Successive minima-type inequalities

Technische '
Universitat

Berlin

Simons, February 2020

1/17



Minkowski's successive minima

» Let K € K" = {K < R" convex, compact and int (K) # &},
K = —K,

ANi(K)=min{A>0:dim(AK nZ") > i}

is called ith successive minimum, 1 <7 < n.
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» M(K) < 2 (K) < ... < \(K).
> A\1(K) = min{|a| : @€ Z"\{0}}.
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Extensions/Generalizations

o For Ke K" let K. = 3(K — K).
» Via Brunn-Minkowski one gets for K € K"

on n 1 n 1
— ——— < volK <2 —_—.
nl - Ai(Ke) ,11 Ai(Ke)
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Let K € K" with centroid ﬁ SK xdx = 0.
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e Let K € K" with centroid ﬁ Sdex =0.

n+1+r 1 (n+1)" 4 17
— < volK < f
n! q K SV n LIN(K)
» Extremal cases would be S. = conv{ei,...,e,, —1} and
SPax = (n+1)conv{0,eq,...,ep} — 1.
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Extremal cases would be S. = conv {ey,...,e,, —1} and
Slox = (n+ 1)conv{0,ei,...,e,} — 1.

. lower bound, but upper
bound only for n = 2.
. vol (K) < 2"vol (K n (—K)) and so

(n+1)"
n!

an upper bound of 4" instead of

Upper bound implies the so-called Ehrhart-conjecture, 1964:

(n+1)"
nl

vol (K) = = K nZ"\{0} # &.
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Davenport's conjecture

» Let 6(K) be the density of a densest lattice packing of K.
» Davenport, 1946, conjectured

vol (K) < 5(K) 2" H 1

> n = 2 and ellipsoids, Minkowski, 1896.

> up to a factor of ﬁn_l, Chabauty, Rogers, 1949.
» n =3, Woods, 1956.
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Each of these inequalities implies the corresponding result for
the volume.
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» For n< 3

2
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+1).
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> For ellipsoids.
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vol (K) < Q"HA;(KC*) and G(K) < | [ @N(K) +1).
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*» K=—-K: zje \i(K*)K* nZ", 1 <i<n. Then
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i=1 i=1

*» K=—-K: zje \i(K*)K* nZ", 1 <i<n. Then
K< {xeR":|{z;,x)| < \i(K"),1<i<n}.

conjectured for K = —K
n n
- 1—{ Ai(K*) < vol (K).

> Mahler's "volume conjecture” implies this bound.
> Even the weaker inequality

2"

F)\l(K*)n < vol (K)

is not known for n > 4.
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> In the general case Makai, Jr, 1974 conjectured
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> In the general case conjectured

n+1
n!

A(KH)" < vol (K),

and proved it for n = 2.

> For n=2
3 * *
EAl(KC )2 (K™)

+ 20 (K (RalKe) = (K < vol (K).
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Packing minima

e based on ongoing joint work with Vatthias Schymura (EPFL)
and Fei Xue (TU Berlin).
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Packing minima

e based on ongoing joint work with (EPFL)
and (TU Berlin).

» For a lattice A = R" let
Ai(KGA) =min{A > 0:dim(AK nA) = i}.
» For 0 < k < n let Ly(k) be the set of all k-dimensional linear

lattice subspaces of Z", i.e., L € Lz (k) if L = lin{ay,...,ax}
with a; € Z" linearly independent.
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» smallest number p such that all projections of p K. along
(n — i)-dimensional lattice planes L contain a non-trivial lattice
point of the i-dimensional lattice Z"|L*.
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is called /th

smallest number p such that all projections of p K. along
(n — i)-dimensional lattice planes L contain a non-trivial lattice
point of the i-dimensional lattice Z"|L*.

Hence,
pi(K) < Ap_iv1(Ke),

and p,(K) = A1(Ko).
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e (K|l = K> n L, [27|L] =27~ Lt
we get
A (Ke|LF,Z"|LY) = SV i .
i(K* n LA 20 n L)
» Hence,

1 1

piK) 2 min{\j(K* n L,Zn ~n L) : L e Lz(i)} YIS
and p1(K) = 1/A1(K™).
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» Forl<i<n

Ani Ke) = pi(K Z T
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where the upper bound is always attained for i = n and the
lower bound for i = 1.
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» Forl<i<n

An—i+1(Ke) = pi(K) = MK
where the upper bound is always attained for i = n and the
lower bound for i = 1.

» They are not monotonously decreasing since
PI(K) = pn(K) = )\1(KC*>)\1(KC) < 1.

ci(1 + In(1) i (K

> pi(K) =

Ai(KS™) c(n+1—0N1+In(n+1-1))
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with \;(K.™).
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2n 1 ol
— < vol(K) < 2" :
Lo <o <225,
Upper bound is weaker than with \;(K¢), but lower bound is
stronger. The lower bound is weaker than the conjectured one
with \;(K.™).

Gl < ﬁ L}f(zK) B 1J '

i=1
The bound is stronger than the one with \;(K.*), but, of
course, weaker than the conjectured one with \;(K¢).
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Thank you for your attention!
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