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Approximation by polynowials

f: {Oal}n_) {_19+1}

E(f,n)=0
E(f,d) € [0, 1]



e Circuit complexity
(PS94, SRK94, BRS95, ABFR9%4, KP97, KP98, S09, BH12]

¢ Quantum query complexity
[BBC+01, BCWZ99, AS04, A05, A05, KSWO07, BKT17]

e Communication complexity
[BWO1, R02, BVWO07, S09, S11,RS10, LS09, CA08, SO08, BH12, S14, S16]

e Learning theory
[TT99, KS04, KOS04, KKMSO08, OS10, ACR+10]

e Algorithm design
[LN90, KLLS96, S09]

¢ Differential privacy
[TUV12, CTUWI14]



Our problem

What is the worst-case E(h, d) for a halfspace /2 : {0,1}" — {-1,+1},
h(x) = sgn(})_; zixi — 60)?

Bound Reference

E(h,1)<1—20logn) Folklore
E(h,1)>1-279" Folklore

E(h, 1)> 1 — 2-Qnlogn) Hastad (1994)
E(h, en) > 1/3 Paturi (1992)
E(h,d) > 1 — 2790/d) Beigel (1994)
E(h, en)>1-290  NOT EXPLICIT [S. 2010]




MAIN RESUIT.

There 1s an explicitly given halfspace 4 : {0,1}" — {-1,+1}
such that:

E(h,d) > 1 —exp(—€2(n)) ford =0, 1551 S en

—exp(-Q(n/d)) ford=0,1,...,¢n

approximation by rational functions

e Optimal for both £ and R
e Quadratic improvement on previous explicit constructions



Main result

COROLLARY.

There are explicitly given halfspaces 41, 42 : {0,1}" — {—1,+1}
such that:

E(hi A b2, Q(n)) =1
R(h1 A h2, Q(n)) =1

e Optimal for both £ and R
e Quadratic improvement on previous explicit constructions



Application 1:

Unbounded-error
communication



UPP versus PP

:{0,1}" x{0,1}" - {-1, +1} R.(f) = minimum cost of an

g-error protocol for f
o ¢
X

B UPP(f) = min_Re(f)

a.Kk.a. sign-rank

S ]Eaiay

‘\L v
N

PP(f) = min {Re(f)+10g : 1 }

O<e<1/2 .
e<l/ o€

a.k.a. discrepancy



UPP versus PP

UPP = {{f,}52, : UPP(f,) = log®® n}
R PR =l )

Babai, Frankl, & Simon (1986): PP ¢ UPP?



UPP versus PP

Babai, Frankl, & Simon (1986): PP ¢ UPP?

UPP vs. PP Reference

O(log n) vs. Q(n'3)  [Buhrman et al., 2007]

O(log n) vs. Qn'?)  [S.2007]

O(log n) vs. Q(n?°)  [Thaler, 2016]

O(log n) vs. Q(n) This work




Application 2:

Learning infersections
of halfspaces



The problem

Learn intersection from examples.
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Restricted distributions

Symmetric on R”  [Bavm 901

Uniform on S*! [Blum & Kannan ‘93 Vewpala, "971
Uniform on {0,1}* [Klivans, 0°Donnell, & Servedio, 021
Log-concave on R* [Klivans, Long, & Tang, ‘091
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Large margin
1

margin y

margin y

\4

Random projection [Arriaga & Vempala "99]
[Klivans & Servedio ‘041
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What about general case?

No algorithm better than 207,

Hardness:

e NP-hardness for proper learning

[Blum and Rivest, ‘881

LAlekhnovich, Braverman, Feldman,
Klivans, and Pitassi, ‘041

[Khot and Saket, 081

e Cryptographic hardness for n?

halfspaces
[Klivans and S., ‘071, using LRegev’051

e Lower bounds for #¢ halfspaces in
SQ model
IKlivans and $., °06]
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The polynowial method

Low-degree polynomial p :{0,1}” —> R

Can learn f (x) = sgn p(x)
in time n9eeP) wr.t. any distribution.

* exp(n!3)-time algorithm for DNF
[Klivans and Servedio, 03]

« exp(n'’?)-time algorithm for

p(x) =0 read-once formulas

L0°Ponnell and Servedio, 031
LAwmbainis, Childs, Reichardt, Spalek,
Zhang, ‘071
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Intersection of two halfspaces

Klivans (2002): What 1s the worst-case threshold degree?

®

p(x)=0 Bound

Reference

(1) [Minsky & Papert, 1969]

Q < log n > [O’Donnell & Servedio,
log log n 2002]

Q(n1?) [S. 2009]

NOH ExpiicT B

Q(n), explicit This work
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Proof strateqy



Given: f(x)=sgn(}, zix;— ) for some fixed z1, . . ., zn, 0

Black-box approximants: S(}. zixi— ) for some polynomial S or
rational function §

Optimal if zi =z2=- - - =z, (Minsky & Papert 1968)

degree 1!

Pathetic in general:

f(x) = sgn (Z(—zfx,- ¥ 1]

i=1




Will construct zi, . . ., z», 8 such that:

e range of sum Y zix;— 6@ contains {£1, +2, ..., £2¢"}
e for approximants of degree < en, weighted sum 1s as good
as individual bits.

—> Any approximant of degree < é&n for
J (x) = sgn(2. zixi— 0)

gives a univariate approximant for sgn on
ESIE PR D Ll

E(f,d)>1 - exp(-Q(n)) ford=0,1,...,eén,
R(f,d)>1—-exp(-Qn/d)) ford=0,1,...,en.



Step 1
Piscrepancy mod m




Ao A2 20y s Pt

Discrepancy defined

multiset of integers

DEFINITION (DISCREPANCY MOD m1).

disc,,(Z)

where o 1s any m-th root of unity.

o discn, (Z) = discn (Z mod m)
,m—1})=0

e discn ({0, 1,2, ...

maximum magnitude
of a nonconstant
Fourier coefficient of

the frequency vector
of Z
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Discrepancy pictorially

Intuition.: discn(Z) measures aperiodicity/balancedness

Relér™

INAW/ARAWAV/S
: W\/ w s

Re w

k' x



A nonconstructive bound

tight (simultaneous

PROOF: Hoeffding + union bound. O



Explicit construction




Explicit construction

PROOF: recursively apply Iteration Lemma. O



Explicit construction

THEOREM.
For each m and € > 0, there 1s an explicit set Z,, with
Zn| = Oe(log m),

disc,,(Z,,) < €.

PROOF: apply Iteration Lemma twice, then use brute force
search. O
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Step 2:
A random walk on Zw



A random walk on Zw

Bixizi izt 72, €1{0,1,2,...,m—1}.  Think m = 290,

For x € {0, 1}", analyze distribution of

n-step random walk
on Zm
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N[ —

A random walk on Zw

D[ —
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A random walk on Zy,

zj mod m )

N[ —
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A random walk on Zy,

1 d m ’ b IR W 8 - (7 n/2
T ( + discn({21,22, - -+ 52 })

2
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A random walk on Zw

This sketches:

LEMMA. For any integers z1,22,...,2u, S,

1 1 + disc,,(Z)\"*
= —— < .
xE{O 3 Z Zix; =s (mod m)} < ( > )




Step 3:
Fooling distributions



Fooling distributions

gaaal
2018
m = 2¢"

Given: &=

21,22, - - . »Zn € Zy With disc,,({z1,22, ...

Define L: {0, 1}" = Z,, by L(x) = ¥ zix,

By Step 2:

Epz Epz Epz---z
L-1(0) L-'(1) -2

for every polynomial p of degree < en.

,Zn}) < €
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Fooling distributions

1
Given: = ===
1ven € 2018
m = 2"
iz itz e Lty diSCm({Zl,Zz, BB BWAN 3 ) 6 3

Define L: {0, 1}" = Z,, by L(x) = ¥ zix,

By Step 2 and perturbation argument:

RO P

for every polynomial p of degree < en, where supp i C L-1(i)

36



Step 4:
Univariatization



Univariatization

Define F:{0,1}"x{0,1,...,n}— {~1,+1} by halfspace on

<F(x, t) = sgn(> zixi — 28”D\/ {0;1}+

Fix o-error approximant P/Q for F
(deg P,deg O <en; Q>0).

Distributions us for s = £1, £2, ..., £2&n-1, For x € supp us:
supp us € { x: ) zixi=s (mod 2¢") } 2-en (Y zixi— ) € {0,1, . . . , n}.
(1 -0)0(x, 1)

< P(x, H)F(x, )
< (1 +9)0(x, 1)
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Univariatization

Define F:{0,1}"x{0,1,...,n}— {~1,+1} by halfspace on

<F(x, t) = sgn(> zixi — 28”D\/ {0;1}+

Fix o-error approximant P/Q for F
(deg P,deg O <en; Q>0).

Distributions us for s = £1, £2, ..., £2&n-1, For x € supp us:
supp us € { x: ) zixi=s (mod 2¢") } 2-en (Y zixi— ) € {0,1, . . . , n}.

(1-0)0(x, 2" (Tzixi—5))
<P\x, 270 O zixi— S))F (x, 27 (> iz x5 — S)) X € Supp Us
<1 +0)0(x, 2o (Tzixi - 5))
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Univariatization

Define F:{0,1}"x{0,1,...,n}— {~1,+1} by halfspace on

<F(x, t) = sgn(> zixi — 28”D\/ {0;1}+

Fix o-error approximant P/Q for F
(deg P,deg O <en; Q>0).

Distributions us for s = £1, £2, ..., £2&n-1, For x € supp us:
supp us € { x: ) zixi=s (mod 2¢") } 2-en (Y zixi— ) € {0,1, . . . , n}.

(1-0)0(x, 2 (Szixi—5))
<P\x, 27 (D zixi— S)) sgn s X € supp Us
<1 +00(x, 271 (Tzixi - 5))
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Univariatization

Define F:{0,1}"x{0,1,...,n}— {~1,+1} by halfspace on

<F(x, t) = sgn(> zixi — 28”D\/ {0;1}+

Fix o-error approximant P/Q for F
(deg P,deg O <en; Q>0).

Distributions us for s = £1, £2, ..., £2&n-1, For x € supp us:
supp us € { x: ) zixi=s (mod 2¢") } 2-en (Y zixi— ) € {0,1, . . . , n}.

(1-0) E[0(x, 2o (Fzixi — 5)) ]

< E[P %, 2 e (Olzix;— S))] Sgn :ﬁ)f.ctation
<1+ E[o(x, 2 (Tzixi—9)) | X ~ Supp
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s s s s
Univariatization
Define F:{0,1}"x{0,1,...,n}— {-1,+1} by halfspace on

<F(x, t) = sgn(> zixi — 28”D\/ {0;1}+

Fix o-error approximant P/Q for F
(deg P,deg O <en; Q>0).

Distributions us for s = £1, £2, ..., £2&n-1, For x € supp us:
supp us € { x: ) zixi=s (mod 2¢") } 2-en (Y zixi— ) € {0,1, . . . , n}.

(1-9) gq(s) for eve
<p(S) Sgn s L :|:1 r:};z :|:28n—1
<(1+0) 4(s) sl 32,

p/q approximates sgn on {£1,+2, ..., +2&-1},
42



THEOREM.

Any rational approximant of degree d < en for F gives
a degree-d univariate rational approximant for sgn on
{£1, £2, ..., +29" with the same error.

COROLLARY.

E(F, d)>1 - exp(-Q(n)) ford=0,1,...,en,
R(F,d)>1—-exp(-Q(n/d)) ford=0,1,...,en.

COROLLARY. E(F AF,Q(n)) =1,
R(F A F, Q(n))=1.



Open Problems

e [s UPP closed under intersection? Equivalently,
does the intersection of two halfspaces have
high sign-rank?

e Determine the statistical query dimension of
the intersection of two halfspaces.

44



