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Disclaimer

Disclaimer:

@ To preserve brevity and flow, many cited results are simplified,

slightly-modified, or generalized...please see the cited work for
the details.

@ Unfortunately, due to time constraints, many relevant and
interesting works are not mentioned in this presentation.
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Problem Statement

Problem
Risk
xegigan F(x) =Ewf(x;w) = /Q f(x;w(w)) dP(w(w))

e.g., Loss/Penalty

prediction function

@ F: (non-)convex/(non-)smooth
@ High-dimensional: d > 1

@ With empirical (counting) measure over {w;}"_; C R”,

/dP( ZH{WGA}, VAC Q= F(x fow,
A

finite-sum /empirical risk

@ "Bigdata": n>1
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WE'VE DECIDED
To TAKE BIG
DATA To THE
NEXT LEVEL...

© D.Fletcher for CloudTweaks.com
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Humongous Data / High Dimension

Classical algorithms = High per-iteration costs
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Humongous Data / High Dimension

Modern variants:
@ Low per-iteration costs

@ Maintain original convergence rate
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First Order Methods

@ Use only gradient information

e E.g. : Gradient Descent

(D) — x(0) _ (07 F(x(K))

@ Smooth Convex F = Sublinear, O(1/k)
e Smooth Strongly Convex F = Linear, O(p*), p <1

@ However, iteration cost is high!
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First Order Methods

@ Stochastic variants e.g., (mini-batch) SGD

o For some s small, chosen at random {w;};_; and

x(kH1) — x(k —_— Z Vi( x(k) ,W;)

o Cheap per-iteration costs!
e However slower to converge:
o Smooth Convex F = O(1//k)
@ Smooth Strongly Convex F = O(1/k)
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@ Modifications...

e Achieve the convergence rate of the full GD

o Preserve the per-iteration cost of SGD

e E.g.: SAG, SDCA, SVRG, Prox-SVRG, Acc-Prox-SVRG,
Acc-Prox-SDCA, S2GD, mS2GD, MISO, SAGA, AMSVRG, ...
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Second Order Methods

@ Use both gradient and Hessian information

o E.g. : Classical Newton's method

(k1) — (k) _ (k) [V2F(x(k))]*1VF(x(k))

Non-uniformly Scaled Gradient

@ Smooth Convex F = Locally Superlinear

@ Smooth Strongly Convex F = Locally Quadratic and Globally
Linear

@ However, per-iteration cost is much higher!
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Outline

@ Part I: Convex
e Smooth
o Newton-CG
e Non-Smooth
@ Proximal Newton
@ Semi-smooth Newton
o Part II: Non-Convex
o Line-Search Based Methods

o L-BFGS
o Gauss-Newton
o Natural Gradient

o Trust-Region Based Methods
@ Trust-Region
o Cubic Regularization

@ Part Ill: Discussion and Examples
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Outline

@ Part I: Convex
e Smooth
o Newton-CG
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Finite Sum / Empirical Risk Minimization

1 n
min F(x) = — X;Wj) = fi(x)
xeXCRI (x) n; ' Z (x)

o f;: Convex and Smooth
@ F: Strongly Convex = Unique minimizer x*

e n>1land/ord>1
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Iterative Scheme

y) = argmin {(x — x(N)Tglk) 4 }(x —xNTRHE) (x — x(k))}
xeX 2

X2

Current Point

x(K) ¢
Predicted Minimizers :
X x(k+1) 3
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Iterative Scheme

v — argmin {(x N T 4 L 0y TR x(k))} R A L))
XEX 2

@ Newton: gk = VF(x(k)) & HK — V2F(x(k>)
@ Gradient Descent: g(k) = VF(x(k)) & HK =
@ Frank-Wolfe: gk) = vF(x(K)) & HK =0
@ (mini-batch) SGD: Sg C {1,2,...,n} = gk) = @ Yies vixK) & HK =)
@ Sub-Sampled Newton:
g<k) _ VF(x(k))
SgC{l,Z,.,.,n}:>H<k)77 S v2(x9)
ISul &5,
4‘ Gradient and Hessian Sub-Sampling %
W _ 1 ()
Sg C{1,2,...,n} =g = Vi(x")
| El Jj€Sg
1
& € {18000} = Hk = = Z VZG(X(k))
ISHl &5,
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Sub-sampled Newton's Method

Let X = R, i.e., unconstrained optimization

Iterative Scheme

p¥) ~ argmin {pTg(") + 1pTH(")p} :

PERd 2

(4D Z y(k) 4 (0 (k)

Hessian Sub-Sampling
g = vF(xK)

1
W= B V2£(x0)
Hl jesy
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Sub-sampled Newton's Method

Global convergence, i.e., starting from any initial point
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Sub-sampled Newton's Method

Iterative Scheme

Descent Direction: H®)pK) ~ —g(k)

Q) = argmax «
Step Size: a<1
st. F(x%) 4+ apy) < F(x®9)) + app] VF(x¥)

Update: x(ktD) = x(K) ¢ () p(k)
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Sub-sampled Newton's Method

Algorithm Newton's Method with Hessian Sub-Sampling

1: Input: x(©

2. for k =0,1,2,--- until termination do
3 - gl = vF(xk)

4 -8 c{1,2,...n)

1
5 -HO = S| > V(W)

jes

6: - HKWpk) ~ _glk)

7. - Find a(k) that passes Armijo linesearch
8. - Update x(kt1) = x(k)  ((K)p(k)

9: end for
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Sub-sampled Newton's Method

If each f; is strongly convex, twice continuously differentiable with
Lipschitz continuous gradient, then

lim VF(x®)) =o.

k—o00
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Sub-sampled Newton's Method

Theorem ( )

If each f; is strongly convex, twice continuously differentiable with
Lipschitz continuous gradient, then

- (F(x(k)) _ F(x*)) < ok (F(x(o)) _ F(x*)) :

where p < (1 — 1/k?) with r being the “condition number” of the
problem.

4
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Sub-sampled Newton's Method

What if F is strongly convex, but each f; is only weakly convex?,
e.g.,

o F(x) =171 ti(alx)

e a; € R? and Range({a,;}"_,) = R

/i R—Randl!>~>0

o Each V2f(x) = ¢/(a]x)a;a] is rank one!

e But V2F(x) = v Amin (Z a,-a,-T>

i=1

>0
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Sub-Sampling Hessian

1 2
H= 3] ZV fi(x)
JjES

Lemma ( )

Suppose V?F(x) =+l and 0 < V?f(x) < LI. Given any
0<e<1, 0<d <1, ifHessian is uniformly sub-sampled with

il

2k log(d /)
SRR

then
Pr(H = (1- e)’yl) >1-4.

where k = L/~.
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Sub-Sampling Hessian

Inexact Update
Hp~ —g = ||Hp+g| <@gl ¢ <1, using CG.

Why CG and not other solvers (at least theoretically)?
e His SPD

(p®, Hp)

N

_ 1
o p) = argmin pTg+-p Hp — <p“),g> < -
peX:
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Sub-Sampling Hessian

Theorem (

1—
170 < /27D then, whp,
K

FO<*) = F(x) < p (F(x9) = F(x)) .

where p =1 — (1 — €)/K?.
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Sub-sampled Newton's Method

Local convergence, i.e., in a neighborhood of x*, and with alk) =1

4{ Linear-Quadratic Error Recursion ’7

Hx(k+1) _xll<g Hx(k) lte Hx(k) P
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Sub-sampled Newton's Method

[Erdogdu and Montanari, 2015]
[Urs1,Ar1] = TSVD(H, r + 1)

. 1
H =)\ 41+U, (A,l - |> u’
>\r+1

argr;in {x - (x(k) - a(k)Fl_1VF(x(k)))}
x€

(k1) _

2

b

(k) - _ )\min(H(k)) Lg |0gd (k) - LH
S W () B WA (T T0) L) = 2Xr41(HW)

Note: For constrained optimization, the method is based on two metric
gradient projection = starting from an arbitrary point, the algorithm
might not recognize, i.e., fail to stop at, an stationary point.

Hx(k+1) x| < §:(Lk) Hx(k) o gék) Hx(k) X
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Sub-sampling Hessian

=18 50 V6

JES

Lemma ( )

Given any 0 < e < 1,0 < 9 < 1, if Hessian is uniformly
sub-sampled with

2
S| > 2k Ioi(d/5)7

then

Pr((l — OV2F(x) < H(x) = (1 + e)V2F(x)> >1-4.
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Sub-sampled Newton's Method

Theorem ( )
With high-probability, we get
Hx(k+1)_x* Sngx(k) o +§2HX(k)_X* 2’
where "
leﬁ-l-( 1H€>9, and fgzﬁ.

If @ = €/\/k, then & is problem-independent! = Can be made
arbitrarily small!
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Sub-sampled Newton's Method

Theorem ( )

Consider any 0 < pg < p <1 and € < po/(1+ po). If
Ix®) — x*|| < (p — po)/€2, and
1-9

QSPO P )

we get locally Q-linear convergence

X — x| < ple D —x"l, k=1, k

with probability (1 — §)ko.

@ Problem-independent local convergence rate

@ By increasing Hessian accuracy, super-linear rate is possible
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Putting it all together

Theorem ( )
Under certain assumptions, starting at any x(o), we have
@ linear convergence

@ after certain number of iterations, we get
“problem-independent” linear convergence

e after certain number of iterations, the step size of (k) =1
passes Armijo rule for all subsequent iterations
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“Any optimization algorithm for which the unit step length works
has some wisdom. It is too much of a fluke if the unite step length
[accidentally] works.”

Prof. Jorge Nocedal
IPAM Summer School, 2012
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Sub-sampled Newton's Method

Theorem (
Suppose
2

' E,-(V2f,-(x) - v2F(x)) H < 02,

Then,
2
E Hx(kﬂ) —-x*| <& Hx(k) —x*|| + & Hx(k) —-x*|
where !
G=—2 440, and & =M
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Exploiting the structure....

Example:
1 n
F(x) = - Zle,-(a,Tx) — V2F(x) = ATDA,
1=
where
af ("(af x)
A AL : c Rnxd Dx 4L E . c RN
. 9 n . .
a; "(agx)
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X(k+1 = argmln

xeX
V2F(x

— xNTTFxW) + ;(x —xNT2F (xR (x — x(k))}

B(k) c Rl‘l)(d

xeX ned

Ts(k Ts(k )’ S(k) c Rsxn’ d<s<n

X(k+1 = argmln

1
k) T (k) 1SR (y — x(K)Y12
gmi )V VE(x\) + 5 | SYIBY (x — x')||

sxd

1
xkH1) = argmin {(x — xNTTF(xW)) + EH B (x — x(K))| |2
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Sub-Gaussian sketches

e well-known concentration properties

e involve dense/unstructured matrix operations

Randomized orthonormal systems, e.g., Hadamard or Fourier

@ sub-optimal sample sizes

o fast matrix multiplication

Random row sampling

e Uniform

o Non-uniform (more on this later)

Sparse JL sketches
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o Non-uniformity among V2f; = O(n) uniform samples!!!

Find |Su| independent of n

@ Immune non-uniformity

@ Non-Uniform sampling schemes base on

@ Row norms

@ Leverage scores
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o Key idea: use Taylor expansion (Neumann series) to construct
an estimator of the Hessian inverse

A <1L,A-0= A"1=3 (1-A)
A=Yl (-A)Y =1+(1-A)AT

limj oo A7 = A1

Uniformly sub-sampled Hessian + Turncated Neumann series

@ Three-nested loop involving HVP, i.e., sz,-d-(x(k))vgs)

Leverage fast multiplication by Hessian of GLMs
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NAME COMPLEXITY PER ITERATION REFERENCE
NEWTON-CG O(NNZ(A)V/K) FOLKLORE
SSN-LS O(NNzZ(A) log n + p?r*/?) [XU ET AL., 2016]
SSN-RNS O(NNz(A) + sr(A)pr®/?) [XU ET AL., 2016]
SRHT O(np(log n)* + p?(log n)*x>/?) [PILANCI ET AL., 2016]
SSN-UNIFORM O(NNz(A) + par3/?) [ROOSTA ET AL., 2016]
LiSSA O(NNzZ(A) + ph7?) [AGARWAL ET AL., 2017]
. Amax V2 F(x)

M A V2F (%)

. max; Amax V2£;(x) )
k= mex /\minV2F(X) = K

IN
>
IN
=1

max max; Amax V2£;(x)
x . min; Amin V2£(x)

N
Il
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Sub-sampled Newton's Method

Iterative Scheme

1
pt) ~ argmin {pTg(k) + pTH(k)p} ,
pGRd 2

(kD) Z y(K) 4 (K (k)

Gradient and Hessian Sub—SampIing‘

o

JESy

B 3 VHhx

JESH
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Sub-sampled Newton's Method

Algorithm Newton's Method with Hessian and Gradient Sub-
Sampling

1: Input: x(©
2: for k=0,1,2,--- until termination do

3 - Sék) c{t2,....nf=gW= ¢ k)| Zjesék) V(x*)

4. if ||gW|| < oeg then
5: -STOP
6: end(ki)f

. k) _ 1 2 k
7: Cc{1,2,...,n} = H®K = S0 Pjestn V f;(x(K))
8: - H(k)p(k) ~ _g(k)

9: - Find a(¥ that passes Armijo linesearch
10: - Update x(kt1) = x(k) 4 o(K)p(K)
11: end for
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Sub-sampled Newton's Method

Global convergence, i.e., starting from any initial point

[Byrd et al., 2012, Roosta and Mahoney, 2016a, Bollapragada et al., 2016]
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Sub-sampled Newton's Method

We can write VF(x) = AB where
1/n
| | | 1
A= | Vfi(x) Vh(x) -+ Vf(x)| and B:=]
| | | 1/

Lemma ( )

Let |[V£i(x)|| < G(x) < oo. Forany 0 <e¢,d <1, if

S| > G(x)?(1 + +/8In(1/3)) /e,

then

Pr(|[VF(x) —g(x)|| <€) >1-04.
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Sub-sampled Newton's Method

o< L=en)

K
then, w.h.p,

FxUD) = F(x) < p (F(x9) = F(x))

where p =1 — (1 — ey)/x?, and upon “STOP”, we have
IVE(x®)|| < (1 +0) eq.
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Sub-sampled Newton's Method

Local convergence, i.e., in a neighborhood of x*, and with a(k) =1

| Error Recursion |

2
Hx(k+1) o

<&+& Hx(k) —x*

+ &2 Hx(k) - x

[Roosta and Mahoney, 2016b, Bollapragada et al., 2016]
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Sub-sampled Newton's Method

Theorem (

With high-probability, we get

2
Hx(k+1) x| <&+ 6 Hx(k) x| + & Hx(k) o
where
fo=—5 _
(1 —en)y
. €H K
1= (1—en) +< 1—6H)07
L
§o= H

)
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Sub-sampled Newton's Method

Theorem ( )

Consider any 0 < po + p1 < p < 1. If |[x(O — x*|| < c(po, p1, ),
(k)

— )k
€g = = p“eg and

we get locally R-linear convergence

x5 — x| < p*

with probability (1 — 6)k.

@ Problem-independent local convergence rate
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Putting it all together

Theorem ( )
Under certain assumptions, starting at any x(o), we have
@ linear convergence,

@ after certain number of iterations, we get
“problem-independent” linear convergence,

e after certain number of iterations, the step size of oK) =1
passes Armijo rule for all subsequent iterations,

@ upon "STOP” at iteration k, we have

IVExW)I| < (1 +0) /oeg.
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Outline

@ Part I: Convex
]
o
e Non-Smooth

@ Proximal Newton
o
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Newton-type Methods for Non-Smooth Problems

Convex Composite Problem

min  F(x) + R(x
x€EXCRY () ()

@ [: convex and smooth

@ R: convex and non-smooth
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Non-Smooth Newton-type

Let X = R, i.e., unconstrained optimization

Iterative Scheme (Non-Quadratic Sub-Problem)

1
() FN—— {T(m} ~pTH®
p'“) ~ argmin sup P g +sp H P,
peR? | ged(F+R)(x() S
QN

(kD) Z 5 (K) 4 (R ()
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Proximal Newton-type

Iterative Scheme

1
(k) ~ ind pT VF(xX) + =p7 HW R(x()
p a;gg;n p (x )+2p $ p+ R(x'™ + p)
V2F~x(k))

x(+1) = (K 4 () p(k)

Notable examples of proximal Newton methods:

@ glmnet ( [Friedman et al., 2010]): ¢;-regularized GLMs,
sub-problems are solved using coordinate descent

@ QUIC ( [Hsieh et al., 2014]): Graphical Lasso problem with
factorization tricks, sub-problems are solved using coordinate
descent
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Proximal Newton-type

Inexactness of sub-problem solver

1
p¥) ~ argmin {pTVF(x(k)) + =p"HWp + R(x(k) + p)}
peRY 2

*

p* is the minimizer of the above sub-problem iff p* = Prox,(p*), where

A
Prox()\k)(p) £ argmin {<VF(x(k)) + H(k)p,q> +RxM +q)+ = [lg - p||2} :
qeR? 2

M cvn trace |
Inexactness

”p - Proxf\k)(p)H <40 HProxE\k)(O)

)

and some sufficient decrease condition on the subproblem
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Proximal Newton-type

x4 Z y(K) 4 (R (k)

Line-Search
(F + R +ap®) — (F + RIx®) < 8 (4 (x + ap) — b (x))

0 (x) = F(xX¥) + (x — xXN TV F(x) + R(x)
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Proximal Newton-type

o Global convergence: x(¥) converges to an optimal solution
starting at any x(©)
@ Local convergence: for x(9) close enough to x*
o HUW = v2F(x(k)
o Exact solve: quadratic convergence

@ Approximate solve with decaying forcing term: superlinear
convergence

o Approximate solve with fixed forcing term: linear convergence

o H() : Dennis-Moré = supelinear convergence
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Sub-Sampled Proximal Newton-type

min  F(x) + R(x) Zf(a x) + R(x)

x€EXCRI

fi: Strongly-Convex, Smooth, and Self-Concordant

@ R: Convex and Non-Smooth

n>1and/ord>1

@ Dennis-Moré condition:

.
P (HO) = V2F(x9)) p9) < 1) V2 F(x)pt

Leverage score sampling to ensure Dennis-Moré

@ Inexact sub-problem solver
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Finite Sum / Empirical Risk Minimization

Self-Concordant

|vT (V3f(x)[v]) v| <M (vTvzf(x)v)a/z, vx,v € RY

M = 2 is called standard self-concordant.

Theorem ( )
Suppose there exists v > 0 and 7 € [0,1) such that

11 7" 1-n
(&) <7 (F'()) . Then

1 — A
F(x) = - Z fi(a/ x) + > [1x[|?
i=1

is self~concordant with o
max; [|a;]| " y

M= \+1/2
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Proximal Newton-type Methods

@ General treatment: [Fukushima and Mine, 1981, Lee et al.,
2014, Byrd et al., 2016, Becker and Fadili, 2012, Schmidt
et al., 2012, Schmidt et al., 2009, Shi and Liu, 2015]

@ Tailored to specific problems: [Friedman et al., 2010, Hsieh
et al., 2014, Yuan et al., 2012, Oztoprak et al., 2012]

@ Self-Concordant: [Li et al., 2017, Kyrillidis et al.,
2014, Tran-Dinh et al., 2013]
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Outline

@ Part I: Convex
]
o
e Non-Smooth

°
@ Semi-smooth Newton



NonSmooth
0®0000000

Semi-Smooth Newton-type Methods

Convex Composite Problem

min  F(x) + R(x
x€EXCRY () ()

e F: (non-)convex and (non-)smooth

@ R: convex and non-smooth
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Semi-Smooth Newton-type Methods

Recall:

Proximal Newton-type Methods

p) ~ argmin {pTVF(x(k)) + 1pTH(k)p + R(x™) + p)}
peRd 2

= proxg(k) <x(k) - H(k)_1VF(x(k))> —x(k)

(k) . 1
proxi  (x) £ argmin R(y) + 5 [ly — x|}
yERd 2

ly = x| = (y = x,H(y = x))
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Semi-Smooth Newton-type Methods

Recall Newton for smooth root-finding problems:

Key ldea

For solving non-linear non-smooth systems of equations, replace
the Jacobian in the Newtonian iteration system by an element of
Clarke's generalized Jacobian, which may be nonempty (e.g.,
locally Lipschitz continuous) even if the true Jacobian does not
exist.

Example:

r(x) = proxp (x — B_1VF(x)) — X
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Semi-Smooth Newton-type Methods

Clarke's generalized Jacobian

Let r : R? — RP be locally Lipschitz continuous at x?. Let Dy, be
the set of differentiable points. The Bouligand-subdifferential of r
at x is defined as

Og = { lim ¥'(xx) | xx € Dy, xx — x} )
k—o00

Clarke's generalized Jacobian is dr(x) = Conv-hull (9gr(x)).

?By Rademacher’s Theorem, r is almost everywhere differentiable
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Semi-Smooth Newton-type Methods

Semi-Smooth Map

r:RY — RP is semi-smooth at x if

@ r a locally Lipschitz continuous function,

@ r is directionally differentiable at x, and

o |[r(x +v) —r(x) — Jv| = o(|lv]]), v€RY, JEIr(x+V)

Example: Piecewise continuously differentiable functions.

A vector-valued function is (strongly) semi-smooth if and only if
each of its component functions is (strongly) semi-smooth.
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Semi-Smooth Newton-type Methods

o First-order stationarity is written as a fixed point-type
non-linear system of equations, e.g.,

rB(x) £ x — proxj (x — 871VF(X)) =0, B>0

@ (Stochastic) semi-smooth Newton's method used to
(approximately) solve these system of nonlinear equations ,
e.g., as in [Milzarek et al., 2018]

#2(x) £ x — proxj; (x — B 'g(x))
JWpK) = _¢B(x(K)) ) ¢ 7B(x(K)
JB & {J e R |J=(1—A)+AB 'H"¥, A e dprox? (u(x))}
u(x) = x — B~ 'g(x)
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Semi-Smooth Newton-type Methods

@ Semi-smoothness of proximal mapping does not hold in general.

@ In certain settings, these vector-valued functions are monotone and
can be semi-smooth due to the properties of the proximal mappings.

@ In such cases, their generalized Jacobian matrix is positive
semi-definite due to monotonicity.

For a monotone and Lipschitz continuous mapping r : RY — R4, and
any x € R9, each element of Ogr(x) is positive semi-definite.
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Semi-Smooth Newton-type Methods

@ General treatment: [Patrinos et al., 2014, Milzarek and
Ulbrich, 2014, Xiao et al., 2016, Patrinos and Bemporad, 2013]

o Tailored to a specific problem: [Yuan et al., 2018]
@ Stochastic: [Milzarek et al., 2018]



Should you ask a Question
during Seminar?

[
‘ Do you actually HAVE

00

a question?

Yes

Are you sure it’s not a dumb | yaube
question or that the speaker |-
already answered it?

| don’t
think so...

Do you really need to ask the
question in public or could you
follow up with him/her later?

Doesn’t
matter,

Are you the Seminar organizer Thank God.
asking a question because no cne Please ask the
else is and the awkward silence is [~ question and let’s
making everyone uncorfortable? get out of here!

No |
v
0k, you have a legitimate
question. Do you acTuaIl\é
care about the answer Not really, |
Just want o
show off.

FINE, ASK YOUR QUESTION.

THANK YOU!
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