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Classical Quermassintegrals

Let K convex body in Rn (convex, compact, int(K ) 6= ∅).

Steiner ∼1850: |K + tBn
2 | =

n∑
k=0

(
n
k

)
tn−k Wk (K ).

Definition: Wk (K ) is called the k -th quermassintegral of K .
By Kubota’s formula:

Wk (K ) =
|Bn

2 |
|Bk

2 |

∫
Gn,k

|PF K |σ(dF ).

E.g. Wn−1(K ) = nHn−1(∂K ), W1(K ) = |Bn
2 | · half-mean-width(K ).

Fix k ∈ {1, . . . ,n − 1} (Wn(K ) = |K |, W0(K ) = |Bn
2 |).

Classical (Alexandrov): Wk (K ) ≥Wk (BK ) with equality iff K = BK .
Here and throughout, BK is a Euclidean ball with |BK | = |K |.
k = n − 1 is isoperimetric inequality, k = 1 is Urysohn’s inequality.
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Affine Quermassintegrals

Definition (Lutwak): k -th affine quermassintegral of K is defined as:

Φk (K ) :=
|Bn

2 |
|Bk

2 |

(∫
Gn,k

|PF K |−nσ(dF )

)− 1
n

.

Grinberg: Φk (·) is invariant under volume-preserving affine
transformations (or simply “affine invariant").

Affine quermassintegrals are central pillars of affine convex geometry.

Conjecture (Lutwak ’88)

Φk (K ) ≥ Φk (BK ) with equality iff K is ellipsoid.

(by Jensen’s inequality, harder than classical case).

Emanuel Milman Sharp isoperimetric inequality for affine quermassintegrals



Affine Quermassintegrals

Definition (Lutwak): k -th affine quermassintegral of K is defined as:

Φk (K ) :=
|Bn

2 |
|Bk

2 |

(∫
Gn,k

|PF K |−nσ(dF )

)− 1
n

.

Grinberg: Φk (·) is invariant under volume-preserving affine
transformations (or simply “affine invariant").

Affine quermassintegrals are central pillars of affine convex geometry.

Conjecture (Lutwak ’88)

Φk (K ) ≥ Φk (BK ) with equality iff K is ellipsoid.

(by Jensen’s inequality, harder than classical case).

Emanuel Milman Sharp isoperimetric inequality for affine quermassintegrals



Affine Quermassintegrals

Definition (Lutwak): k -th affine quermassintegral of K is defined as:

Φk (K ) :=
|Bn

2 |
|Bk

2 |

(∫
Gn,k

|PF K |−nσ(dF )

)− 1
n

.

Grinberg: Φk (·) is invariant under volume-preserving affine
transformations (or simply “affine invariant").

Affine quermassintegrals are central pillars of affine convex geometry.

Conjecture (Lutwak ’88)

Φk (K ) ≥ Φk (BK ) with equality iff K is ellipsoid.

(by Jensen’s inequality, harder than classical case).

Emanuel Milman Sharp isoperimetric inequality for affine quermassintegrals



Rank one cases k ∈ {1,n − 1}

Rank one cases k ∈ {1,n − 1} of Lutwak’s conjecture are classical:
First, recall def’s: support function hK (y) := supx∈K 〈x , y〉,

polar body K ◦ := {hK ≤ 1}.

k = 1 is the Blaschke–Santaló inequality:
|Pspan(θ)(K )| = hK (θ) + hK (−θ), hence Φ1(K ) = cn|(K −K )◦|−1/n

K = −K : Lutwak’s Conj ⇔ |K ◦| ≤ |B◦K | ⇔ |K ||K ◦| ≤ |Bn
2 |2.

General K : Lutwak’s Conj ⇐ |K ||K ◦,s| ≤ |Bn
2 |2.

Equality in Blaschke–Santaló inq: B–S, Saint-Raymond, Petty.

k = n − 1 is Petty’s projection inequality:
|Pθ⊥K | =: hΠK (θ) = ‖θ‖Π∗K , hence Φn−1(K ) = cn|Π∗K |−1/n.

Lutwak’s Conj ⇔ |Π∗K | ≤ |Π∗BK |.

Additional proofs: Campi, Gronchi, Lutwak, Meyer, Pajor, Reisner,
Yang, Zhang, . . .
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Related Results

Paouris–Pivovarov ’13: ∃c < 1 Φk (K ) ≥ ck Φk (BK ).

Definition (Lutwak): Dual affine quermassintegrals:

Φ̃k (K ) :=
|Bn

2 |
|Bk

2 |

(∫
Gn,k

|K∩F |nσ(dF )

) 1
n

.

Grinberg (following Fursternberg-Tzkoni): Φ̃k (·) affine-invariant.
Busemann–Strauss, Grinberg, Gardner:

Φ̃k (K ) ≤ Φ̃k (BK ) with equality iff K ellipsoid (k > 1).

Upper-bounds on Φk (K ):
k = 1: Mahler’s conjecture.
k = n − 1: Zhang - upper bound attained when K is simplex.

Lutwak’s conjecture Φk (K ) ≥ Φk (BK ) has remained wide open in
the higher-rank cases k ∈ {2, . . . ,n − 2}.
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Our Results (M.–Yehudayoff ’20)
Fix convex body K in Rn, k ∈ {1, . . . ,n − 1}.

Thm 1: Φk (K ) ≥ Φk (BK ), equality iff K is ellipsoid.

Thm 2: Φk (K ) ≥ Φk (SuK ) ∀u ∈ Sn−1, equality iff K is ellipsoid.

SuK - Steiner symmetral of K
in direction of u

(graphic by Thaicia Stona)

Thm 3: Among all convex bodies in Rn of given volume, ellipsoids are
the only local minimizers of Φk (w.r.t. Hausdorff topology).

Cases k ∈ {1,n − 1} of Thm 2’s inq previously known; equality case:
• k = 1 - Meyer–Pajor, Lutwak–Zhang, Meyer–Reisner.
• k = n − 1 - appears new.

Thm 3:
• k = 1 - established recently by Meyer–Reisner (for |K ◦,s|).
• k = n − 1 - appears new.
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First Attempt
∫

Gn,n−2

|PF K |−qσn,n−1(dF ) =

∫
Gn,n−1

∫
GE,n−2

|PF PEK |−qσE,n−2(dF )σn,n−1(dE)

For q ≤ n − 1, by Petty’s projection inq applied to PEK and then to K :

≤ c1
n

∫
Gn,n−1

|PEK |−q n−2
n−1σn,n−1(dE) ≤ c1

nc2
n |K |−q n−2

n ,

with equality when K = BK . In other words:(∫
Gn,n−2

|PF K |−(n−1)σ(dF )

)− 1
n−1

≥

(∫
Gn,n−2

|PF BK |−(n−1)σ(dF )

)− 1
n−1

.

Similarly, for all k = 1, . . . ,n − 1:(∫
Gn,k

|PF K |−(k+1)σ(dF )

)− 1
k+1

≥

(∫
Gn,k

|PF BK |−(k+1)σ(dF )

)− 1
k+1

.

Lost affine-invariance; numerous other attempts could not improve.
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The Challenge

Rank one cases k ∈ {1,n − 1} proved by associating to K an
auxiliary convex body Lk (K ) ⊂ Rn (K ◦/Π∗K ) encapsulating
Gn,k 3 F 7→ |PF K |, and establishing |Lk (SuK )| ≥ |Lk (K )|.

Lk (K ) is obtained by identifying Gn,k ' RPn−1, extending
Gn,k 3 F 7→ |PF K | to Rn homogeneously, and taking level set.

Higher rank cases 2 ≤ k ≤ n − 2: in which space does Lk (K ) reside?

Our solution: Lk,u(K ) resides in vector-bundle over Gu⊥,k−1.

Instead of Lebesgue measure, µu(Lk,u(SuK )) ≥ µu(Lk,u(K )).
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The Projection Rolodex

Given E ∈ Gn,k−1, x ∈ Rn, denote |PE∧xK | = |PE⊥x |Lk (Pspan(E,x)K ).

Definition (E-projected polar-body)

LE (K ) := {x ∈ E⊥ ; |PE∧xK | ≤ 1} ⊂ E⊥.

Lemma: LE (K ) is always convex.
Note: L{0}K = {x ∈ Rn ; hK (x) + hK (−x) ≤ 1} = (K − K )◦.

Definition (Projection Rolodex of K relative to u⊥)

Lk,u(K ) := {(E , xk ) ; E ∈ Gu⊥,k−1, xk ∈ LE (K )}.

Note: Lk,u(K ) encodes Gn,k 3 F 7→ |PF K |. Indeed, for a.e. F ∈ Gn,k ,
write F = E ⊕ span(θ), where E = F ∩ u⊥ ∈ Gu⊥,k−1, θ ∈ S(E⊥).
Then tθ ∈ LE (K ) iff t |PF K | ≤ 1, i.e. |PF K | = ‖θ‖LE (K ).
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Blaschke–Petkantschin-type formula

Let u ∈ Sn−1 be fixed from now on.

Thm (Schneider–Weil monograph)

For any measurable function f : Gn,k → R+:

cn,k

∫
Gn,k

f (F )σn,k (dF ) =

∫
Gu⊥,k−1

∫
S(E⊥)

f (span(E , θk ))|〈θk , u〉|k−1dθk σu⊥,k−1(dE).

Intuition: gives more weight to F = span(E , θk )’s that are far from u⊥.

Corollary

Define µu := |〈xk ,u〉|k−1LE⊥(dxk )σu⊥,k−1(dE). Then:

µu(Lk,u(K )) =
cn,k

n

∫
Gn,k

1
|PF K |n

σn,k (dF ).
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Blaschke–Petkantschin-type formula

Set p(xk ) := |〈xk ,u〉|k−1 for brevity.

µu(Lk,u(K )) =

∫
Gu⊥,k−1

∫
E⊥

1Lk,u(K )(E , xk )p(xk )LE⊥(dxk )σu⊥,k−1(dE)

=

∫
Gu⊥,k−1

∫
S(E⊥)

∫ ∞
0

1LE (K )(rθk )p(rθk )rn−k dr dθk σu⊥,k−1(dE)

=

∫
Gu⊥,k−1

∫
S(E⊥)

p(θk )

∫ 1/|Pspan(E,xk )(K )|

0
rn−1dr dθk σu⊥,k−1(dE)

=
1
n

∫
Gu⊥,k−1

∫
S(E⊥)

1
|Pspan(E,θk )K |n

|〈θk ,u〉|k−1dθk σu⊥,k−1(dE)

=
cn,k
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Pinpointing effect of symmetrization

Goal: Φk (K ) ≥ Φk (SuK ) ⇔ µu(Lk,u(K )) ≤ µu(Lk,u(SuK ))
Now everything is aligned with u.

Decompose E⊥ = span(u)⊕ (E⊥ ∩ u⊥) and write:

µu(Lk,u(K )) =

∫
Gu⊥,k−1

∫
E⊥

1LE (K )(xk )|〈xk ,u〉|k−1LE⊥(dxk )σu⊥,k−1(dE)

=

∫
Gu⊥,k−1

∫
R

∫
E⊥∩u⊥

1|PE∧(y+su)K |≤1|〈y + su,u〉|k−1dy ds σu⊥,k−1(dE)

=

∫
Gu⊥,k−1

∫
R
|s|k−1

∫
E⊥∩u⊥

1|PE∧(y+su)K |≤1dy ds σu⊥,k−1(dE)

=

∫
Gu⊥,k−1

∫
R
|s|k−1|LE,u,s(K )|ds σu⊥,k−1(dE),

where LE,u,s(K ) := {y ∈ E⊥ ∩ u⊥ ; |PE∧(y+su)K | ≤ 1} is section of
LE (K ) parallel to u⊥ at height s.

It remains to show the key inequality |LE,u,s(K )| ≤ |LE,u,s(SuK )|.
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Convexity of Shadow Systems
Denote A(y) = one-dim section of A in direction of u over y ∈ u⊥.
Denote Ru = reflection about u⊥.

Define: (Ku(t))(y) := 1+t
2 K (y) + 1−t

2 RuK (y) ∀y ∈ u⊥.
{Ku(t)}t∈[−1,1] is a continuous version of Steiner symmetrization:

Ku(1) = K , Ku(−1) = RuK , Ku(0) = SuK .

Key Proposition (in fact, applies to general shadow systems K (t))

Fix E ∈ Gu⊥,k−1, s ∈ R. Then:

u⊥ × R 3 (y , t) 7→ |PE∧(y+su)Ku(t)| is jointly convex (and even).

In particular, its level set is a symmetric convex body:

L̃E,u,s := {(y , t) ∈ (E⊥ ∩ u⊥)× R ; |PE∧(y+su)Ku(t)| ≤ 1}.

The t-section of L̃E,u,s is (by definition) LE,u,s(Ku(t)). Hence:

LE,u,s(SuK ) ⊃ 1
2

(LE,u,s(K )−LE,u,s(K ))⇒BM |LE,u,s(SuK )| ≥ |LE,u,s(K )|.

In fact, R+ 3 t 7→ Φk (Ku(t)) = Φk (Ku(−t)) monotone non-decreasing.
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Convexity of Shadow Systems

Key Proposition

Fix E ∈ Gu⊥,k−1, s ∈ R. Then:

u⊥ × R 3 (y , t) 7→ |PE∧(y+su)Ku(t)| is jointly convex.

Baby case: Rn 3 x 7→ |PE∧xK | is convex.
Proof: enough for x ∈ E⊥. Denote K (w) = (K − w) ∩ E⊥ for w ∈ E .

|PE∩xK | =

∫
E
|PxK (w)|dw =

∫
E

(hK (w) (x) + hK (w) (−x))dw .

Idea behind Key Proposition: ∃K̃ ⊂ Rn+1 s.t.

|PE∧(y+su)Ku(t)| = |PE∧(y+su−sten+1)K̃ |.

Conclude by applying baby case to K̃ , as (t , y) 7→ y + su − sten+1 is
affine (for fixed s).
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Lp-moment Quermassintegrals
The Lp-moment k -th quermassintegral of K is defined as:

Qk,p(K ) :=
|Bn

2 |
|Bk

2 |

(∫
Gn,k

|PF K |pσ(dF )

) 1
p

.

The case p = 0 is interpreted in the limiting sense as:

Qk,0(K ) :=
|Bn

2 |
|Bk

2 |
exp

(∫
Gn,k

log |PF K |σ(dF )

)
.

p = 1 classical, p = −n affine, p = −1 harmonic (Hadwiger, Lutwak).

Corollary (by applying Jensen)

Fix k = 1, . . . ,n − 1 and p > −n.
Then Qk,p(K ) ≥ Qk,p(BK ) with equality iff K is Euclidean ball.

Remark:
• Case p = −1 proved by Lutwak.
• The inequality is false (even for ellipsoids) when p < −n.
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Averaged Loomis–Whitney

Loomis–Whitney ’49

∀ compact K ⊂ Rn, Πn
i=1|Pe⊥i

K | ≥ |K |n−1.

• Typically Hn−1(∂K ) ≥ 2|Pe⊥i
K | ∀i , it follows Hn−1(∂K ) ≥ 2|K | n−1

n .

• ΠI⊂{1,...,n},|I|=k |PEI K | ≥ |K |(
n−1
k−1); equality for box w/ aligned axes.

Can we improve if we average on choice of orthogonal basis {ei}?

∫
SO(n)

log Π
|I|=k
|PU(EI )

K |σSO(n)(dU) =
(n

k

)∫
Gn,k

log |PE K |σn,k (dE) =
(n

k

)
log

(
|Bk

2 |
|Bn

2 |
Qk,0(K )

)
.

Hence, using previous Thm (in fact, Lutwak’s p = −1 would do):

exp

(∫
SO(n)

log Π
|I|=k
|PU(EI )

K |σSO(n)(dU)

)
≥
(
|Bk

2 |
|Bn

2 |
Qk,0(BK )

)(
n
k

)
= |Bk

2 |
(

n
k

)(
|K |
|Bn

2 |

)(
n−1
k−1

)
,

w/ equality iff K = Euclidean ball (!).
This implies the sharp isoperimetric inequality (for convex bodies).
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Thank you very much!
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