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This talk: Focus on algorithmic techniques

vs.







Probabilistic implementations

𝑉 =

𝑝𝑈 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

Let 𝑉 be a unitary such that

∀ 𝜓 , 𝑉 0𝑚 𝜓 = 𝑝 0𝑚 𝑈 𝜓 + 1 − 𝑝 ⊥ ,

where ( 0𝑚 0𝑚 ⊗ 𝐼 ⊥ = 0.

Goal: Given a circuit for 𝑉, apply 𝑈 on an arbitrary state |𝜓〉.



Classical repetition

𝑉 =

𝑝𝑈 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

Let 𝑉 be a unitary such that

∀ 𝜓 , 𝑉 0𝑚 𝜓 = 𝑝 0𝑚 𝑈 𝜓 + 1 − 𝑝 ⊥ ,

where ( 0𝑚 0𝑚 ⊗ 𝐼 ⊥ = 0.

Goal: Given a circuit for 𝑉, apply 𝑈 on an arbitrary state |𝜓〉.

Solution 1 (classical repetition)

• Apply 𝑉 to |𝜓〉, and measure the first 𝑚 qubits. 

• If we observe |0𝑚〉, we’re done. Otherwise repeat.

Cost: 

• 𝑂 1/𝑝 uses of 𝑉
• 𝑂 1/𝑝 copies of |𝜓〉  We may not have multiple copies of |𝜓〉



Amplitude amplification

𝑉 =

𝑝𝑈 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

Let 𝑉 be a unitary such that

∀ 𝜓 , 𝑉 0𝑚 𝜓 = 𝑝 0𝑚 𝑈 𝜓 + 1 − 𝑝 ⊥ ,

where ( 0𝑚 0𝑚 ⊗ 𝐼 ⊥ = 0.

Goal: Given a circuit for 𝑉, apply 𝑈 on an arbitrary state |𝜓〉.

Solution 2 (amplitude amplification)

• Repeat 𝑂 1/ 𝑝 times: 

Apply 𝑉. Reflect about |0𝑚〉. Apply 𝑉†. Reflect about 0𝑚 |𝜓〉.

Cost: 

• 𝑂 1/ 𝑝 uses of 𝑉 and 𝑉†

• 𝑂 1/ 𝑝 uses of the reflection about |𝜓〉  We may not be able to do this.



Oblivious amplitude amplification

𝑉 =

𝑝𝑈 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

Let 𝑉 be a unitary such that

∀ 𝜓 , 𝑉 0𝑚 𝜓 = 𝑝 0𝑚 𝑈 𝜓 + 1 − 𝑝 ⊥ ,

where ( 0𝑚 0𝑚 ⊗ 𝐼 ⊥ = 0.

Goal: Given a circuit for 𝑉, apply 𝑈 on an arbitrary state |𝜓〉.

Solution 2 (amplitude amplification)

• Repeat 𝑂 1/ 𝑝 times: 

Apply 𝑉. Reflect about |0𝑚〉. Apply 𝑉†. Reflect about 0𝑚 |𝜓〉.

Cost: 

• 𝑂 1/ 𝑝 uses of 𝑉 and 𝑉†

• 𝑂 1/ 𝑝 uses of the reflection about |𝜓〉  We may not be able to do this.

Oblivious amplitude amplification



Oblivious amplitude amplification

𝑉 =

𝑝𝑈 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

Let 𝑉 be a unitary such that

∀ 𝜓 , 𝑉 0𝑚 𝜓 = 𝑝 0𝑚 𝑈 𝜓 + 1 − 𝑝 ⊥ ,

where ( 0𝑚 0𝑚 ⊗ 𝐼 ⊥ = 0.

Goal: Given a circuit for 𝑉, apply 𝑈 on an arbitrary state |𝜓〉.

Oblivious amplitude amplification

• Repeat 𝑂 1/ 𝑝 times: 

Apply 𝑉. Reflect about |0𝑚〉. Apply 𝑉†. Reflect about 0𝑚 .

Cost: 

• 𝑂 1/ 𝑝 uses of 𝑉 and 𝑉†

Note: It’s very 

important that U is 

(close to) unitary for 

OAA to work!



Oblivious amplitude amplification (OAA)

𝑉 =

𝑝𝑈 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

Oblivious amplitude amplification take-home message

A “probabilistic implementation” of 𝑈 can be 

converted to an actual implementation of 𝑈. 

If 𝑈 is not unitary, use regular amplitude amplification.







A linear combination of unitaries

Let 𝐵 be a linear combination of easy-to-implement unitaries:

𝐵 = σ𝑖 𝛼𝑖𝑊𝑖 .

Goal: Implement 𝐵 given the ability to implement select𝑊 = σ𝑖 𝑖 〈𝑖| ⊗𝑊𝑖.



A linear combination of unitaries

More generally, we can implement a unitary 𝑉 that block-encodes 𝐵/ 𝛼 1.

Define 𝐴 =
1

𝛼 1
σ𝑖 𝛼𝑖 |𝑖〉.

1

𝛼 1
σ𝑖 𝛼𝑖 𝑖 𝑊𝑖|𝜓〉

Let 𝐵 be a linear combination of easy-to-implement unitaries:

𝐵 = σ𝑖 𝛼𝑖𝑊𝑖 .

Goal: Implement 𝐵 given the ability to implement select𝑊 = σ𝑖 𝑖 〈𝑖| ⊗𝑊𝑖.



Linear combination of unitaries (LCU method)

𝐵 = σ𝑖 𝛼𝑖𝑊𝑖

Linear combination of unitaries take-home message

If 𝐵 can be expressed as a linear combination of easy-to-

implement unitaries, then we can probabilistically implement 𝐵.

Then use OAA/AA to get an actual implementation of 𝐵.



Application to Hamiltonian simulation

Local Hamiltonian simulation problem: Given a local Hamiltonian 𝐻 = σ𝑗𝐻𝑗 , 

implement the unitary 𝑒−𝑖𝐻𝑡.

Step 1: Represent 𝐻 as a linear combination of unitaries

Step 2: Represent 𝑒−𝑖𝐻𝑡 as a linear combination of unitaries

is a linear combination of unitaries!

Step 3: Apply LCU and OAA.
This is the “Truncated Taylor Series” algorithm  

[Berry-Childs-Cleve-K-Somma15].



Other applications

Quantum linear systems algorithm: Given a Hermitian matrix 𝐴, and state |𝑏〉, the goal 

is to produce the state 𝑥 =
𝐴−1 𝑏

‖𝐴−1 𝑏 ‖
. 

Solution: Represent 𝐴−1 as 𝐴−1 = σ𝑡 𝛼𝑡𝑒
−𝑖𝐴𝑡 [Childs-K-Somma16]. Apply LCU + AA.





Eigenvalue transformation

Let 𝑊 be an easy-to-implement unitary with 𝑊 = 𝜃𝑖 𝜃𝑖 .

Problem: Implement 𝐴 = 𝑓 𝑊 = σ𝑖 𝑓 𝑒𝑖𝜃𝑖 𝜃𝑖 𝜃𝑖 , where 𝑓 is a continuous function.

Can we implement 𝑓 𝑒𝑖𝜃 = 𝑒𝑖𝑘𝜃 for some integer 𝑘? (easy, just use 𝑊𝑘)

Can we implement 𝑓 𝑒𝑖𝜃 = 𝜃−1? (arises in quantum linear systems solvers)

Can we implement 𝑓 𝑒𝑖𝜃 = 𝑒𝑖cos 𝜃 ? (arises in Hamiltonian simulation)



Eigenvalue transformation

Let 𝑊 be an easy-to-implement unitary with 𝑊 = 𝜃𝑖 𝜃𝑖 .

Problem: Implement 𝐴 = 𝑓 𝑊 = σ𝑖 𝑓 𝑒𝑖𝜃𝑖 𝜃𝑖 𝜃𝑖 , where 𝑓 is a continuous function.



Setting up the “Signal”

Let 𝑊 be an easy-to-implement unitary with 𝑊 = 𝜃𝑖 𝜃𝑖 .

Problem: Implement 𝐴 = 𝑓 𝑊 = σ𝑖 𝑓 𝑒𝑖𝜃𝑖 𝜃𝑖 𝜃𝑖 , where 𝑓 is a continuous function.



Signal processing

Let 𝑊 be an easy-to-implement unitary with 𝑊 = 𝜃𝑖 𝜃𝑖 .

Problem: Implement 𝐴 = 𝑓 𝑊 = σ𝑖 𝑓 𝑒𝑖𝜃𝑖 𝜃𝑖 𝜃𝑖 , where 𝑓 is a continuous function.

Question: What matrices can we get like this? QSP fully answers 
this question



Signal processing

Let 𝑊 be an easy-to-implement unitary with 𝑊 = 𝜃𝑖 𝜃𝑖 .

Problem: Implement 𝐴 = 𝑓 𝑊 = σ𝑖 𝑓 𝑒𝑖𝜃𝑖 𝜃𝑖 𝜃𝑖 , where 𝑓 is a continuous function.

If we choose 𝑈𝑖 such that , then we’re done!



Quantum signal processing (QSP)

𝐴 = 𝑓(𝑊)

Quantum signal processing take-home message

If 𝐴 can be written as a (reasonable) function of an easy-to-

implement unitary 𝑊, then we can implement 𝐴.



Recap

𝐴 = 𝑓(𝑊)

Quantum signal processing

𝐵 = σ𝑖 𝛼𝑖𝑊𝑖

Linear combination of unitaries
𝑉 =

𝑝𝑈 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

Oblivious amplitude amplification



Quantum signal processing



www.microsoft.com/quantum


