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Introduction

Let (F,| - ||) be a Banach space. A (homogeneous, tetrahedral)
F-valued Gaussian chaos of order d is a random variable defined as

S= Z 3i1,...,idgi1 - (]‘)

1< <ip...<ig<n

where a; i € F and gi,..., gy are i.i.d.standard Gaussian
variables.

We will discuss two-sided estimates on L,-moments (defined as
1], == (E]|S][?)"/7) and tails of |S||.

We will also present bounds for arbitary quadratic forms and (if
time permits) for general polynomials in Gaussian random
variables.

The talk is based on two joint papers with Radostaw Adamczak
and Rafat Meller.



Symmetry conditions

Observe that

n
E ajy,....ig8i " Big = E : Ai,...,ig8i * * Bigs
1<ih <iy...<ig<n i1ysig=1

where 3;, i = %a,-1»=7,-;_”7,-; if i1,...,iq are pairwise disjoint and
if <y <...<i}jis the increasing permutation of (i1, ..., iy) and
aj,..iy = 0if ij = i) forsome 1 < j < k < d.

We say that a finite matrix (a;,,.;,) is tetrahedral and symmetric
(or satisfies symmetry conditions) if it is invariant with respect to
permutation of indexes and a;, . ;, = 0 if ij = i) for some
1<j<k<d.



Moments vs tails

By Chebyshev's inequality we always have
P(||SII = ellSllp) <e™®, p=1.

If additionally ||S||2p < A||S||p then the Paley-Zygmund inequality

yields
P(IS > < [Sll,) = min { e}, p>1.
C(A) C(A)
In particular for a finite set r1,..., r, > 0 the moment bound

n
ISllp~ a0+ Y ap™, p=>1
k=1

is equivalent to two tail bounds for t > 0:

B(IS1> £ +1) > zep(—C omin (£)7),

C 1<k<n \a
1 t N1/

> < —=,min (—
P(IS| = Cao + 1) <20 (— & min (2)77).



Real linear forms (d = 1, F = R)

In the real case (F = R) we have >_; a;g; 4 ||all2g1, so for p>1

H 2,: a;&i

, = llall2llgrlle ~ /pllall2

and

2
B(| S as] 2 0) =Bl ) ~ 125 (-~ 51a)

We use the notation f ~ g if %f < g < Cf, by C we denote
universal constants.

We write f ~ g if ﬁf < g < C(A)f and C(\) depends only on
the parameter \.



Vector-valued linear forms (d = 1, arbitrary F)

Gaussian concentration and integration by parts yield that for a;
from a normed space F we have

H > aigi " EH > aigi'

i i
<)

i
Equivalently, in terms of tails we have for t > 0,

IP’(HZa;g/H 2t+lEHza;g; ) Zlexr)<— e 2>,
i ¢ i ¢ SUPxepy )DF a,-x,-H

2
P(H z’:a,-g,- ) =Cow <_ Csupxesnt POy aiXiH2>.

+ . .
e P | 2 etae]

+ ﬁ sup H Z ajX;
XEB; i

2 t+ CEH Z ai8i




Real centered quadratic forms (d =2, F = R)

If ajj = aji € R then for p > 1 we have

H alJ 8igj — 0ij)

|~ VBlAlls + plAllp.

Equivalent tail bound for t > 1

1 _ t2 t
co® (= Cmin{ e )
< IP’(‘ Zaij(gigj = t)

ij

1 t2 t
< Cop (—emin{ G a1

The upper bound may be established in several ways - by

concentration, rotational invariance of canonical Gaussian measure
or by estimating the Laplace transform



Borell-Arcones-Giné estimate

Application of the Gaussian concentration yields

Theorem (Borell'84, Arcones-Giné'93)

Let (ajj)i j<n be a symmetric matrix with values in a normed space
(F, |l II)- Then forp>1,

p\ 1/p

> aii(gigi — 6i)

Iy

> aii(gigi — 0j)
;

++/PE sup Z ajjX;gj
lIxll2<1 ||
+p sup Z aiixiyjl| -
xll2<L,[lylla<1 || 7

Unfortunately the second term on the right hand side is usuallly
difficult to estimate.



Easy lower bound

For any symmetric F-valued matrix (aj) and p > 1,

(we-+f)

Z a;i(gigj — dij)
7

1
> @ (E Z aij(gigj — ;)| ++/p sup E Zaijxigj
7 <t |5
+vp sup | apxi|+p  sup > ayxiy; )
1) ll2<1 || 5 xll2<1,[Iyll2<1 ||

The bound above may be reversed up to a universal constant.




Upper bound for moments

We are able to show the conjecture with an additional factor —
E| Ditj 2;j&ijl-

Theorem (Adamczak,L.,Meller'2020)

For any symmetric F-valued matrix (aj) and p > 1 we have

R

> 2ii(gigj — 95) 8 — 55
+E Zaugu ++p sup E Za,lx,gj
i#j lxll2<1 i
+vp sup | apxi|+p  sup > ayxiyj )
1) ll2<1 || 5 xll2<1,[lyll2<1 ||




Tail bounds for Gaussian quadratic forms

Theorem (ALM'2020)

For any symmetric F-valued matrix (a;) and t > 0 we have

]P(H Z aij(gigi — 0j)|| >t + C(IEH Z ai(gigi — 0;) +EH Z aj g
g ij i
< 2ex 21 min ﬁ £
= p C U27 vV )
where = sup IEH aUX'gJH + sup H ainij’y
lIxll2<1 Z [[ERIPES! ;

o= s [ S

HXII2<1 Hsz<1

Moreover,

*(| X atee -]

Y

1
t+ EEH ;aij(g,‘gj — ;) D

ool ccmnd 2t
Cexp min TERY 5

Vv

)




Alternative moment bounds

We may eliminate additional term E|| 3_, ; ajg;| by cost of additional
logarithms. Namely we have the following bounds:

H > ailgig — 6) ‘p
;

< C(EH Z aij(gig; — dy)
ij

R

[[x]]2<1
IS ]

+ /pln(ep) sup HZQ’JX’J

[(x)]2<1
and
H Z aij(&igj — i) ‘
7 p
< C(In(ep)]EH Z aj(gig; — dy)
ij
sup H Zauxu

H(XU)H2<1

HXH2<1 ||sz<1

lIxll2<1

+ pln(e H Zauxlyj

\XH2<1 ||y|\2<1

R o

)



Gaussian a+ property

One may eliminate the term E|[| 3=,; aj;gj| if the space (F, | [|)
satisfy the following property:

There exists constant K < co such that for any symmetric
F-valued matrix (aj)

EH > aigi
i#j

< KE"ZaUg;&”. (a+)
i#j

This property appears in the literature under the name Gaussian
property (a+) and is closely related to Pisier's contraction
property. It has found applications, e.g., in the theory of stochastic
integration in Banach spaces. It holds for Banach spaces of type 2,
and for Banach lattices (a+) is equivalent to finite cotype. In
particular L, spaces satisfy (a+) with K < Cy/r.



Two-sided bound under Gaussian a+ property

Corollary (ALM’'2020)

Let (aj) be a symmetric matrix with values in a normed space
(F,|| ||) which satisfies (a+). Then

P) 1/p

(2] Z 2i/(gigj — 0)

N EH Z ] VP, SurilEH Z 24|
! ﬁ o<t | 5 |3l 7 <Ly ll<1 | Z %




Two-sided bounds in L,-spaces

L, (X, p)-spaces satisfy (a+), moreover one has

] =elzasl, < e S
ij L i g

)

Lscxﬁ

r r

Z(Zaijxi)2 g]EHZa,-jx,-ng < Z(Za,jx,-)2 ’
Lo L i o VR L
A, < e -, < o] £
ij L if 7

r r

As a consequence we have

(S oves
2%
sup H Zauxu

[(xij)]]2<1

)"

+/P sup
Ixll2<1

EQPM

L,

|3 3],

\XH2<1 ||y|\2<1



Non-centered Gaussian quadratic forms

For non-centered Gaussian quadratic forms S =3, ; aj;gig; one
has ||S|l, ~ [|[ES|| + ||S — ES]||5, so we have symmetric
vector-valued matrices (a;;) and p > 1,

E(E\\Zavgfgf!\w R
ij )

[[x[l2<1

sup HE ajjXij

xij)[2<1

< <Euzaugfgfu )
ij
< C(JEH Z a,-jg,-ngJrEH Z aij8ij
ij i#j

e, S
|| ll2<Lllyll2<1 ™

+/p sup EHZ&UX,'ng
ij

lIx[l2<1

sup H Z ajjXij
I

xj)|l2<1

|5 s )
1

||XH2<1 HYI|2<1



Hanson-Wright inequality

One of the crucial inequalities related to bounds of Gaussian
quadratic forms is the Hanson-Wright inequality.

Theorem (Hanson-Wright'71, Wright'73, Barthe-Milman'13,

Rudelson-Vershynin'13)

For any sequence of independent mean zero a-subgaussian random
variables X1, ..., X, and any symmetric real-valued matrix
A = (ajj)ij<n one has for t > 0
> a(XiX; — E(XiX)))| > t)
ij=1

P(
<2exp<—1min{ - L })
- C o*[[Allas” o?[|Allop | )

Recall that a r.v. X is a-subgausian if

n

P(|X| > t) < 2exp(—t?/2a?) for all t > 0.



Normed space valued H-W inequality

Theorem (ALM'2020)

Let X1, X5,..., X, be independent mean zero a-subgaussian random
variables. Then for any symmetric matrix (aj;); j<n with values in a
normed space (F,| - ||) and

t > Co®(E|| X, ay(gigi — 6y)|+E X..; aigi) we have

1 2t
§2exp (—C I’T'lln{()/1[/2,0[2\/})7 (HW)

E djj Xij

D ap(XiX; — E(XiX;))

i

where

= sup E ajjX;gj sup
X<t || b

E :aquYJ

V =
HX|I2<1 IMI2<1




How it works in the real case

It is not hard to check that in the case F = R we have
U ~ ||(aj)|lus and V = ||(ajj)||op- Moreover,

+E < 2|[(ag)llms,

Z dij8jj

i#

Z aij(gigj — 0ij)

so the right hand side of (HW) is at least 1 for

t < C'(E|| X2 ai(gigr — 95)|l + El| iz aijgill) and sufficiently
large C. Hence (HW) holds for any t > 0 in the real case and is
equivalent to the classical Hanson-Wright bound.



H-W bound in L,-spaces, 1 < r < oo

Corollary (ALM'2020)

Let X1, X5, ..., X, be independent mean zero a-subgaussian random
variables. Then for any symmetric matrix (a;) j<n with values in

L, = L(X,p), and t > Car|ly />, a3lle,

P a5(XiX; — E(XiX;))

&

>t
L,

1 . t2 t
S2ep | —Emin G a2y ()

2
U= sup Z Za;jxi + sup

k<t ||\ 5 \Z 163 ll2<1
Lr

where

V =
HXH2<1 Hy\|2<1

E :a’JX’yJ




H-W bound in type 2 spaces

Corollary (ALM’'2020)

Let X1, X5, ..., X, be independent mean zero a-subgaussian random
variables and let F be a normed space of type two constant \. Then for
any symmetric matrix (aj;)i j<n With values in F and

t > CNa?, /3 |1a]|? we have
>+)

P ( > ai(XiX; — E(X:X)))
p

1 . t2 t
S 2ep (‘c min {auzazv}) )

where 2

U=\ sup ZHZa,-jx,-‘ Zauxu

[Ix][2<1 j i
Z 2;jxiy,j

sup
[1Gep)ll2<1

V =

HX||2<1 HY\|2<1




Higher order real Gaussian chaoses

By P(U) we denote the family of (unordered) partitions of U into
nonempty, pairwise disjoint sets. For P = {I,..., Ik} € P([d]) and
A= (aj,..i,) we define

IAll7 = sup{ Z iy HX,I 'Skz (Xi(,,r)>2 < 1}'

i1ye.nyid il

Theorem (L'2006)

Assume that A = (a;,,....;,) is a finite real tetrahedral symmetric matrix.
Then for any p > 1,

H Z iy,...,ig80h " " 8Biy Z P‘P‘/ZHAHP

i1, id ’PEP([d]

and for t > 0,

1 t \2/IP|
- _C A -

G P ( 4 pep(ld)) (|A||7;) )

(‘ Z Ai,...,is80 ** 8iy ) < 2exp ( Cld Pep [d]) (|A1|'|P>2/IP>

i1yeeesid




Moment bound for d =3, F =R

For A = (ajjx) we have

1/2
||A||{1.,2,3} = SUP{Zaiijijki ngk < 1} = (Zaék) )

ijk ijk ijk
[All {13 (2,3 sup { Z jjkXi Yk - ZX,Q < 172}/,% < 1}
ijk i K
2\1/2
:sup{(Z<Za;jkx,-) ) : le?gl}
Jjk i i

o { (S (o))" T <)

i
[All {1} {23 {3y = sup { dapxivizi: Y <1y <1y 7 < 1}
ijk i j k
and under symmetry assumptions (i.e. a;x = 0 and

ajjk = ajij = ajik = ajii = aAk;j = ak;i) we have for p > 1,
ij g

3
|3 anege]| ~ valAlnas + plAl s + 1Al y iz
ijk



Tail Bounds for real chaoses of order 3

Under the symmetry assumptions we have for t > 0,

eXp(Cmi”{(|A||{:2,a}>2’(| o) (e )

[All 1323177 MAll 1y 123133
IP’(’ Zaijkgigjgk‘ > f)
ijk

Cex"(‘émi”{(|An{:z,a}>2’( o) eee) 1)

Al 132337 MIAl 3423 (33

A OlF




Notation for vector-valued chaoses of higher order

We write (P,P') € P(U) if PUP' € P(U) and P NP’ = 0.
Let P={h,...,Ik}, P'={J,...,Im} be such that
(P,P") e P([d]) . We set

|Allpp = sup {E|| 3 ay ,de,, ng

yeeesld

Z ajy,....ig ,(,(r) H 8

L yeemsid r=1 le[d\(JP)

Vick Y (X;(,,’))z - 1}.

Up

s () 21}

I/r

JAllp = sup {E

We do not exclude the situation that P’ or P is an empty
partition. In the first case [|Al|p = ||Al|p/|p is defined in
non-probabilistic terms. Another case when ||A|lp = ||Al|p/p is
when P’ consists of singletons only.



Moment bound for vector-valued chaoses of arbitrary order

Theorem (ALM'2020+)

Assume that A = (aj,,...i,) is a finite tetrahedral symmetric matrix
with values in (F, || ||). Then for any p > 1,

C(d Z Z plp‘/2HAHP< H Z aiy,...,iqg8i * g,d

Jc[d] PeP(J) ffLgeocsfi

<cd) Y PP Alpp.
(P,P")eP([d])

Under the assumption of the theorem we have

H Z ajy,....iy8i gld < C(d Z Z p|,PV2 ’AHP

i1;...sid JC[d] PeP(J)




Examples for d = 3, A = (a%)

[Allo11.231 = 1Al 1233 = H > ajuxil|,
i,k uk—
1Allg1y.12.3) = 1All1y.123) = sup H > aixiyiel|,
Yo ESLY T VALY
[Allo113,023.13) = 1Al {13,023y = sup H > aiiji)/jZkH~

Z,‘Xizgl’zj'nggl’Zszgl ijk

HA||{1 2},{3}|0 = EH Z Aijk8ij8k ||
ij.k

1Al 131023433 = [Allg23.03) = sup EH Zaijkgixj)’kHa
DS <1 ik

EH Z aijk8i8j8k||s
ijk

Al {13,423, 43310 = Al

sup EH > aijkgingkH-

2 ..
JN ST ik

1Al 113,123 133 = 1Al (33



Tail bounds for vector-valued chaoses of arbitrary order

Theorem (ALM'2020+)

Under the symmetry assumptions we have for t > 0,

IP’(H Z ap,..i,8h - &y = t+ C(d) Z ”A”P’W))

- PeP([d])

< 2ex —i min ( t )2/”)‘
=oP C(d) (p,P)eP(d) \|Allp '
|P|>0

and

<H Z di,....ia8i """ Big|| = C ]EH Z 8" 8y +t>
iLyeesid i1y0050d

1 t 2/IP|
— C(d) mi in (' .
c@ = (= €m0, 30, () )

>




valued chaoses of order 3

Bounds for vect

Under the symmetry assumptions we have

1 p\1/p
ES1 < (]EH E 3ijkgigjng ) < C(S1+52),

ik
St 1:]EH E agkgi&'ng
ik
1/2 E ) X

+p sup E akgigixk|| + sup aijkgixXjk || + sup jjke Xijk

H xll2<1 [Ixllz<1 [Ixll2<1

ik ik
+P( sup ]EH E aijk€f><ij||+ sup || E aijkxfj)’kH)
[Ixll2:llyll2 <1 lIxll2;llyll2 <1
ik ik

3/2 § :
+p / H aukX:yJZk

IIxll2, IIyH2 llzll2<1

1/2
52 i:JEH E aykgijk||+ﬂ5“ E a/‘jkg/'jng+P/ sup ]EH E aijkginkH
[Ixll2<1
ijk ijk

ik



Bounds under (a+) condition

Lemma

Assume that (F,|| ||) satisfies (a+) condition and
(P,P") € P([d]). Then

Ao < KIUPI=P1|1 A5

Corollary (ALM'2020+)
Let (F,|| ||) satisfy (a+) condition. Then for p > 1,

[ 3 ot el], ~ax 3 32 o7 Al

ey JC[d] PeP(J)




Bounds in L,-spaces

L, spaces satisfy (a+) condition with K = C/r. Moreover as in
the case d = 2 one may show that for a matrix A = (aj;...;,) with
valuesin L,, J C [d] and P = {(h,..., )} € P([d] \ J) we have

2
L
||A||73/|73 ~r.d ||A||7)r = SUP{H Z (Z aiy,...,iq H l/,)
ffa\J

1y

Yk X (51 ) < 1}.

i,

Lq

Theorem (ALM'2020+)

Let A= (aj,..i,) be an L,(X, pu)-valued matrix satisfying
symmetry assumptions, 1 < r < oco. Then p > 1,

H Z aiy,....iy 80 g:d ~r.d Z Z p 2 HAH

iy Jc[d] PeP([J])




Arbitrary polynomials

The following proposition enables to reduce moment bounds for arbitrary
polynomials to previously considered homogenous case.

Proposition (ALM'2020+,Adamczak-Wolff'15 for F = R)

Let G be a standard Gaussian vector in R" and f: R" — (F,||||) be a
polynomial of degree D. Then for p > 1,

7

.....

d
1£(6) — Ef(G HP~DZH oA ) gl

fiye.esig=1

where (agf) is,.iv<n == EVIF(G).

I

Example Let f be a general polynomial with values in (F, || ||)

n n n
f(G) = Z a;jk8igj&k + Z bijgig; + Z cigi+d,
k=1 ij=1 =1

the matrices (ajjx)jk. (bjj);j are symmetric. Then

EV(G :(c,+3Zaw), EV2F(G) = 2(by)ij, EV3F(G) = 6(a)isk-



Crucial tool - decoupling

Let (gfk));7k21 Be independent A/(0,1) random variables and
ec 1 d
Slee= " a;l,...,idg,-(1 ). ~g,§, )
15eeerid

be the decoupled version of the Gaussian chaos

S= E : Qiy,...,ig8i """ Big-
i1yeesid

Theorem (Kwapien (1987), de la Pefia, Montgomery-Smith (1994))

Let (aj,...i,) be tetrahedral and symmetric F-valued matrix. Then
forp > 1,

Cd) IS Nlp < ISllp < C(d)IS*] .-
Moreover for t > 0,

C(d)'P(|S**°| > C(d)t) < P(|S| > t) < C(d)P(|S*°| > t/C(d)).




Reduction to a bound on supremum of Gaussian process

The crucial part of the proof (for d = 2) is to bound the quantity

D 3igiX;

i

We may assume that F = R"”, choosing for T the unit ball in F*
we need to show that

E sup
lIxll2<1

E sup

Z ajjk&iXjtk
x|2<1,teT

ik

is essentially bounded by

1
—FE sup

/
aijk8i8j tk
VP teT Z RIS

ijk

+ sup Esup

Z ik &iXjtk
Ix[<1 teT

ijk

o\ 1/2 2
+sup (Z (Z 3ijkfk> ) ++/pP  sup > (Z ainJ'tk)
teT P ‘ Tk

1/2

i Ixll2<1,teT i



Entropy bound

We have a Gaussian process on V' = Bj x T with the L»-distance
1/2

1

It is not hard to check that 2
diam(V) ~  sup Z (Z a,-jxjtk)
- -

l[x[l2<1,teT

d((x, 1), (x',¢) Z(Zauk(xjtk x;tL))

1/2

For 6 > 0 we have

1/2
log N(V, d,é) < C(5_1/2 (Esup Zaijkgig:,‘/tk )
teT

ik

e

+51( sup Esup
[[x].<1  teT

Z ajjk 8i X tk

ijk




Chaining argument

Unfortunately the Dudley bound

diam( V)
Esup G, < C log N(V,d,d)dd
veV 0
does not work.

So instead we need to use chaining. We use the classical Sudakov
. 2
bound in R™:

sup<5|og1/2 N(A, dys,d) < CE sup Za,-jg,-j,
>0 (a,-j)EA ij

but then we have to add the additional term E[| }_; aj;gjj||-
Alternatively, we may use Talagrand Sudakov-type bounds for
suprema of Gaussian chaoses:

sup & log?* N(A, dys,8) < CE sup Zaijgigj{
§>0 (ap)eA

but then additional logarithmic factors appear.
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Thank you for your attention!



