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Coulomb kernel in mathematical physics

B Coulomb kernel in RY, d>1,

lo ! if d=2

— | =

eRY s g(x) = ®ix

x g = 1 .
—(d—2)|x|d‘2 IT not

B Fundamental solution of Poisson’s equation

279/2
r(d/2)

Ag=-c40qg where c4= 1S9 =

B Repulsion for charges of same sign, singular when d =2

B Riesz kernel |x|7%, if s=d — a then fractional Laplacian A,

Simons/Berkeley 2020 — 3/26



Aspects of Coulomb gases
L Electrostatics

From now on d =2

g(x)
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Coulomb potential and Coulomb energy
B Coulomb potential of a probability measure u at point x

Up(x) = f g(x—y)du(y) = (g * u)(x)
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L Electrostatics

Coulomb potential and Coulomb energy

B Coulomb potential of a probability measure u at point x

Uu(x) = f g(x—y)dp(y) = (g *p)(x)
B Inversion formula (g =—c4A™?)
Ag=cqbp = —AU,=cyp.

B Coulomb energy of probability measure u

6(1) = 5 [[ -y utax)utay)
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L Electrostatics

Coulomb potential and Coulomb energy

B Coulomb potential of a probability measure y at point x

Uu(x) = [ 0= )duy) = (g *1)(x)
B Inversion formula (g = —c4A™?)
Ag=cqbp = —AU,=cyp.

B Coulomb energy of probability measure u

&(u) = % f f g(x—y)u(dx)u(dy)

B Integration by parts and “carré du champ”, n=pu—v,
&) 1fUd —1fUAUd —1f|VU|2d
= — = — X = X.
P=3) = "o, ) T T o, !
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External field equilibrium measure

B External field potential V :R? — (—o0, +o0]

lim (V(x)-loglx|l4=p)>—o00
|x|—00

Simons/Berkeley 2020 — 6/26



Aspects of Coulomb gases
L Electrostatics

External field equilibrium measure

B External field potential V :R? — (—o0, +o0]

lim (V(x)-loglx|l4=p)>—o00
|x|—00

B Coulomb energy with external field potential

su(w) =6+ [ v

Simons/Berkeley 2020 — 6/26



Aspects of Coulomb gases

L Electrostatics

External field equilibrium measure
B External field potential V :R? — (—o0, +o0]

lim (V(x)-loglx|lg=2) > —o0.

[x|—00

B Coulomb energy with external field potential

sv(u) =)+ [ Vau

B &y strictly convex, lower semi-continuous, compact level sets

Simons/Berkeley 2020 — 6/26



Aspects of Coulomb gases

L Electrostatics

External field equilibrium measure
B External field potential V :R? — (—o0, +o0]

lim (V(x)-loglx|lg=2) > —o0.

[x|—o00
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External field equilibrium measure
B External field potential V :R? — (—o0, +o0]

lim (V(x)-loglx|lg=2) > —o0.

[x|—o00

B Coulomb energy with external field potential

sv(w) =)+ [ Vau.

B 8y strictly convex, lower semi-continuous, compact level sets
B Equilibrium probability measure (electrostatics)

=arg min &
13% gg}(Rd) %

B supp(uy) is compact if limjy—co( V(x) —loglx|1g=2) = +o0
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Convexity and Bochner positivity

B Convexity/Positivity for probability measures u and v

t&y (1) +(1- )&y (v) - &y (tu+(1-t)v)

t(1-t)

1
=&(u-v)= E«[I;%d |VU,J,V|2dx
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L Electrostatics

Convexity and Bochner positivity

B Convexity/Positivity for probability measures u and v

t&y(u)+(1-t)8v(v)-8Ev(tp+(1-t)v)
t(1-1t)

1
=&(u-v)= 2 f VU, J12dx.

B Euler-Lagrange variational characterization (quadratic form!)

Ly =ev on S_upp(uv)
>cy outside

quasi everywhere, where ¢y =é"(,u\/)—f Vduy
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Examples of equilibrium measures

Dimension d | Potential V Equilibrium measure uy/
=1 | oolj>r Uniform on sphere of radius r
>1 | <oo and €2 cglAV on interior of support
>1 %I-I2 Uniform on unit ball
(Ginibre) 2 | 312 Uniform on unit disc
(Spherical) 2 | 3log(1+]-) Heavy-tailed m
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Examples of equilibrium measures

Dimension d | Potential V Equilibrium measure uy/
=1 | oolj>r Uniform on sphere of radius r
>1 | <oo and €2 cglAV on interior of support
>1 %I-I2 Uniform on unit ball
(Ginibre) 2 | 312 Uniform on unit disc
(Spherical) 2 | 3log(1+]-) Heavy-tailed W
(CUE) 2 | 00l ((ab)x(0}) Arcsine s+— n\/%
(GUE) 2 %1%{0} +00L(Rx(o})c | Semicircle s— Jg—;?lse[_m]
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Coulomb gas or one-component plasma

B Particles subject to external field and singular pair repulsion

B, 30) = B 1 V() + 3 T (-9)

i<j
=B’ 67 (1, x,)
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Coulomb gas or one-component plasma

B Particles subject to external field and singular pair repulsion

BEn(, .. 30) = B[ V) + 3 T -9)

i<j

.....

£t = [ Va5 [] glu=v)dute)du)
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L Gases

Coulomb gas or one-component plasma

B Particles subject to external field and singular pair repulsion

ﬁEn(le »Xn ( Z V XI 2 Zg )

i<j

B Empirical measure iy, ——Z5X, and

dep+ ff u—v)dp(u)du(v)

B Boltzmann—Gibbs measure when e~"A(V-log(1+)1a-2) e 11 (dx)

dP,(x1,...,%xp) = ————dxy ---dx,
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Examples: exactly solvable RMT and Coulomb gases
B d=2 gives

e BEi V(xi)-Licjg(xi—%)) = o= BLi V(%) H Ix; —leﬁ

i<j
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B d=2 gives

e BEi V(xi)-Licjg(xi—%)) = o= BLi V(%) H Ix; —leﬁ

i<j
B d=2 and § =2 give determinantal structure

Pn,k(Xm, ...,ka) = det(KV'"(Xi’)g))lsi,jsk
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L Gases

Examples: exactly solvable RMT and Coulomb gases
B d=2 gives
-B(Xi V(x)-Licjg(xi=x)) = g=BLi V(xi) H Ix; —leﬁ
i<j
B d=2 and =2 give determinantal structure

Pn,k(dxl, ..‘,ka) = dEt(KVv”(Xf’Xj))lsi,jsk

B Me My, (C), M e Trace(MM”)
Ensemble | Random Matrix | Potential V (d=p=2)

Ginibre M| 312

(GUE) Hermite F5(M+M*) | 31 Lgsio) +00L (pcioy)e
(LUE) Laguerre MM* | 31/ 1g, x (0} + 0L (g, x(0))c
Spherical My My~ 1 1 ”+1 log(1+]1- 2 )
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Laplace method point of view

B Laplace point of view

dP,(x1,...,xn) = Z dxq ---dxp.
n
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Laplace method point of view

B Laplace point of view

dPp(x1,...r Xp) = —————— dxq ---dxp.
Zp
B Large Deviation Principle (also works if =, with nf, — o)
Pn(tixy,...x, € B) n o

e-Br?infa(Ev -6y (uv))
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L Gases

Laplace method point of view

B Laplace point of view

dP,(x1,...,xn) = Z—dX1~~dx,,.
n

B Large Deviation Principle (also works if g =, with n, — o)

Pa(tbey € B) = e Prinfelsv-eviun)

n—oo

B Law of Large Numbers : if X ~ P, then almost surely

— =argminé&
Xy Xy 2 HV = arE v

..., Voiculescu, Ben Arous— Guionnet, Hiai—Petz,. ..
..., Serfaty et al, C.-Gozlan-Zitt, Dupuis, Berman, Garcia-Zelada,.. .
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Asymptotic analysis of fluctuations

. _n?, -1 2
B Gaussian structure: P, ~ e~z (Acad pmpm—n Vo0
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Asymptotic analysis of fluctuations

. _n?, -1 _ 2
B Gaussian structure: P, ~ e~z (AcA pp—n"fV,p)

B Asymptotics: Central Limit Theorem with Gaussian Free Field

n
1 1
Z ) = JV(O f |Vf|2dx+---)
i n—co pcd Jre
.., Johansson, ..., Rider-Virag, ..., Serfaty et al, ...
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L Gases

Asymptotic analysis of fluctuations

. _n?, -1 _ 2
B Gaussian structure: P, ~ e~ 7 PO o =n"pCV p)

B Asymptotics: Central Limit Theorem with Gaussian Free Field

n—oo

i:ilf(xi)—[E(---) e W(O,ifww#d”-..)

..., Johansson, ..., Rider-Virag, ..., Serfaty et al, ...

B Quantitative: concentration of measure inequalities

P(dist(pxy,..x, Hv) = 1)

< e—aﬁn2r2+1d:2(§nlogn)+bﬁn2’2/d+c(ﬁ)n

..., Guionnet—Zeitouni, Rougerie-Serfaty, Hardy—-C.—Maida, Berman, ...
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Heuristics beyond Coulomb case?

B High dimensional asymptotic analysis

B Exchangeable Boltzmann—Gibbs measure with limiting energy
..... xn)

e_ﬁg(”)

Simons/Berkeley 2020 — 14/26



Aspects of Coulomb gases

L Gases

Heuristics beyond Coulomb case?

B High dimensional asymptotic analysis

B Exchangeable Boltzmann—Gibbs measure with limiting energy

e_ﬁg(ﬂxl ----- Xn) e_ﬁg(”)
Zy n—oo [/

B Energy & is lower semi-continuous and strictly convex
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L Gases

Heuristics beyond Coulomb case?

B High dimensional asymptotic analysis
B Exchangeable Boltzmann—Gibbs measure with limiting energy

e_ﬁg(ﬂxl ,,,,, xn) e—ﬁé"(ﬂ)
Zn n—oco /[

Energy & is lower semi-continuous and strictly convex

Large deviations principle a la Sanov—Voiculescu

]
]
B CLT for linear statistics with inverse covariance D2&(argminé&)
B Concentration of measure with pseudo-metric &(-) —min&

|

Strong law of large numbers via Borel-Cantelli
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L Gases

Heuristics beyond Coulomb case?

B High dimensional asymptotic analysis
B Exchangeable Boltzmann—Gibbs measure with limiting energy

e_ﬁg(ﬂxl ,,,,, xn) e—ﬁé"(ﬂ)
Zn n—oco /[

B Energy & is lower semi-continuous and strictly convex

B Large deviations principle a la Sanov—Voiculescu

B CLT for linear statistics with inverse covariance D2&(argminé&)
B Concentration of measure with pseudo-metric &(-) —min&

B Strong law of large numbers via Borel-Cantelli

B Coulomb specific: singularity, and & < g < (Sobolev) ™! -~ W,
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LDynamics for planar case

Langevin dynamics
B Overdamped Langevin dynamics on (RY)": X th—w> P,
—00

dX; =, /2%dBt —aVEp(X;)dt, L=a(f1A-VE,-V)

Dyson, Bru, Lassalle, Rogers=Shi, Guionnet et al,..., Erdés—Yau et al...
Bolley—C.—Fontbona, C.—Lehec, Akkeman—Byun, ...
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LDyna\mics for planar case

Langevin dynamics

law

B Overdamped Langevin dynamics on (R?)": X, = Pn
—00

dX; =, /2%dBt —aVE,(X:)dt, L=a(f1A-VE, V)

B Mean-field McKean-Vlasov limit: if o =lim,_o 3" then (?)
nlim px, =v: where 0:vi=0Avi+V-((VV+Vg*vi)vy).
—00

..., Carrillo-McCann-Villani, ..., Guionnet et al, ..., Jabin et al, ...
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LDyna\mics for planar case

Langevin dynamics

law

B Overdamped Langevin dynamics on (R9)": Xt = Pn

dX; = /2%d8t —aVE,(X:)dt, L=a(f'A-VE,V)

B Mean-field McKean-Vlasov limit: if o = Iimn_,oo% then (7)

lim px, =v: where 0:ve=0Av:+V-((VV+Vgxve)ve).

n—oo

B Underdamped Langevin or kinetic Dyson—Ornstein—-Uhlenbeck

dX; = aYedt, dY:=—aVE,(X;)dt+, /2%d8t —yaY.dt

Good for numerical simulation via Hamiltonian Monte Carlo

Ferré—C., Lu—Mattingly, Dolbeault et al
Simons/Berkeley 2020 — 16/26
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Example of kinetic Dyson HMC in 1D

Dyson HMC positions N=8
2k

(=}

I
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B Exact computation for d =2, V=%I-|2, and any >0
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LDyna\mics for planar case

Exact computations for B Ginibre

B Exact computation for d =2, V:%|-|2, and any >0

B (e 2N Laughlin wave function fractional quantum Hall effect
B Xi1+--+ Xt is an Ornstein-Uhlenbeck process

B [ X:11?+--+|Xgnl? is a Cox—Ingersoll-Ross process

B As a consequence if X, ~P, then

Xi+- Xy ~ ﬂ(o,%)

X112+ +1Xp2 ~ Gamma(n+ﬁ@,ﬁg)
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LDyna\mics for planar case

Exact computations for B Ginibre
Exact computation for d =2, V:%|-|2, and any >0

P € 2N Laughlin wave function fractional quantum Hall effect

]

]

B Xi1+--+ Xt is an Ornstein-Uhlenbeck process
n |Xt,1|2+"'+ IXt,,,I2 is a Cox—Ingersoll-Ross process
]

As a consequence if X, ~P, then

Xi+- Xy ~ ﬂ(o,%)

X112+ +1Xp2 ~ Gamma(n+ﬁ@,ﬁg)

B Lack of useful tridiagonal model? Special eigenfunctions!
Bolley—C.—Fontbona, C.-Lehec
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LDyna\mics for planar case

Exact computations for B Ginibre

Exact computation for d =2, V:%|-|2, and any >0

P € 2N Laughlin wave function fractional quantum Hall effect

]

]

B Xi1+--+ Xt is an Ornstein-Uhlenbeck process
n |Xt,1|2+"'+ IXt,,,I2 is a Cox—Ingersoll-Ross process
]

As a consequence if X, ~P, then

Xi+- Xy ~ ﬂ(o,%)

X112+ +1Xp2 ~ Gamma(n+ﬁ@,ﬁg)

B Lack of useful tridiagonal model? Special eigenfunctions!
Bolley—C.—Fontbona, C.-Lehec

B Physics: threshold on microscopic behavior at = 140
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Conditioned Coulomb gas

B X~P,and Y ~Law(X | @(X1)+---+¢(Xp) =0)
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Conditioned Coulomb gas

B X ~P,and Y ~Law(X | p(X1)

#eeet 9(Xe) =0)
B If ¢ is regular enough then almost surely

n—oon |

lim — Z5Y HViap =argminéy qqy
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LConditioning

Conditioned Coulomb gas

B X~P,and Y ~Law(X | @(X1)+---+¢(Xp) =0)
B If ¢ is regular enough then almost surely
lim — Z5y HViap =argminéy i qp.

n—oon |

B Exactly solvable when V/(x) = c|x|? and ¢(x) = ax + b. Shift!
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LConditioning

Conditioned Coulomb gas

B X ~P,and Y ~Law(X | @(X1)+---+¢(X,) =0)

B If ¢ is regular enough then almost surely

n
lim — 25\’; = UViap =argminéyqqp.

n=eon s

B Exactly solvable when V/(x) = c|x|?> and ¢(x) = ax + b. Shift!

B Gibbs conditioning principle for non-® singular Gibbs measures
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LConditioning

Conditioned Coulomb gas

B X ~P,and Y ~Law(X | @(X1)+---+¢(X,p) =0)
B If ¢ is regular enough then almost surely

n
lim — 25\’; = UViap =argminéy qqp.

n=eon s

B Exactly solvable when V/(x) = c|x|?> and ¢(x) = ax + b. Shift!
B Gibbs conditioning principle for non-® singular Gibbs measures
B Maing technical difficulty: regularity sets of &y

B Quadratic conditioning gives perturbation of g instead of V
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LConditioning

Conditioned Coulomb gas

B X ~P,and Y ~Law(X | @(X1)+---+¢(X,p) =0)
B If ¢ is regular enough then almost surely
n
lim — 25\’; = UViap =argminéy qqp.

n=eon s

Exactly solvable when V/(x) = c|x|? and ¢(x) = ax+ b. Shift!

Gibbs conditioning principle for non-® singular Gibbs measures

[ |

[ |

B Maing technical difficulty: regularity sets of &y

B Quadratic conditioning gives perturbation of g instead of V
[

Numerical simulation: constrained HMC via kinetic Langevin
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LConditioning

Conditioned Coulomb gas

B X ~P,and Y ~Law(X | @(X1)+---+¢(Xp) =0)

If ¢ is regular enough then almost surely

.1 & .
lim —Z&W:p\ﬂa(p:argmmé”\/mw.

n—oo n i=1

Exactly solvable when V/(x) = c|x|?> and ¢(x) = ax + b. Shift!

Gibbs conditioning principle for non-® singular Gibbs measures

[ |

[

B Maing technical difficulty: regularity sets of &y,

B Quadratic conditioning gives perturbation of g instead of V
[ |

Numerical simulation: constrained HMC via kinetic Langevin
Ferré—C.-Stoltz
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Conditioned Coulomb gases — HMC/Julia
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Conditioned Coulomb gases — HMC/Julia

Simons/Berkeley 2020 — 21/26

0.32

0.28

0.24

0.20

0.16

0.12

0.08

0.04

0.00



Aspects of Coulomb gases

LConditioning

Conditioned Coulomb gases — HMC/Julia

15F

10+

051

0.0

=05}

~1.0F

~1.5}

0.40
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LConditioning
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Wigner jellium and Coulomb gas
B Eugene P. Wigner 1938 : Electrons in a piece ScRY of metal
B Simplification of Hartree—Fock quantum model
B Background of opposite charges on supp(p) < S

. n
B (xt,.00) = 2 g (xi—xj) —a ) Up(x) +a’c
i<j i=1

_ pgfellium

B Charge neutral if @ = n, Boltzmann—Gibbs measure %
n

B Jellium is a Coulomb gas P, with external field potential

-2, on S a
v={ n"° and ==
{+oo outside Hv np

® Coulomb gas is a Jellium with p=Z=-AV on S = RI
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Two dimensional jellium with uniform background
B d =2 and p = Uniform(D(0, R))

V(x) === Up(x)

I><I2
= ;(ﬁ -1 +|Og R)1|X|<R+ _IOg|X|1\X|>R

; 2
m 7 oo iff a—n>= -1

B Impossible: charge neutral (@ = n) with determinantal (f=2)
W If nf,—o0and % — A =1, then uy = Uniform(D(0, R/V1))
B Transition for edge fluctuations when =2 and a, ~ An

Gumbel if A>1 and Heavy-tailed if 1 =1.

Garcia-Zelada-C.—Jung. More: Butez—Garcia-Zelada
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Thank you very much for your attention!
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