Sharp isoperimetric inequality for affine

quermassintegrals

Emanuel Milman
Technion - Israel Institute of Technology

Workshop on Concentration of Measure Phenomena
Simons Institute
October 2020

joint work with Amir Yehudayoff (Technion)

Emanue\ Mllman Sharp |soperlmetnc |nequal|ty for affine quermassintegrals



Classical Quermassintegrals

Let K convex body in R” (convex, compact, int(K) # 0).
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Classical Quermassintegrals

Let K convex body in R” (convex, compact, int(K) # 0).

n
Steiner ~1850: |K + tBf| = (Z) "KWk (K).
k=0

Definition: Wx(K) is called the k-th quermassintegral of K.
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Classical Quermassintegrals

Let K convex body in R” (convex, compact, int(K) # 0).

n
Steiner ~1850: |K + tBf| = (Z) "KWk (K).
k=0

Definition: Wx(K) is called the k-th quermassintegral of K.
By Kubota’s formula:

_ |5

Wik(K) =
k( ) ‘Bg| Gn,k

\PeK|o(dF).
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Classical Quermassintegrals

Let K convex body in R” (convex, compact, int(K) # 0).

n
Steiner ~1850: |K + tBf| = (Z) "KWk (K).
k=0

Definition: Wx(K) is called the k-th quermassintegral of K.
By Kubota’s formula:

_ |5

Wik(K) =
k( ) ‘Bg| Gn,k

\PeK|o(dF).

E.g. W,_(K) = nH"1(9K), Wi (K) = | B3| - half-mean-width(K).
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Classical Quermassintegrals

Let K convex body in R” (convex, compact, int(K) # 0).

n
Steiner ~1850: |K + tBf| = (Z) "KWk (K).
k=0

Definition: Wx(K) is called the k-th quermassintegral of K.
By Kubota’s formula:

_ |5

Wik(K) =
k( ) ‘Bg| Gn,k

\PeK|o(dF).

E.g. W,_(K) = nH"1(9K), Wi (K) = | B3| - half-mean-width(K).

Fix k € {1,...,n— 1} (Wa(K) = |K], Wo(K) = |BJ).
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Classical Quermassintegrals

Let K convex body in R” (convex, compact, int(K) # 0).

n
Steiner ~1850: |K + tBf| = (Z) "KWk (K).
k=0

Definition: Wx(K) is called the k-th quermassintegral of K.
By Kubota’s formula:

_ 1]
‘Bg| Gn,k

E.g. W,_(K) = nH"1(9K), Wi (K) = | B3| - half-mean-width(K).

Wk(K)

\PeK|o(dF).

Fix ke {1,....,n—1} (Wy(K) = |K|, Wo(K) = |BF]).
Classical (Alexandrov): Wi (K) > Wi(Bk) with equality iff K = Bk.
Here and throughout, By is a Euclidean ball with |Bx| = |K]|.

k = n— 1 is isoperimetric inequality, k = 1 is Urysohn’s inequality.
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Affine Quermassintegrals

Definition (Lutwak): k-th affine quermassintegral of K is defined as:

_ B —n
di(K) = IBZ‘I (/G |PeK| a(dF))

3=
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Affine Quermassintegrals

Definition (Lutwak): k-th affine quermassintegral of K is defined as:

_ B —n
di(K) = IBZ‘I (/G |PeK| a(dF))

Grinberg: ®,(-) is invariant under volume-preserving affine
transformations (or simply “affine invariant").

3=

Affine quermassintegrals are central pillars of affine convex geometry.
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Affine Quermassintegrals

Definition (Lutwak): k-th affine quermassintegral of K is defined as:

_ 1B _,,
o(K) = IBZ‘I (/G |PrK| a(dF))

Grinberg: ®,(-) is invariant under volume-preserving affine
transformations (or simply “affine invariant").

3=

Affine quermassintegrals are central pillars of affine convex geometry.

Conjecture (Lutwak '88)

Oi(K) > di(Bk) with equality iff K is ellipsoid.

(by Jensen’s inequality, harder than classical case).
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Rank one cases k € {1,n—1}

Rank one cases k € {1,n— 1} of Lutwak’s conjecture are classical:
First, recall def’s: support function hx(y) = sup,ck (X, ¥),
polar body K° := {hx < 1}.
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Rank one cases k € {1,n—1}

Rank one cases k € {1,n— 1} of Lutwak’s conjecture are classical:
First, recall def’s: support function hx(y) = sup,ck (X, ¥),
polar body K° := {hx < 1}.

@ k =1 is the Blaschke—Santalo inequality:
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Rank one cases k € {1,n—1}

Rank one cases k € {1,n— 1} of Lutwak’s conjecture are classical:
First, recall def’s: support function hx(y) = sup,ck (X, ¥),
polar body K° := {hx < 1}.

@ k =1 is the Blaschke—Santalo inequality:
|Pspan(o) (K)| = hi(6) + h(~0), hence ®+(K) = ca|(K — K)°|~"/"
K = —K: Lutwak’s Conj < |K°| <|By| < |K||K®| < |Bj)?.
General K: Lutwak’s Conj < |K||K°>®| < |B3J?.
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Rank one cases k € {1,n—1}

Rank one cases k € {1,n— 1} of Lutwak’s conjecture are classical:
First, recall def’s: support function hx(y) = sup,ck (X, ¥),
polar body K° := {hx < 1}.

@ k =1 is the Blaschke—Santalo inequality:
| Pspan(e) (K)| = hk(60) + hi(~0), hence ®1(K) = cn|(K — K)°|~1/"

K = —K: Lutwak's Conj < |K°|<|By < |K|K°|<|B3P.
General K: Lutwak’s Conj < |K||K°>®| < |B3J?.

Equality in Blaschke—Santal6 ing: B-S, Saint-Raymond, Petty.
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Rank one cases k € {1,n—1}

Rank one cases k € {1,n— 1} of Lutwak’s conjecture are classical:
First, recall def’s: support function hx(y) = sup,ck (X, ¥),
polar body K° := {hx < 1}.

@ k =1 is the Blaschke—Santalo inequality:
| Pspan(e) (K)| = hk(60) + hi(~0), hence ®1(K) = cn|(K — K)°|~1/"

K = —K: Lutwak's Conj < |K°|<|By < |K|K°|<|B3P.
General K: Lutwak’s Conj < |K||K°>®| < |B3J?.

Equality in Blaschke—Santal6 ing: B-S, Saint-Raymond, Petty.

@ k = n—1is Petty’s projection inequality:
Py K| =: hnk(6) = [|0]ln-k, hence @5_1(K) = ca|*K|~"/7.

Lutwak's Conj < |N*K| < |M*Bk].
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Rank one cases k € {1,n—1}

Rank one cases k € {1,n— 1} of Lutwak’s conjecture are classical:
First, recall def’s: support function hx(y) = sup,ck (X, ¥),
polar body K° := {hx < 1}.

@ k =1 is the Blaschke—Santalo inequality:
| Pspan(e) (K)| = hk(60) + hi(~0), hence ®1(K) = cn|(K — K)°|~1/"

K = —K: Lutwak's Conj < |K°|<|By < |K|K°|<|B3P.
General K: Lutwak’s Conj < |K||K°>®| < |B3J?.

Equality in Blaschke—Santal6 ing: B-S, Saint-Raymond, Petty.

@ k = n—1is Petty’s projection inequality:
Py K| =: hnk(6) = [|0]ln-k, hence @5_1(K) = ca|*K|~"/7.

Lutwak's Conj < |N*K| < |M*Bk].

Additional proofs: Campi, Gronchi, Lutwak, Meyer, Pajor, Reisner,
Yang, Zhang, ...
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Related Results

@ Paouris—Pivovarov '13: 3¢ < 1 &4 (K) > ckdy(By).
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Related Results

@ Paouris—Pivovarov '13: 3¢ < 1 &4 (K) > ckdy(By).

@ Definition (Lutwak): Dual affine quermassintegrals:

dk(K) := Ig?I (/G kaF|”o(dF)>

Grinberg (following Fursternberg-Tzkoni): 5),((«) affine-invariant.
Busemann-Strauss, Grinberg, Gardner:

n

dy(K) < Pk(Bk) with equality iff K ellipsoid (k > 1).
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Related Results

@ Paouris—Pivovarov '13: 3¢ < 1 &4 (K) > ckdy(By).

@ Definition (Lutwak): Dual affine quermassintegrals:

dp(K) == Ig?I (/G kaF|”o(dF)> :

Grinberg (following Fursternberg-Tzkoni): 5),((«) affine-invariant.
Busemann-Strauss, Grinberg, Gardner:

dy(K) < Pk(Bk) with equality iff K ellipsoid (k > 1).

@ Upper-bounds on &, (K):
k = 1: Mahler’s conjecture.
k = n—1: Zhang - upper bound attained when K is simplex.

Emanuel Milman Sharp isoperimetric inequality for affine quermassintegrals



Related Results

@ Paouris—Pivovarov '13: 3¢ < 1 &4 (K) > ckdy(By).

@ Definition (Lutwak): Dual affine quermassintegrals:

dk(K) := Ig?I (/G kaF|”o(dF)>

Grinberg (following Fursternberg-Tzkoni): 5),((-) affine-invariant.
Busemann-Strauss, Grinberg, Gardner:

n

dy(K) < Pk(Bk) with equality iff K ellipsoid (k > 1).

@ Upper-bounds on &, (K):
k = 1: Mahler’s conjecture.
k = n—1: Zhang - upper bound attained when K is simplex.

@ Lutwak’s conjecture ®,(K) > &, (Bk) has remained wide open in
the higher-rank cases k € {2,...,n—2}.
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Our Results (M.—Yehudayoff '20)

Fix convex body K inR"”, k € {1,...,n—1}.
Thm 1: ¢4 (K) > dk(Bk), equality iff K is ellipsoid.

&,
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Our Results (M.—Yehudayoff '20)

Fix convex body K inR"”, k € {1,...,n—1}.
Thm 1: ¢4 (K) > dk(Bk), equality iff K is ellipsoid.

Thm 2: &4 (K) > &4 (SyK) Yu € S, equality iff K is ellipsoid.
K
6

SuK - Steiner symmetral of K
in direction of u

! (graphic by Thaicia Stona)
wg(m
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Our Results (M.—Yehudayoff '20)

Fix convex body K inR"”, k € {1,...,n—1}.
Thm 1: ¢4 (K) > dk(Bk), equality iff K is ellipsoid.

Thm 2: &4 (K) > &4 (SyK) Yu € S, equality iff K is ellipsoid.
K
6

SuK - Steiner symmetral of K
in direction of u

! (graphic by Thaicia Stona)
Wmm

Thm 3: Among all convex bodies in R" of given volume, ellipsoids are
the only local minimizers of ¢, (w.r.t. Hausdorff topology).
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Our Results (M.—Yehudayoff '20)

Fix convex body K inR"”, k € {1,...,n—1}.
Thm 1: ¢4 (K) > dk(Bk), equality iff K is ellipsoid.

Thm 2: &4 (K) > &4 (SyK) Yu € S, equality iff K is ellipsoid.
K
6

SuK - Steiner symmetral of K
in direction of u

! (graphic by Thaicia Stona)
Wmm

Thm 3: Among all convex bodies in R" of given volume, ellipsoids are
the only local minimizers of ¢, (w.r.t. Hausdorff topology).

Cases k € {1,n— 1} of Thm 2’s inq previously known; equality case:
e k =1 - Meyer—Pajor, Lutwak—Zhang, Meyer—Reisner.
e k =n—1-appears new.
Thm 3:
e k =1 - established recently by Meyer—Reisner (for |[K°:|).
e k =n—1-appears new.
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First Attempt

/ \PeK| %07 n_1(dF) = / / |PrPeK| 90k n2(dF)on n_1(dE)
Gn,n—2 C7\n‘n—1 GE,n—2
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First Attempt

/ |PrK| ™9 n—1(dF) :/ / |PrPeK| %€ n_2(dF)onn—1(dE)
Gn,n—2 C7\n‘n—1 C7\E,n—2
For g < n— 1, by Petty’s projection inq applied to PeK and then to K:
< c;/ PeK| 95 01 (dE) < cl2IK| 9%
n,n—1

with equality when K = Bg.
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First Attempt

/ |PrK| ™9 n—1(dF) :/ / |PrPeK| %€ n_2(dF)onn—1(dE)
Gn,n—2 C7\n‘n—1 C7\E,n—2
For g < n— 1, by Petty’s projection inq applied to PeK and then to K:

n—2 L_z
<l / |PEK|~95 0 o1 (dE) < clc2|K| 9"
n,n—1

with equality when K = Bk. In other words:

i i

(/ IPFK|‘<”‘>a(dF)> 2(/ PFBK|‘(”‘)o(dF)>
Gn,n_g Gn.,n—2

n—1
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First Attempt

/ |PrK| ™9 n—1(dF) :/ / |PrPeK| %€ n_2(dF)onn—1(dE)
Gn,n—2 C7\n‘n—1 C7\E,n—2
For g < n— 1, by Petty’s projection inq applied to PeK and then to K:
< c;/ PeK| 95 01 (dE) < cl2IK| 9%
n,n—1

with equality when K = Bk. In other words:

(/ |PFK|‘(”1)a(dF)> 2(/ PFBK|—<"‘>g(dF)>
Gn,n_g Gn.,n—2

Similarly, forallk =1,....,n—1:

(/ PFK|<k+‘>g(dF)> z(/ |PFBK|(”‘)o(dF)>
Gn.k Gn,k

Lost affine-invariance; numerous other attempts could not improve.

1

. —
n—1 n—1

JE
K+
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The Challenge

Rank one cases k € {1, n— 1} proved by associating to K an
auxiliary convex body Li(K) Cc R” (K°/M*K) encapsulating
Gnx > F — |PeK|, and establishing |L(S,K)| > |Lk(K)].
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The Challenge

Rank one cases k € {1, n— 1} proved by associating to K an
auxiliary convex body Li(K) Cc R” (K°/M*K) encapsulating
Gnx > F — |PeK|, and establishing |L(S,K)| > |Lk(K)].

Lx(K) is obtained by identifying G, x ~ RP"~", extending
Gnx > F — |PeK| to R” homogeneously, and taking level set.

Emanuel Milman Sharp isoperimetric inequality for affine quermassintegrals



The Challenge

Rank one cases k € {1, n— 1} proved by associating to K an
auxiliary convex body Li(K) Cc R” (K°/M*K) encapsulating
Gnx > F — |PeK|, and establishing |L(S,K)| > |Lk(K)].

Lx(K) is obtained by identifying G, x ~ RP"~", extending
Gnx > F — |PeK| to R” homogeneously, and taking level set.

Higher rank cases 2 < k < n— 2: in which space does L(K) reside?

Emanuel Milman Sharp isoperimetric inequality for affine quermassintegrals



The Challenge

Rank one cases k € {1, n— 1} proved by associating to K an
auxiliary convex body Li(K) Cc R” (K°/M*K) encapsulating
Gnx > F — |PeK|, and establishing |L(S,K)| > |Lk(K)].

Lx(K) is obtained by identifying G, x ~ RP"~", extending
Gnx > F — |PeK| to R” homogeneously, and taking level set.

Higher rank cases 2 < k < n— 2: in which space does L(K) reside?
Our solution: Ly ,(K) resides in vector-bundle over G, x_1.

Instead of Lebesgue measure, 1,(Lx,u(SuK)) > pu(Llk u(K))-
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The Projection Rolodex

Given E € Gp—1, x € R", denote |PeaxK| = |Pei X|LX(Pspan(e, ) K).
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The Projection Rolodex

Given E € Gp—1, x € R", denote |PeaxK| = |Pei X|LX(Pspan(e, ) K).

Definition (E-projected polar-body)

LE(K) :={x € EL; |PeaxK| <1} C EL.
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The Projection Rolodex

Given E € Gp—1, x € R", denote |PeaxK| = |Pei X|LX(Pspan(e, ) K).

Definition (E-projected polar-body)

LE(K) :={x € EL; |PeaxK| <1} C EL.

Lemma: L£(K) is always convex.
Note: Loy K = {x € R"; hk(x) + hx(—x) <1} = (K = K)°.
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The Projection Rolodex

Given E € Gp—1, x € R", denote |PeaxK| = |Pei X|LX(Pspan(e, ) K).

Definition (E-projected polar-body)

LE(K) :={x € EL; |PeaxK| <1} C EL.

Lemma: L£(K) is always convex.
Note: Loy K = {x € R"; hk(x) + hx(—x) <1} = (K = K)°.

Definition (Projection Rolodex of K relative to u~)

Liu(K) :={(E,Xk) ; E € Gur k—1,% € Le(K)}.
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The Projection Rolodex

Given E € Gp—1, x € R", denote |PeaxK| = |Pei X|LX(Pspan(e, ) K).

Definition (E-projected polar-body)

LE(K) :={x € EL; |PeaxK| <1} C EL.

Lemma: L£(K) is always convex.
Note: Loy K = {x € R"; hk(x) + hx(—x) <1} = (K = K)°.

Definition (Projection Rolodex of K relative to u~)

Liu(K) :={(E,Xk) ; E € Gur k—1,% € Le(K)}.

Note: Lk ,(K) encodes Gk > F — |PeK].
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The Projection Rolodex

Given E € Gp—1, x € R", denote |PeaxK| = |Pei X|LX(Pspan(e, ) K).

Definition (E-projected polar-body)

LE(K) :={x € EL; |PeaxK| <1} C EL.

Lemma: L£(K) is always convex.
Note: Loy K = {x € R"; hk(x) + hx(—x) <1} = (K = K)°.

Definition (Projection Rolodex of K relative to u~)

Liu(K) :={(E,Xk) ; E € Gur k—1,% € Le(K)}.

Note: Lk ,(K) encodes Gk > F — |PeK|. Indeed, for a.e. F € Gn,
write F = E @ span(), where E = F N u* € Gy. 1, 0 € S(E™).

Then t6 € Le(K) iff t|PeK| < 1, 1.e. |PeK| = [16]|,, )
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Blaschke—Petkantschin-type formula

Let u € S"! be fixed from now on.

Thm (Schneider—Weil monograph)

For any measurable function f : G, x — R;.:

ok / F(F)onk(dF) = / / f(span(E, 04))| (k. 1) |~ d0 o1 4 (E)]
Gn, k G,L _q /S(EL)

Intuition: gives more weight to F = span(E, 6)’s that are far from ut.
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Blaschke—Petkantschin-type formula

Let u € S"! be fixed from now on.

Thm (Schneider—Weil monograph)

For any measurable function f : G, x — R;.:

ok / F(F)onk(dF) = / / f(span(E, 04))| (k. 1) |~ d0 o1 4 (E)]
G,k G,1 _q /S(EL)

Intuition: gives more weight to F = span(E, 6)’s that are far from ut.

Define juy := | (X, u>\k’1LEL(dxk)aui,k_1(dE). Then:

C 1
1u(Lo(K)) = Zk /G = ———— o (dF).
k
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Blaschke—Petkantschin-type formula

Set p(xk) = | (X, u)|“~" for brevity.

o Li,u(K Lo (k) (B Xk )p(Xk) L (AXk)oyr k-1 (dE)

uLk1

A
/L / / 110y (rOk)P(rox)r" " dr dbx o+ x—1(dE)
o e

1/‘Pspan(E xk)(K)‘
P(6%) / r"dr doy o s 1 (dE)

1 k-1
= — —— (O, u dbgo,r _1(dE
n /GUJ-,k1 /S(EL) |Pspan(E,9k)K|n‘< fo U kous k1 (dE)

an 1
= aF). O
/(3,,,(|PFK| O'nk( )
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Blaschke—Petkantschin-type formula

Let u € S"! be fixed from now on.

Thm (Schneider—Weil monograph)

For any measurable function f : G, x — R;.:

ok / F(F)onk(dF) = / / f(span(E, 04))| (k. 1) |~ d0 o1 4 (E)]
G,k G,1 _q /S(EL)

Intuition: gives more weight to F = span(E, 6)’s that are far from ut.

Define juy := | (X, u>\k’1LEL(dxk)aui,k_1(dE). Then:

C 1
1u(Lo(K)) = Zk /G = ———— o (dF).
k
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Pinpointing effect of symmetrization

Goal: ¢(K) > ok(SuK) & pu(liu(K)) < pu(Li,u(SuK))
Now everything is aligned with u.
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Pinpointing effect of symmetrization

Goal: ¢(K) > ok(SuK) & pu(liu(K)) < pu(Li,u(SuK))
Now everything is aligned with u.

Decompose E+ = span(u) @ (E*+ N ut) and write:

ftu(Lk.u(K)) = /G /EL 10,00 () | (s U L (Axk)oys 41 (dE)
ulL k—1
_/Gui-,k1
:/G \/R‘S|k*1/E 1\PE/\(y+su)K\§1ddeUU*7k—1(dE)
ul k1 +nut
=‘/; jé\ﬂk-WLEﬂs<Kd\dsoungn(dE»

where Lg , s(K) :=={y € EX nu*; |Peagy+suK| < 1} is section of
Le(K) parallel to u+ at height s.

L L Vel + su. o) dy ds o s (dE)
RJELNu+

uJ-,k—1
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Pinpointing effect of symmetrization

Goal: ¢(K) > ok(SuK) & pu(liu(K)) < pu(Li,u(SuK))
Now everything is aligned with u.

Decompose E+ = span(u) @ (E*+ N ut) and write:

ftu(Lk.u(K)) = /G /EL 10,00 () | (s U L (Axk)oys 41 (dE)
ulL k—1
_/Gui-,k1
:/G \/R‘S|k*1/E 1\PE/\(y+su)K\§1ddeUU*7k—1(dE)
ul k1 +nut
=‘/; jé\ﬂk-WLEﬂs<Kd\dsoungn(dE»

where Lg , s(K) :=={y € EX nu*; |Peagy+suK| < 1} is section of
Le(K) parallel to u+ at height s.

L L Vel + su. o) dy ds o s (dE)
RJELNu+

uJ-,k—1

It remains to show the key inequality |Lg , s(K)| < |Le.u s(SuK).
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Convexity of Shadow Systems

Denote AY) = one-dim section of A in direction of u over y € u™.
Denote R, = reflection about u™.
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Convexity of Shadow Systems

Denote AY) = one-dim section of A in direction of u over y € u™.
Denote R, = reflection about u™.

Define: (Ky(1))¥) := IHKW) + LR KW vy € ut.
{Ku(t)}te[-1,1] is @ continuous version of Steiner symmetrization:

K1) = K, Ky(—1) = RuK , K,(0) = SyK.
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Convexity of Shadow Systems

Denote AY) = one-dim section of A in direction of u over y € u™.
Denote R, = reflection about u™.

Define: (Ky(1))¥) := IHKW) + LR KW vy € ut.
{Ku(t)}te[-1,1] is @ continuous version of Steiner symmetrization:
Ku(1) =K, Ku(—1) = RuK , K,(0) = SuK.

Key Proposition (in fact, applies to general shadow systems K(t))
Fix E € Gy1 k—1,S € R. Then:
ut xR 3 (y,1) = [Pengy+suyKu(t)| is jointly convex (and even).

Emanuel Milman Sharp isoperimetric inequality for affine quermassintegrals



Convexity of Shadow Systems

Denote AY) = one-dim section of A in direction of u over y € u™.
Denote R, = reflection about u™.

Define: (Ky(1))¥) := IHKW) + LR KW vy € ut.
{Ku(t)}te[-1,1] is @ continuous version of Steiner symmetrization:
Ku(1) =K, Ku(—1) = RuK , K,(0) = SuK.

Key Proposition (in fact, applies to general shadow systems K(t))
Fix E € Gy1 k—1,S € R. Then:
ut xR 3 (y,1) = [Pengy+suyKu(t)| is jointly convex (and even).

In particular, its level set is a symmetric convex body:

ZE.u,s = {(Ya t) € (EL N UL) xR; |PE/\(y+su)Ku(t)| < 1}~
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Convexity of Shadow Systems

Denote AY) = one-dim section of A in direction of u over y € u™.
Denote R, = reflection about u™.

Define: (Ky(1))¥) := IHKW) + LR KW vy € ut.
{Ku(t)}te[-1,1] is @ continuous version of Steiner symmetrization:
Ku(1) =K, Ku(—1) = RuK , K,(0) = SuK.

Key Proposition (in fact, applies to general shadow systems K(t))
Fix E € Gy1 k—1,S € R. Then:
ut xR 3 (y,1) = [Pengy+suyKu(t)| is jointly convex (and even).

In particular, its level set is a symmetric convex body:

ZE.u,s = {(Ya t) € (EL N UL) xR; |PE/\(y+su)Ku(t)| < 1}~

The t-section of -,  is (by definition) Lz, s(K,(t)).
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Convexity of Shadow Systems

)
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The t-section of L, s is (by definition) Lr , <(K,(t)). Hence:

1
LEAuAs(SuK) D) E(LEU.S(K)—LEU.S(K)) =BM |LEAuAs(SuK)| > ‘LEAuAs(K)|-
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Convexity of Shadow Systems
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The t-section of L, s is (by definition) Lr , <(K,(t)). Hence:

1
LEAuAs(SuK) D) E(LEU.S(K)—LEU.S(K)) =BM |LEAuAs(SuK)| > ‘LEAuAs(K)|-

Infact, R > t — &k(K,(t)) = ®x(K,(—t)) monotone non-decreasing.
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Convexity of Shadow Systems

Key Proposition

Fix E € Gyv k—1,5 € R. Then:
ut xR 3 (y, 1) = |Pengy+suyKu(t)| is jointly convex.
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Convexity of Shadow Systems

Key Proposition

Fix E € Gyv k—1,5 € R. Then:
ut xR 3 (y, 1) = |Pengy+suyKu(t)| is jointly convex.

Baby case: R" 3 x — |PeaxK| is convex.
Proof: enough for x € E*+. Denote K™") = (K — w) N E* for w € E.

PerK| :/ |PXK(W)|dW:/(hK(m(x)JrhK(m(fx))dw.
E E
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Convexity of Shadow Systems

Key Proposition

Fix E € Gyv k—1,5 € R. Then:
ut xR 3 (y, 1) = |Pengy+suyKu(t)| is jointly convex.

Baby case: R" 3 x — |PeaxK| is convex.
Proof: enough for x € E*+. Denote K™") = (K — w) N E* for w € E.

PerK| :/ |PXK(W)|dW:/(hK(m(x)JrhK(w)(fx))dw.
E E

Idea behind Key Proposition: 3K  R"* s.t.

|PE/\(y+su)Ku(t)| = |PEA(y+su—ste,,+1)k|'

Conclude by applying baby case to K, as (t,y) — y + su — sten1 is
affine (for fixed s).
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LP-moment Quermassintegrals

The LP-moment k-th quermassintegral of K is defined as:

1

By g
Ok p(K) = :BZ| </G |P,:K|PU(dF)> )

The case p = 0 is interpreted in the limiting sense as:

Bn
Ok o(K) = :BZ‘| exp </G Iog|P,:Ko(dF)> .
n,k

p = 1 classical, p = —n affine, p = —1 harmonic (Hadwiger, Lutwak).
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LP-moment Quermassintegrals

The LP-moment k-th quermassintegral of K is defined as:

B G
Ok p(K) = ||Bz|| </G |P,_—K|Pa(dF)> )

The case p = 0 is interpreted in the limiting sense as:

Bn
Ok o(K) = :BZ‘| exp </G Iog|P,:Ko(dF)> .
n,k

p = 1 classical, p = —n affine, p = —1 harmonic (Hadwiger, Lutwak).

Corollary (by applying Jensen)

Fixk=1,...,.n—1andp> —n.
Then Qx ,(K) > Ok p(Bk) with equality iff K is Euclidean ball.

Remark:
e Case p = —1 proved by Lutwak.
e The inequality is false (even for ellipsoids) when p < —n.
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Averaged Loomis—Whitney

Loomis—Whitney 49

v compact K C R”, N7 |Pe. K| > [K|"".
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Averaged Loomis—Whitney

Loomis—Whitney 49

v compact K C R”, N7 |Pe. K| > [K|"".

o Typically 1"~ "(9K) > 2|Py. K| Vi, it follows H"~' (K > 2|K|F.
o Micqt,..ny111=k|PE, K| > 1K|(&=1); equality for box w/ aligned axes.
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Averaged Loomis—Whitney

Loomis—Whitney 49

v compact K C R”, N7 |Pe. K| > [K|"".

o Typically 1"~ "(9K) > 2|Py. K| Vi, it follows H"~' (K > 2|K|F.

o Mgt ny 1=k Pe, K| > |K|(Zi1); equality for box w/ aligned axes.

Can we improve if we average on choice of orthogonal basis {e;}?
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Averaged Loomis—Whitney

Loomis—Whitney 49

v compact K C R”, N7 |Pe. K| > [K|"".

o Typically 1"~ "(9K) > 2|Py. K| Vi, it follows H"~' (K > 2|K|F.

Can we improve if we average on choice of orthogonal basis {e;}?

n
P Ko du /
Lo 8 1 P KIosomiat) = (i) [

Hence, using previous Thm (in fact, Lutwak’s p = —1 would do):

n n—1
| 2| (k) ok (n) |K| (k—1)
exp </So(n) |°gm k\PU(E,)K\Uso(n (dU)> (lB"I Qk,o(BK)> = |B3|\k Eq ,

w/ equality iff K = Euclidean ball (!).
This implies the sharp isoperimetric inequality (for convex bodies).

log |PeKlon(dE) = () o (| Bn: Qu o(K)> :

n, k
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Thank you very much!
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