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Discrepancy theory

» Set system S = {S1,...,9.}, 5 C [n]
» Coloring x : [n] — {—1,+1}
» Discrepancy

disc(S) = min )ZX ‘

x:[n]—{£1} SGS

Known results:

» n sets, n elements: disc(S) = O(y/n) [Spencer "85]

» Every element in < ¢ sets: disc(S) < 2t [Beck & Fiala ’81]
Main method: Find a partial coloring x : [n] — {0,£1}

» low discrepancy maxges |x(5)]

> [supp(x)| = Q(n)
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Spencer/Gluskin/Giannopolous Thm
Theorem (1980s)

Let K be symmetric convex set with ~,,(K) > e~ 10", Then
Jr € KN{-1,0,1}" with |supp(z)| > n/10.

» Gaussian measure: 7,(K) = Pr[gaussian € K|
» Based on pigeonhole principle [non-algorithmic|
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Algorithmic Discrepancy

Theorem

For any o > 0, there are €, > 0 so that: Let K be symmetric
convex set with 7,,(K) > e~*". Can find z € LK N [-1,1]"
with |{i : z; € {—1,1}}| > dn in poly-time.

» Might not exist for z € {—1,0,1}"
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The Algorithm

Theorem

For any a > 0, there are £, > 0 so that: Let K be symmetric
convex set with v,(K) > e "". Can find x € K N [—¢,¢|” with
{i: z; € {—¢,e}}| > on in poly-time.

Algorithm:
(1) take a random z* ~ 7,
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Some facts and notation for Gaussians

» We write ’Yn(K) = Pr, gaussian [l‘ S K]

» For symmetric convex sets A, B C R" one has
/Vn(A N B) > /Yn(A) : Vn(B)

> W(K) := Eongot [max{{z,y) 1y € K}]

~

» Urysohn: Among convex bodies with same -, (K),
0-centered Euclidean ball minimizes w(K).



Analysis
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Analysis el K
» W.hp. [lz* —y*]|2 > (1 — 5e)yv/n

» Def. I* :={i: |yf| = ¢} S~
Suppose |[I*] < on

» K(I") = Kn{lz;| <e:1eI*}
» Key observation: K(I*)

|y* —2"|| = min{|jy —2"||]2 | y € K and |y;| < eV tight i}



Analysis el K
- Whp. 2"~y > (1 - 5e)y/

Def. I* :={i : |yf| = ¢} =, ;

Suppose |[I*] < on

K(I) = KN {|z| <e:iel)

Key observation: K(I*)

v

v
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ly" — 2"z = min{|ly —2"|[2 | y € K and |y;| < e V tight i}
K (I7) still large:
Y (K (7)) > 7 (K) - (yn(strip of width €))% > e~2"
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Analysis

» W.hp. [lz* —y*]|2 > (1 — 5e)yv/n

>

» W.h.p. d(z*, K(I*)) < (1 —10e)y/n (next slide!)

Def. I* :={i : |yf| = ¢}
Suppose |[I*] < on

K(I*) = KN {|lzi| <e:iel}
Key observation:

[_5’ 5]”

K(I7)

LA

|y* —2"|| = min{|jy —2"||]2 | y € K and |y;| < eV tight i}

K (I*) still large:

Y (K (7)) > 7 (K) - (yn(strip of width €))% > e~2"

» Union bound over all |I| < én:

br [ U d" k(1) > (1~ 105)\/5] < e )

|1 <6n

O
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Gaussian close to large bodies

Lemma
Let @ C R" be convex symmetric with v,(Q) > e~ *". Then

E 4=, Q) < i (1- 512ae4a>
_ z(7)
» W.lo.g Q C 4y/anBY 4y/anBj -+~ N
» Next, w(Q) > s 2*n (Gaussian / '
version of Urysohn Inequality) |' <
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Gaussian close to large bodies

Lemma
Let QQ C R™ be convex symmetric with 'yn(Q) > e . Then

< .
L @ @) < vn (1- 512ae4 )
- —z(7)
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Gaussian close to large bodies

Lemma
Let QQ C R™ be convex symmetric with 'yn(Q) > e . Then

Az, Q) < v+ (1- =)
xr@/n[ (# Q) < vn 5120«34
- —z(7)
» W.lo.g Q C4/anB¥ 4\/CWLB§L///)\ \\
» Next, w(Q) > s 2*n (Gaussian / y \
version of Urysohn Inequality) ! ° ‘;
» 2(z) ;= argmax{(z,x) : 2z € Q} \ )
> Then Bon, [z 2(2))] 2 n- 5% N\
E = M)z = E[||93||§] — 2AE[(z, 2(2))] + EN* (=) I3]
choose A 1
2 (1- )
= e 2560et



PART 11

LINEAR SIZE SPARSIFIERS IN
GRAPHS




Graph Sparsification

Theorem (Batson-Spielman-Srivastava ’08)

For any graph G = (V, E) one can find weights s(e) > 0 in
poly-time with |supp(s)| < O(n/e?) so that

0(U)| = (1xe)-|s(6(U))]| for every U C V.

» Even stronger:
Laplacian of weighted sparse graph = original Laplacian
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Graph Sparsification

Theorem (Batson—Spielman—Srivastava '08)

For vectors vy, ..., v, € R" with > " | vl = I,, one can find
weights s € RT, in poly time with [supp(s )| < O(n/e?) so that

(1—¢)l jZm: (1+¢)l,

high s,




A new sparsification algorithm
Given: PSD matrices A; with >>7" | A; = I, and ¢ > 0.



A new sparsification algorithm
Given: PSD matrices A; with >>7" | A; = I, and ¢ > 0.

(1) Consider
{xeRm| HZZ’Z i

< O(v/n/m) }

op



A new sparsification algorithm
Given: PSD matrices A; with >>7" | A; = I, and ¢ > 0.

(1) Consider
= fe e[ S5, <o)

(2) Find y € K N [—1,1]™ with y; = —1 for Q(m) entries

op



A new sparsification algorithm
Given: PSD matrices A; with >>7" | A; = I, and ¢ > 0.

(1) Consider
= fe e[ S5, <o)

(2) Find y € K N [—1,1]™ with y; = —1 for Q(m) entries
(3) Replace each A; by (1 +y;)A;. Repeat until m < %

op



A new sparsification algorithm
Given: PSD matrices A; with >>7" | A; = I, and ¢ > 0.

(1) Consider
= fe e[ S5, <o)

(2) Find y € K N [—1,1]™ with y; = —1 for Q(m) entries
(3) Replace each A; by (14 y;)A;. Repeat until m < %

op

Theorem

O(logm) iterations suffice and output is 1 £+ O(e) sparsifier
w.h.p.
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How to find partial colorings
What do we know about the set

K= {oer ||| S ma
1=1

» K is convex, symmetric and non-polyhedral.
» Suffices if v, (K) > =™, Unknown if this holds.
> Suffices if 7,,(©(1) K + ©(y/m)By*) > 5. This we can

prove!

< n/m}

op

Corollary
w(K) = Q(vm).
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(1) Set 0 := tiny step size and z := 0,z := 0
(2) FOR T := 3 iterations DO
(3) Find PSD X < I, with Tr[X] > (1 — a?®)m
(4) Update z :=x+¢-N(0,X) and z:=z+6- N(0, I, — X)
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(1) Set 0 := tiny step size and z := 0,z := 0
(2) FOR T := 3 iterations DO
(3) Find PSD X < I, with Tr[X] > (1 — a?®)m
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(1) Set 0 := tiny step size and z := 0,z := 0
(2) FOR T := 3 iterations DO
(3) Find PSD X < I, with Tr[X] > (1 — a?®)m
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» Use potential function

A(z) == (C+D|z|?) }:xA and  ®(x) = Tr[A(z) "]
=1
where C, D > 0 are parameters.
Main Lemma

If &(z) < Pme® then there is X < I, with Tr[X] > (1 —a®)m
so that y ~ N(O X) one has E[®(z + dy)] < §(x).

» Similar potential function as [BSS’08], different updates.
Application:

> Set C':=0(£) and D := O(=).

> &(0) = Tr[(C- I,)7Y] = & = Dm?%.



One update step

» Use potential function

A(z) == (C+D|z|?) Zx A and  ®(z) := Tr[A(z)7Y
=1
where C, D > 0 are parameters.
Main Lemma

If &(z) < Pme® then there is X < I, with Tr[X] > (1 —a®)m
so that y ~ N(O X) one has E[®(z + dy)] < §(x).

» Similar potential function as [BSS’08], different updates.

Application:
» Set C':=0O(£) and D := @( =).
> &(0) = Tr[(C- I,)7Y] = & = Dm?%.

> As ||z]|3 = ©(m) one has
Amax (i 2iAi) < C+ Dlla[3 = O(5)
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One-dimensional intuition

A

» Consider barrier function Fs(x) :=
» Update 2/ := z + dy with E[y] = 0, E[y?] =
» Change in potentlal function is

BIFs(a-+ 80)] - Falo) = S FYlo) = P2




One-dimensional intuition

A

ot+---—---

v

Consider barrier function Fs(z) := <
Update 2’ := x + oy with E[y] = 0, E[y?] =1
Change in potentlal function is

62 A?

E[Fs(z +0y)] — Fs(z) = S Fs(x )_52m

v

v

v

Shift gives

FS+52(;U> — FS(QZ) ~ —(SzFé(QZ) = —(52 A

(S — Ax)?
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One update step (2)

» Recall

A= A(z) :== (C+D|z|?) Zx A; and ®(z) == Tr[A(z) 7}
=1
» Pick Gaussian y orthogonal to z and any linear term in
analysis

> Set B =370, yidi — 6llyll3 -
» Change of potential function is

tr[(A—6B)'] — tr[A7Y]
PET 5 a[AT BAT 4 6(8%) - i AT BAT BATY

~ = E DIl + O a (Y na) 4 (L u) 4
j=1

]
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One Update Step (4)

» Putting everything together..

Eftr[(A —dB)™ 1] — tr[A™]
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One Update Step (4)

» Putting everything together..
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» y is Gaussian from (1 — ©(a?))m dimensional subspace



Open problems
Let Ay, ..., A, € R™ symmetric with ||A;]lop < 1. Consider
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Thanks for your attention



