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CNNs and RNNs

e Large part of the recent success of NNs, particularly for spatial image
data, is due to Convolution Neural Network (CNN) architectures
(LeNet, AlexNet, VGG, GooglLeNet, ResNet, ...)
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* Corresponding analogue for temporal or sequential data is the
Recurrent Neural Network (RNN) architecture



FNN, CNN and RNN architectures
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CNN generative models
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RNN generative model

Yi=F(X%0)+& X' eR? (xiy, g
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A e R™" L — length of input
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Minimax analysis

* Model may be non-identifiable (parameters not unique)
E.g. w, a scaling for CNN or exchange hidden units in RNN

Focus on mean-square prediction error

e

err(§, 6) = Y]EplF(l’; 0) — F(z;0)|?

Goal: Upper and lower bound Minimax risk

M(n; F):=infsupE, ¢ [err(é, 6’)]
g 0



Estimator and Assumptions

Least Squares Estimator

7 Y'—F(X%6
éarggeneun2| ( )|

* May be non-unique, guarantees apply to any global minimizer

* Ignore computational considerations

Assumptions
A1) Noise is independent centered sub-gaussian (c?)

A2) Input distribution p is centered sub-gaussian with

cl <E,[zz"] < CI



Main results (Informal)

M(n; F) :=infsupE, ¢ [err(b\, 9)]
g o

CNN with Average pooling

_ Independent of
™m
M(n; F) = © (ﬁ) input dimension d
FNN ~ d/n

CNN with Weighted pooling
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Main results (Informal)

Match parameter

M(n; F) = 1191f supE, ¢ [err(ﬂ, 9)] count
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Main results (Informal)

Match parameter

M(n; F) = I%f sup E.o [efr((’v 9)] count
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Related work

Generalization bounds for NNs; some also apply to CNNs

Arora et al’ 18, Anthony and Bartlett’09, Bartlett et al’17,
Neyshabur et al’17, Konstantinos et al’17, Zhou and Feng’18, Li et
al’18, Long-Sedghi’19...

L(0) — Lu(0) < D/vn
 Fast rate — we show 1/n rates (under some assumptions)

* Scale independence — model complexity D typically depends on
norm of parameters

High-dimensional linear regression (d > n) — above issues akin to
sparsity based analysis e.g. using lasso



Related work

RNN model special case of classical (Kalman, 1960) problem of
learning a linear dynamical system

Recent statistical and computational analysis (Hazan et al’17; Hardt
et al’18; Simchowitz et al’18; Oymak and Ozay’18)

e Sample complexity not tight (to best of our knowledge)



Upper bounds (formal)

With probability 1-0, for sufficiently large n,

M(n; FN)

A

M(n; FWV)
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M(n; FY) <

o?mlogd
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n

~m+J when m/s ~ O(1)

o2

min{d,jm + (d/s) X (m/si} -logd

(d + L) min{r, d}

log(Ld)

L ~prd when r, L« d

* All bounds are achieved by the least

squares estimator
* n/log’n Z numerator
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* Match parameter counts

put T | _ size of output layer ~ d/s



Proof sketch

1 o
For least-squares solution, — Z(Yi — (X", 0))* <
n =1 =1
: 52 - 2% w
Because of generative model 160 — 0% < ~ (X", 0—0)
=1

Self-normalized empirical process ||(9\— Ollx <2- sup %Z?:l §i<Xi, o)
$€Ox

where Ox :={¢p=0-0:0.0'€0O,|¢|x <1}

Dudley’s integral upper bounds expectation of the process, and hence
the error, in terms of covering number of ©x

relate to covering number of ©a(p) :=={o=0—0":0.0" € ©,| 9|2 < p}
using restricted eigenvalues Amin (X7 : ®) == inf 6] /||6]2
(ensured by A2) PP
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Proof sketch

Lemma [Covering number of low-dim linear subspaces]: For any q,
k<qg, p > 0, and € € (0,1/2] there exists a finite set W of k-
dimensional subspaces in RY such that

for any k-dimensional subspace S in R? there exists a subspace S’ ¢ W
such that

sup inf |lu—v|s<¢€
ues,||lull2<p vES  llvll2<p

And the size of the set log |W)| < kqlog(pq/€).

Example RNN: ¢ := (1TA-1B 1TAL2B ... 1'B)
L segments of d-dim, each of which lies in r-dim subspace
covering set of all 2r-dim subspaces in R? O(rd log d)

covering of vectors in 2r-dim subspace foreach ~ + L x O(r)



Lower bounds (formal)

If input and noise distribution are standard normal, then there
exists a universal constant C > 0 such that

2
acm
Mn; FA) > ¢ ——
Z; 1 m+J
a=\m ] S
Mn: FW) > C (m +d/s)
mn
2 mindrd. Ld ~rd sincer<«lL
o“ 1min R
M(n; FR) > C {rd, Ld}
T
* Bound holds for any estimator 1l v
» Lower bound for standard normal implies ~ _|| ,  a - @
lower bound for general case Q@) - gy
* Match parameter count i N

J —size of output layer ~ d/s



Proof sketch

Tsybakov extension of Fano’s Lemma for Gaussian case

Corollary  For any finite subset ©' = {6y, 01,...,0m} C O, denote pmin := min;sq ||6p —

M
0;ll2/2 and pgvg = % Soi21 116: — 6ol|3. Then for any n,

inf sup B, ([0 — 0l]2] > pamin X ——r= | 1= 26 2 favg
b, 6O 1+ VM o?log M 202 log? M

Characterization in terms of free parameters

Let © C RPZ C [D]. Suppose for any u € R there exists § € © such that 6 restricted to
T equals w. Then there exists a finite subset ©' C © as in Corollary with log M < |Z|
and pmin X pPavg < V/|L|€ for any e > 0.



Experiments - CNN (average pooling) vs FNN
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Experiments - CNN (weighted pooling) vs FNN
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5 (m +J> Error decreases with n, increases with J (and m)
n

(larger stride s implies smaller output layer size J ~ d/s)
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Experiments - RNN vs FNN
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Open questions

» |s fast rate possible

* without generative model assumption (i.e. non-realizable
case)

* without distributional assumptions
in high dimensions (d > n)?
with computationally efficient estimators?

Nonlinear activations
Multiple filters
Deep models

» Role of Optimization

Similarities to sparse high-dimensional linear regression



