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,

th
en

‖u
‖ ψ

1
≤

c n
+
c n

∫ ‖∇
2
u
−
a
I n
‖2 H

S
d
s n
−
1

+
6
‖l
‖ L

2
.

O
rl

ic
z
ψ
1
-n

or
m

:

‖u
‖ ψ

1
=

in
f
{ λ

>
0

:
E θ
e|
u
|/
λ
≤

2} .

N
ot

e:
u
−
l

ha
s

ze
ro

lin
ea

r
pa

rt
an

d
th

e
sa

m
e

H
es

si
an

as
u

.
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C
o
n
ce

n
tr
a
ti
o
n
o
f
ch

ar
a
ct
er
is
ti
c
fu
n
ct
io
n
s
(s
ta
n
d
ar
d
ra
te
)

L
em

m
a

5.
G

iv
en

an
is

ot
ro

pi
c

ra
nd

om
ve

ct
or
X

in
R
n
,

fo
r

al
l
t
∈
R

,

E θ
|f
θ
(t

)
−
f

(t
)|2
≤

t2

n
−

1
.

M
or

eo
ve

r,

‖f
θ
(t

)
−
f

(t
)‖
ψ
2
≤

c|
t|
√
n
.

P
ro

of
.

D
efi

ne
th

e
sm

oo
th

fu
nc

ti
on

s

u
t(
θ)

=
f θ

(t
)

=
E
ei
t〈
X
,θ
〉 ,

θ
∈
R
n
.

G
ra

di
en

ts
:

〈∇
u
t(
θ)
,w
〉

=
it
E
〈X
,w
〉e

it
〈X
,θ
〉 ,

w
∈
C
n
.

B
y

th
e

is
ot

ro
py

,
w

ri
ti

ng
w

=
w

0
+
iw

1
,
w

0
,w

1
∈
R
n
,

w
e

ha
ve

|〈
∇
u
t(
θ)
,w
〉|

2
≤

E
|〈
X
,w
〉|

2

=
E
〈X
,w

0
〉2

+
E
〈X
,w

1
〉2

=
|w

0
|2

+
|w

1
|2

=
|w
|2 .

T
hi

s
gi

ve
s

a
un

if
or

m
b

ou
nd
|∇
u
t(
θ)
|≤
|t|

.
T

he
n

ap
pl

y
th

e
sp

he
ri

ca
l

P
oi

nc
ar

é
in

eq
ua

lit
y

an
d

th
e

G
au

ss
ia

n
co

nc
en

tr
at

io
n

on
th

e
sp

he
re

.
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C
o
n
ce

n
tr
a
ti
o
n
o
f
ch

ar
a
ct
er
is
ti
c
fu
n
ct
io
n
s
(i
m
p
ro
ve

d
ra
te
)

L
em

m
a

6.
G

iv
en

an
is

ot
ro

pi
c

ra
nd

om
ve

ct
or
X

in
R
n
,

in
th

e
in

te
rv

al
|t|
≤
A
n
1/
5
,

c
E θ
|f
θ
(t

)
−
f

(t
)|2
≤
‖l
t‖

2 L
2

+
Λ
t4 n
2

w
he

re
f

(t
)

=
E θ
f θ

(t
)

an
d
l t

is
a

lin
ea

r
pa

rt
of
f θ

(t
)

in
L
2
(s
n
−
1
)

w
it

h
co

ns
ta

nt
c

=
c(
A

)
>

0.
M

or
eo

ve
r,

fo
r
|t|
≤
A
n
1/
6
,

c
‖f

θ
(t

)
−
f

(t
)‖
ψ
1
≤
‖l
t‖
L
2

+
Λ
t2 n
.

P
ro

of
(w

it
h

a
w

or
se

up
p

er
b

ou
nd

in
t

an
d

as
su

m
in

g
th

at
l t

=
0)

.
In

th
e

is
ot

ro
pi

c
ca

se
,

th
e

S
O

C
is

de
sc

ri
b

ed
as

E
∣ ∣ ∣ ∣n ∑ j,

k
=
1

z j
k

(X
jX

k
−
δ j
k
)∣ ∣ ∣ ∣2

≤
Λ

w
it

h
ar

bi
tr

ar
y
z j
k
∈
C

su
ch

th
at
∑ n j,

k
=
1
|z
jk
|2

=
1.

T
o

em
pl

oy
an

im
pr

ov
ed

sp
he

ri
ca

lc
on

ce
nt

ra
ti

on
(L

em
m

a
3)

,w
e

ne
ed

to
es

ti
m

at
e

th
e

op
er

at
or

no
rm
‖∇

2
u
t
−
a
I n
‖

an
d

th
e

H
ilb

er
t-

S
ch

m
id

t
no

rm
‖∇

2
u
t
−
a
I n
‖ H

S
.

F
or

an
y

fix
ed
t
∈
R

,

[ ∇2 u
t(
θ)
] jk

=
∂
2

∂
θ j
∂
θ k
f θ

(t
)

=
−
t2
E
X
jX

k
ei
t〈
X
,θ
〉 .
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T
ha

t
is

(i
n

m
at

ri
x

fo
rm

),
fo

r
an

y
w
∈
C
n
,

〈 ∇2 u
t(
θ)
w
,w
〉 =
−
t2
E
|〈
X
,w
〉|

2
ei
t〈
X
,θ
〉 .

C
ho

os
in

g
a

=
−
t2
f

(t
),

by
th

e
is

ot
ro

py
as

su
m

pt
io

n,
if
|w
|=

1,
∣ ∣〈 (∇

2
u
t(
θ)
−
a
I n

)
w
,w
〉∣ ∣ ≤

t2
E
|〈
X
,w
〉|

2
+
|a
||
w
|2
≤

2t
2
.

H
en

ce
‖∇

2
u
t(
θ)
−
a
I n
‖
≤

2t
2
.

In
ad

di
ti

on
,

pu
tt

in
g
a

(θ
)

=
−
t2
f θ

(t
),

w
e

ha
ve

∥ ∥ ∇2 u
t(
θ)
−
a

(θ
)I
n

∥ ∥2 H
S

=

n ∑ j,
k
=
1

∣ ∣ ∇2 u
t(
θ)
jk
−
a

(θ
)
δ j
k

∣ ∣2
=

su
p

∣ ∣ ∣ ∣n ∑ j,
k
=
1

z j
k

( ∇2 u
t(
θ)
jk
−
a

(θ
)
δ j
k

)∣ ∣ ∣ ∣2

≤
t4

su
p
E
∣ ∣ ∣ ∣n ∑ j,

k
=
1

z j
k

(X
jX

k
−
δ j
k
)∣ ∣ ∣ ∣2

,

as
lo

ng
as
∑ n j,

k
=
1
|z
jk
|2

=
1.

T
hu

s,
fo

r
al

l
θ,

∥ ∥ ∇2 u
t(
θ)
−
a

(θ
)I
n

∥ ∥2 H
S
≤

Λ
t4
.

16



O
n

th
e

ot
he

r
ha

nd
,

by
L

em
m

a
5,

E θ
∥ ∥ (a(θ

)
−
a

)I
n

∥ ∥2 H
S

=
n
t4
E θ
|f
θ
(t

)
−
f

(t
)|2
≤

2t
6
.

T
he

tw
o

b
ou

nd
s

gi
ve

E θ
∥ ∥ ∇2 u

t(
θ)
−
a
I n
∥ ∥2 H

S
≤

2Λ
t4

+
4t

6
.

F
in

al
ly

,
ap

pl
y

L
em

m
a

3
w

it
h u
(θ

)
=

1 2t
2
u
t(
θ)

=
1 2t
2

(f
θ
(t

)
−
f

(t
))

fo
r

w
hi

ch
‖∇

2
u

(θ
)
−
a
I n
‖
≤

1

an
d

b
≡

E θ
∥ ∥ ∇2 u

t(
θ)
−
a
I n
∥ ∥2 H

S
≤

1 2
Λ

+
t2
.

S
ec

on
d

as
se

rt
io

n
of

L
em

m
a

3: E θ
ex

p
{ n

−
1

2(
1

+
4b

)
|u

(θ
)|} ≤

2,

or
eq

ui
va

le
nt

ly

‖u
‖ ψ

1
≤

2(
1

+
4b

)

n
−

1
≤

4 n
+

16 n

( 1 2
Λ

+
t2
) .

T
hi

s
yi

el
ds

‖f
θ
(t

)
−
f

(t
)‖
ψ
1
≤

ct
2 n

(Λ
+
t2

).
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L
2 -
n
o
rm

o
f
lin

ea
r
p
ar
ts

L
et
u

b
e

a
C

2
-s

m
oo

th
fu

nc
ti

on
on
S
n
−
1

w
it

h
m

ea
n

ze
ro

,
an

d

l
=

P
ro

j H
(u

)

b
e

it
s

pr
oj

ec
ti

on
on

to
th

e
sp

ac
e
H

of
al

l
lin

ea
r

fu
nc

ti
on

s
in
L
2
(s
n
−
1
).

O
ne

m
ay

ch
oo

se
fo

r
th

e
or

th
on

or
m

al
ba

si
s

l k
(θ

)
=
√
n
θ k
,
k

=
1,
..
.,
n
,
θ

=
(θ

1
,.
..
,θ

n
)
∈
Sn
−
1
.

H
en

ce

l(
θ)

=

n ∑ k
=
1

〈u
,l
k
〉 L

2
l k

(θ
)

=
〈v
,θ
〉

w
it

h

v
=
n

∫ θu
(θ

)
d
s n
−
1
(θ

)

w
hi

ch
im

pl
ie

s

‖l
‖2 L

2
=

1 n
|v
|2

=
n
E θ

E θ
′ 〈
θ,
θ′
〉u

(θ
)ū

(θ
′ )
.
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C
h
ar
a
ct
er
is
ti
c
fu
n
ct
io
n
o
f
lin

ea
r
fu
n
ct
io
n
s

L
in

ea
r

fu
nc

ti
on

al
s
l(
θ)

=
〈θ
,v
〉

w
it

h
|v
|=

1
vi

ew
ed

as
ra

nd
om

va
ri

ab
le

s
on

(S
n
−
1
,s
n
−
1
)

ha
ve

eq
ua

l
di

st
ri

bu
ti

on
s

w
it

h
de

ns
it

y

c n
( 1
−
x
2
)n−3 2

+
,

x
∈
R
,

c n
=

Γ
(n 2

)
√
π

Γ
(n
−
1

2
).

C
ha

ra
ct

er
is

ti
c

fu
nc

ti
on

(m
ul

ti
pl

e
of

B
es

se
l

fu
nc

ti
on

of
th

e
fir

st
ki

nd
w

it
h

in
de

x
ν

=
n 2
−

1)
:

J
n
(t

)
=

E θ
ei
tθ
1

=
c n

∫ 1 −
1

ei
tx

(1
−
x
2
)n
−
3

2
d
x
.

L
em

m
a

7.
F

or
al

l
t
∈
R

, ∣ ∣ ∣J n( t
√
n
) −(

1
−
t4 4n

) e−
t2
/2
∣ ∣ ∣≤

c n
2

m
in
{1
,t

4
},

∣ ∣ ∣( J n(
t√
n
)) ′ +

t
( 1

+
4t

2
−
t4

4n

) e−
t2
/2
∣ ∣ ∣≤

c n
2

m
in
{1
,|
t|3
}.
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L
in
ea

r
p
ar
t
o
f
ch

ar
a
ct
er
is
ti
c
fu
n
ct
io
n
s

L
et
X

b
e

an
is

ot
ro

pi
c

ra
nd

om
ve

ct
or

in
R
n
,

an
d

le
t
l t

(θ
)

b
e

th
e

lin
ea

r
pa

rt
of

th
e

ch
ar

ac
-

te
ri

st
ic

fu
nc

ti
on

f θ
(t

)
=
E
ei
t〈
X
,θ
〉

as
a

fu
nc

ti
on

of
θ

on
th

e
sp

he
re

.
S

qu
ar

ed
L
2
(s
n
−
1
)-

no
rm

:

I
(t

)
=
‖l
t‖

2 L
2

=
n
E θ

E θ
′ 〈
θ,
θ′
〉f

θ
(t

)f̄
θ′

(t
).

L
et
Y

b
e

an
in

de
p

en
de

nt
co

py
of
X

.
L

em
m

a
7

im
pl

ie
s:

L
em

m
a

8.
F

or
an

y
t
∈
R

,

I
(t

)
=
t2 n
E
〈X
,Y
〉( 1
−

(U
2

+
V

2
)
t4
−

8R
2
t2

4n

) e−
R
2
t2

+
O
( t2 n

5/
2

) ,

w
he

re

R
2

=
|X
|2

+
|Y
|2

2n
,

U
=
|X
|2

n
,

V
=
|Y
|2

n
.

P
ut

ti
ng
T
0

=
4√

lo
g
n

,
w

e
ha

ve ∫ T 0 0

I
(t

)

t2
d
t
≤

c n
E
〈X
,Y
〉

R
+
O
( Λ2 n

2

) .
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B
a
ck

to
(t
h
e
p
ar
t
o
f)

B
er
ry
-E

ss
ee

n

L
em

m
a

9.
If
X

ha
s

m
ea

n
ze

ro
an

d
P

oi
nc

ar
é

co
ns

ta
nt
λ
1
>

0,
th

en

E
〈X
,Y
〉

R
≤

c

λ
2 1
n
.

N
ow

,
by

L
em

m
a

6,
fo

r
|t|
≤
A
n
1/
6
,

c
‖f

θ
(t

)
−
f

(t
)‖
ψ
1
≤
√ I(t

)
+

Λ
t2 n
,

so
th

at

c

∥ ∥ ∥ ∥∫ T 0 0

|f
θ
(t

)
−
f

(t
)|
d
t t

∥ ∥ ∥ ∥ ψ 1≤
c

∫ T 0 0

‖f
θ
(t

)
−
f

(t
)‖
ψ
1

d
t t

≤
Λ
T

2 0

2n
+

∫ T 0 0

√ I(t
)

t
d
t.
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H
er

e,
by

L
em

m
as

8-
9,

∫ T 0 0

I
(t

)

t2
d
t

=
O
( 1 λ

2 1
n
2

) .

It
fo

llo
w

s
th

at
∫ T 0 0

√ I(t
)

t
d
t
≤
√ T 0

( ∫ T
0

0

I
(t

)

t2
d
t) 1/2

≤
c′ λ
1
n

(l
og
n

)1
/4
.

R
ec

al
l

th
at

Λ
≤

4 λ
1
.
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