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Known results:

◮ n sets, n elements: disc(S) = O(
√
n) [Spencer ’85]

◮ Every element in ≤ t sets: disc(S) < 2t [Beck & Fiala ’81]

Main method: Find a partial coloring χ : [n] → {0,±1}
◮ low discrepancy maxS∈S |χ(S)|
◮ |supp(χ)| ≥ Ω(n)



Spencer/Gluskin/Giannopolous Thm

Theorem (1980s)

Let K be symmetric convex set with γn(K) ≥ e−
1

10
n. Then

∃x ∈ K ∩ {−1, 0, 1}n with |supp(x)| ≥ n/10.
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◮ Gaussian measure: γn(K) = Pr[gaussian ∈ K]
◮ Based on pigeonhole principle [non-algorithmic]



Algorithmic Discrepancy

Theorem
For any α > 0, there are ε, δ > 0 so that: Let K be symmetric
convex set with γn(K) ≥ e−αn. Can find x ∈ 1

ε
K ∩ [−1, 1]n

with |{i : xi ∈ {−1, 1}}| ≥ δn in poly-time.
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◮ Might not exist for x ∈ {−1, 0, 1}n



The Algorithm
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The Algorithm

Theorem
For any α > 0, there are ε, δ > 0 so that: Let K be symmetric
convex set with γn(K) ≥ e−αn. Can find x ∈ K ∩ [−ε, ε]n with
|{i : xi ∈ {−ε, ε}}| ≥ δn in poly-time.

Algorithm:

(1) take a random x∗ ∼ γn
(2) compute y∗ = argmin{‖x∗ − y‖2 | y ∈ K ∩ [−ε, ε]n}
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Some facts and notation for Gaussians

◮ We write γn(K) = Prx gaussian[x ∈ K]

◮ For symmetric convex sets A,B ⊆ R
n one has

γn(A ∩ B) ≥ γn(A) · γn(B)

0

B

A

◮ w(K) := Ex∼Sn−1 [max{〈x, y〉 : y ∈ K}]

0

x
y

K

◮ Urysohn: Among convex bodies with same γn(K),
0-centered Euclidean ball minimizes w(K).



Analysis K

0

[−ε, ε]n



Analysis
◮ W.h.p. ‖x∗ − y∗‖2 ≥ (1− 5ε)

√
n

K

0
x∗

y∗

[−ε, ε]n



Analysis
◮ W.h.p. ‖x∗ − y∗‖2 ≥ (1− 5ε)

√
n

K

0
x∗

y∗

[−ε, ε]n

◮ Key observation:

‖y∗ − x∗‖2 = min{‖y − x∗‖2 | y ∈ K and |yi| ≤ ε ∀ i}



Analysis
◮ W.h.p. ‖x∗ − y∗‖2 ≥ (1− 5ε)

√
n

K

0
x∗

y∗

[−ε, ε]n

◮ Key observation:

‖y∗−x∗‖2 = min{‖y−x∗‖2 | y ∈ K and |yi| ≤ ε ∀ tight i}



Analysis
◮ W.h.p. ‖x∗ − y∗‖2 ≥ (1− 5ε)

√
n

◮ Def. I∗ := {i : |y∗i | = ε}
Suppose |I∗| ≤ δn

K

0
x∗

y∗

[−ε, ε]n

◮ Key observation:

‖y∗−x∗‖2 = min{‖y−x∗‖2 | y ∈ K and |yi| ≤ ε ∀ tight i}



Analysis
◮ W.h.p. ‖x∗ − y∗‖2 ≥ (1− 5ε)

√
n

◮ Def. I∗ := {i : |y∗i | = ε}
Suppose |I∗| ≤ δn

◮ K(I∗) := K ∩ {|xi| ≤ ε : i ∈ I∗}
K(I∗)

K

0
x∗

y∗

[−ε, ε]n

◮ Key observation:

‖y∗−x∗‖2 = min{‖y−x∗‖2 | y ∈ K and |yi| ≤ ε ∀ tight i}



Analysis
◮ W.h.p. ‖x∗ − y∗‖2 ≥ (1− 5ε)

√
n

◮ Def. I∗ := {i : |y∗i | = ε}
Suppose |I∗| ≤ δn

◮ K(I∗) := K ∩ {|xi| ≤ ε : i ∈ I∗}
K(I∗)

K

0
x∗

y∗

[−ε, ε]n

◮ Key observation:

‖y∗−x∗‖2 = min{‖y−x∗‖2 | y ∈ K and |yi| ≤ ε ∀ tight i}
◮ K(I∗) still large:

γn(K(I∗)) ≥ γn(K) · (γn(strip of width ε))δn ≥ e−2αn



Analysis
◮ W.h.p. ‖x∗ − y∗‖2 ≥ (1− 5ε)

√
n

◮ Def. I∗ := {i : |y∗i | = ε}
Suppose |I∗| ≤ δn

◮ K(I∗) := K ∩ {|xi| ≤ ε : i ∈ I∗}
K(I∗)

K

0
x∗

y∗

[−ε, ε]n

◮ Key observation:

‖y∗−x∗‖2 = min{‖y−x∗‖2 | y ∈ K and |yi| ≤ ε ∀ tight i}
◮ K(I∗) still large:

γn(K(I∗)) ≥ γn(K) · (γn(strip of width ε))δn ≥ e−2αn

◮ W.h.p. d(x∗, K(I∗)) ≤ (1− 10ε)
√
n (next slide!)



Analysis
◮ W.h.p. ‖x∗ − y∗‖2 ≥ (1− 5ε)

√
n

◮ Def. I∗ := {i : |y∗i | = ε}
Suppose |I∗| ≤ δn

◮ K(I∗) := K ∩ {|xi| ≤ ε : i ∈ I∗}
K(I∗)

K

0
x∗

y∗

[−ε, ε]n

◮ Key observation:

‖y∗−x∗‖2 = min{‖y−x∗‖2 | y ∈ K and |yi| ≤ ε ∀ tight i}
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γn(K(I∗)) ≥ γn(K) · (γn(strip of width ε))δn ≥ e−2αn

◮ W.h.p. d(x∗, K(I∗)) ≤ (1− 10ε)
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◮ Union bound over all |I| ≤ δn:

Pr
[ ⋃

|I|≤δn

d(x∗, K(I)) > (1− 10ε)
√
n
]

≤ e−Ωε(n)
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Linear size sparsifiers in
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Graph Sparsification

Theorem (Batson-Spielman-Srivastava ’08)

For any graph G = (V,E) one can find weights s(e) ≥ 0 in
poly-time with |supp(s)| ≤ O(n/ε2) so that
|δ(U)| = (1± ε) · |s(δ(U))| for every U ⊆ V .

◮ Even stronger:
Laplacian of weighted sparse graph ≈ original Laplacian
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Graph Sparsification

Theorem (Batson-Spielman-Srivastava ’08)

For vectors v1, . . . , vm ∈ R
n with

∑m
i=1 viv

T
i = In, one can find

weights s ∈ R
m
≥0 in poly-time with |supp(s)| ≤ O(n/ε2) so that

(1− ε)In �
m∑

i=1

siviv
T
i � (1 + ε)In

se ≈ 1
high se
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(2) Find y ∈ K ∩ [−1, 1]m with yi = −1 for Ω(m) entries

(3) Replace each Ai by (1 + yi)Ai. Repeat until m < n
ε2

Theorem
O(logm) iterations suffice and output is 1±O(ε) sparsifier
w.h.p.
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Corollary

w(K) ≥ Ω(
√
m).



A coupling argument

(1) Set δ := tiny step size and x := 0, z := 0
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◮ As ‖x‖22 = Θ(m) one has
λmax(

∑m
i=1 xiAi) ≤ C +D‖x‖22 = O( ε

α
)
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One-dimensional intuition

x

FS(x)

x

δ2

(S + δ2)/A

◮ Consider barrier function FS(x) :=
1

S−Ax
.

◮ Update x′ := x+ δy with E[y] = 0, E[y2] = 1
◮ Change in potential function is

E[FS(x+ δy)]− FS(x) ≈
δ2

2
F ′′
S (x) = δ2

A2

(S − Ax)3

◮ Shift gives

FS+δ2(x)− FS(x) ≈ −δ2F ′
S(x) = −δ2

A

(S − Ax)2
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