factorizations




