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Minkowski’s successive minima

§ Let K P Kn “ tK Ă Rn convex, compact and int pK q ‰ Hu,
K “ ´K ,

λi pK q “ min tλ ą 0 : dimpλK X Znq ě iu

is called ith successive minimum, 1 ď i ď n.

§ λ1pK q ď λ2pK q ď ... ď λnpK q.
§ λ1pK q “ mint|a|K : a P Znzt0uu.
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§ Minkowski’s 1st theorem, 1896.

vol pK q ď 2n
ˆ

1
λ1pK q

˙n

.

ô

”

vol pK q ě 2n ñ K X Znzt0u ‰ H
ı

§ Minkowski’s 2nd theorem, 1896.

vol pK q ď 2n
n
ź

i“1

1
λi pK q

.

§ Bambah, Woods, Zassenhaus, 1965; Cassels, 1959; Danicic,
1969; Davenport, 1939; Esterman, 1946; Siegel, 1935; Weyl,
1942; etc.
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Extensions/Generalizations

‚ For K P Kn let Kc “
1
2pK ´ K q.

§ Via Brunn-Minkowski one gets for K P Kn

2n

n!

n
ź

i“1

1
λi pKcq

ď volK ď 2n
n
ź

i“1

1
λi pKcq

.
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‚ Let K P Kn with centroid 1
volK

ş

K x dx “ 0.

n ` 1
n!

n
ź

i“1

1
λi pK q

ď volK ď
pn ` 1qn

n!

n
ź

i“1

1
λi pK q

?

§ Extremal cases would be Sn
min “ conv te1, . . . , en,´1u and

Sn
max “ pn ` 1qconv t0, e1, . . . , enu ´ 1.

§ H., Henze, Hernandez-Cifre; 2016: lower bound, but upper
bound only for n “ 2.

§ V. Milman&Pajor; 2000. vol pK q ď 2nvol pK X p´K qq and so
an upper bound of 4n instead of pn`1qn

n! .
§ Upper bound implies the so-called Ehrhart-conjecture, 1964:

vol pK q ě
pn ` 1qn

n!
ñ K X Znzt0u ‰ H.
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Davenport’s conjecture
§ Let δpK q be the density of a densest lattice packing of K .

§ Davenport,1946, conjectured

vol pK q ď δpK q 2n
n
ź

i“1

1
λi pKcq

.

§ n “ 2 and ellipsoids, Minkowski, 1896.

§ up to a factor of
?
2
n´1

, Chabauty, Rogers, 1949.

§ n “ 3, Woods, 1956.

i.e.,
δpK q “ sup

APGLpn,Rq
λ1pAKcq

nvol pAK q{2n.

By definition,

vol pK q ď δpK q 2n
ˆ

1
λ1pKcq

˙n

.
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Lattice points instead of volume

§ Let GpK q “ #pK X Znq be the lattice point enumerator of K .

§ Betke, H., Wills, 1993.

§ GpK q ď
ˆ

2
λ1pKcq

` 1
˙n

,

§ only for n “ 2:

GpK q ď
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

,

§ GpK q ě
2n

n!

ˆ

1´
λ1pKcq

2

˙n n
ź

i“1

1
λi pKcq

.

Each of these inequalities implies the corresponding result for
the volume.
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§ H., 2002.

GpK q ă 2n´1
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ Malikiosis, 2009/2010/2013.

§

GpK q ă
4
e

?
3
n´1

n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For n ď 3

GpK q ď
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For ellipsoids.

§ For qi “ t 2
λi pKcq

` 1u let pi ě qi such that pi`1|pi . Then

GpK q ď
n
ź

i“1

pi .

8 / 17



§ H., 2002.

GpK q ă 2n´1
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ Malikiosis, 2009/2010/2013.

§

GpK q ă
4
e

?
3
n´1

n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For n ď 3

GpK q ď
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For ellipsoids.

§ For qi “ t 2
λi pKcq

` 1u let pi ě qi such that pi`1|pi . Then

GpK q ď
n
ź

i“1

pi .

8 / 17



§ H., 2002.

GpK q ă 2n´1
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ Malikiosis, 2009/2010/2013.
§

GpK q ă
4
e

?
3
n´1

n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For n ď 3

GpK q ď
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For ellipsoids.

§ For qi “ t 2
λi pKcq

` 1u let pi ě qi such that pi`1|pi . Then

GpK q ď
n
ź

i“1

pi .

8 / 17



§ H., 2002.

GpK q ă 2n´1
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ Malikiosis, 2009/2010/2013.
§

GpK q ă
4
e

?
3
n´1

n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For n ď 3

GpK q ď
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For ellipsoids.

§ For qi “ t 2
λi pKcq

` 1u let pi ě qi such that pi`1|pi . Then

GpK q ď
n
ź

i“1

pi .

8 / 17



§ H., 2002.

GpK q ă 2n´1
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ Malikiosis, 2009/2010/2013.
§

GpK q ă
4
e

?
3
n´1

n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For n ď 3

GpK q ď
n
ź

i“1

ˆ

2
λi pKcq

` 1
˙

.

§ For ellipsoids.

§ For qi “ t 2
λi pKcq

` 1u let pi ě qi such that pi`1|pi . Then

GpK q ď
n
ź

i“1

pi .

8 / 17



§ For K P Kn let

K ‹ “ ty P Rn : xy , xy ď 1, for all x P Ku

be the polar body of K .

§ Blaschke&Santalo, 1949; Bourgain&Milman, 1987; ...

cn1
n!
ď vol pK qvol pK ‹q ď

cn2
n!

and it is conjectured that c1 “ 4; known to be true for n “ 2
(Mahler, 1974) and for n “ 3 (Iriyeh, Shibata, 2017+).

§

λ1ppK ´ K q‹q “ min
aPZn

max
x ,yPK

xa, x ´ yy

is the lattice width of K .
§ Banaszczyk, 1996.

1 ď λn´i`1pK qλi pK
‹q ď c np1` ln nq.
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(Mahler, 1974) and for n “ 3 (Iriyeh, Shibata, 2017+).

§

λ1ppK ´ K q‹q “ min
aPZn

max
x ,yPK

xa, x ´ yy

is the lattice width of K .
§ Banaszczyk, 1996.

1 ď λn´i`1pK qλi pK
‹q ď c np1` ln nq.
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§

vol pK q ď 2n
n
ź

i“1

λi pKc
‹q and GpK q ď

n
ź

i“1

p2λi pKc
‹q ` 1q .

§ K “ ´K : z i P λi pK
‹qK ‹ X Zn, 1 ď i ď n. Then

K Ď tx P Rn : | xz i , xy | ď λi pK
‹q, 1 ď i ď nu.

§ Mahler, 1974 conjectured for K “ ´K

2n

n!

n
ź

i“1

λi pK
‹q ď vol pK q.

§ Mahler’s ”volume conjecture” implies this bound.
§ Even the weaker inequality

2n

n!
λ1pK

‹qn ď vol pK q

is not known for n ě 4.
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§ In the general case Makai, Jr, 1974 conjectured

n ` 1
n!

λ1pKc
‹qn ď vol pK q,

and proved it for n “ 2.

§ H., Xue, 2019. For n “ 2

3
2
λ1pKc

‹qλ2pKc
‹q

`
1
2
λ1pKc

‹q

´

λ2pKc
‹q ´ λ1pKc

‹q

¯

ď vol pK q.
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Packing minima

‚ based on ongoing joint work with Matthias Schymura (EPFL)
and Fei Xue (TU Berlin).

§ For a lattice Λ Ă Rn let

λi pK ,Λq “ min tλ ą 0 : dimpλK X Λq ě iu .

§ For 0 ď k ď n let LZpkq be the set of all k-dimensional linear
lattice subspaces of Zn, i.e., L P LZpkq if L “ linta1, . . . , aku

with ai P Zn linearly independent.
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§ For 1 ď i ď n

ρi pK q “ max
 

λ1
`

Kc |L
K,Zn|LK

˘

: L P LZpn ´ iq
(

.

is called ith packing minimum.

§ smallest number ρ such that all projections of ρKc along
pn´ iq-dimensional lattice planes L contain a non-trivial lattice
point of the i-dimensional lattice Zn|LK.

§ Hence,
ρi pK q ď λn´i`1pKcq,

and ρnpK q “ λ1pKcq.
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§ Since for L P LZpn ´ iq

λi prKc |L
Ks
‹
, rZn|LKs

‹
qλ1

`

Kc |L
K,Zn|LK

˘

ě 1

and
rKc |L

Ks
‹
“ Kc

‹ X LK, rZn|LKs
‹
“ Zn X LK

we get

λ1
`

Kc |L
K,Zn|LK

˘

ě
1

λi pKc
‹ X LK,Zn X LKq

.

§ Hence,

ρi pK q ě
1

mintλi pKc
‹ X L̃,Zn X L̃q : L̃ P LZpiqu

“
1

λi pKc
‹q

and ρ1pK q “ 1{λ1pKc
‹q.
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§ For 1 ď i ď n

λn´i`1pKcq ě ρi pK q ě
1

λi pKc
‹q
,

where the upper bound is always attained for i “ n and the
lower bound for i “ 1.

§ They are not monotonously decreasing since
ρ1pK q ě ρnpK q ô λ1pKc

‹qλ1pKcq ď 1.
§

cip1` lnpiqq

λi pKc
‹q

ě ρi pK q ě
λn´i`1pKcq

cpn ` 1´ iqp1` lnpn ` 1´ iqq
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§

2n

n!

n
ź

i“1

1
ρi pK q

ď vol pK q ď 2n
n
ź

i“1

1
ρi pK q

.

§ Upper bound is weaker than with λi pKcq, but lower bound is
stronger. The lower bound is weaker than the conjectured one
with λi pKc

‹q.
§

GpK q ď
n
ź

i“1

Z

2
ρi pK q

` 1
^

.

§ The bound is stronger than the one with λi pKc
‹q, but, of

course, weaker than the conjectured one with λi pKcq.
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Thank you for your attention!
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