Writing down polynomials via representation theory Fall 2014, exercises
Christian Tkenmeyer

For a partition A+dn with dn boxes let py(d[n]) denote the multiplicity of the type A in Sym?Sym™V for a
finite dimensional complex vector space V' of high enough dimension. This is called a plethysm coefficient.
For a partition triple (A, 1, v) with d boxes each let k(X; u; v) denote the multiplicity of the type (A, p, V) in
Symd®3V = Symd(A ® B ® C). This is called a Kronecker coefficient.

Exercise 1.
Prove that ps 1)(2[2]) = 0.

Exercise 2.
Prove that p(22)(2[2]) > 0. Moreover, prove that p(, 2)(2[2]) = 1.

Exercise 3.
Prove that k((2,1,1,1,1,1,1,1);(7,1,1);(7,1,1)) = 0.

Exercise 4.
Let d,n € N, d > 1, and let A = d x n be the rectangular partition with d rows and n columns. Prove that

1 for n even

paldln]) = {O for n odd

Exercise 5.
Partitions of the form (a,1,1,...,1) are called hook partitions. Let d,n € N and let A+ dn be a hook partition
with at least 2 rows (so that X is not only a single row). Prove that py(d[n]) = 0.

Exercise 6.
Prove that the following hypergraph defines a polynomial in Sym®@?3C?* that vanishes on all rank 4 tensors.

Exercise 7.
For the following two hypergraphs check if they give the zero polynomial in Sym3®3(Cd or a nonzero poly-
nomial?

Exercise 8.
Prove that the polynomial obtained from the hypergraph from exercise 3 also vanishes on rank 5 tensors.



